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Kirchhoff Plates:
Field Equations
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Advanced FEM

Plate Structures

A plate isathreedimensional body @

characterized by

Thinness. one of the plate dimensions, the thickness,
ismuch smaller than the other two

Flatness: the midsurface of the plateisaplane
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Plate: M embrane vs Bending
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Reduction to Two Dimensional Problem

Midsurface

M athematical
Idealization

=

(©)

I Thickness h

Material normal, also
caled materia filament
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Plate Models
Bent membrane geometrically nonlinear global
von Karman geometrically nonlinear global
* Kirchhoff geometrically linear globa
* Reissner-Mindlin geometrically linear globa
High Order Composite  geometrically linear local
Exact: 3D elasticity geometrically linear local

* treated in thiscourse
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The Kirchhoff Plate M odéel

Behavioral assumptions:

o

© O O O

thin platebut w<<h

uniform thickness or varies slowly

symmetric fabrication about midplane

transver se loads distributed over areas of char dimension > h

support conditions respect inextensional bending
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Main Kinematic Assumption for Kirchhoff Plate

By (positive as shown if
looking toward -y)

misurface

Original

w(x,y) isurface
S I_-ﬁ/m Xy

Sectiony =0

" Material normals remain straight after deformation
and normal to the deformed misurface"
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Kinematic Relations

Deflection of plate midsurface along z
w = W(X,y)

Rotations of material normal about X,y
ex _ a_w e ow

ay’ YT 9x

Displacement of a material particle P(X,y,2)

dw Jw

Uy = —Z— =20y, Uy=—-Z— = —126,

oy

Advanced FEM

uZ:w
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Kinematic Relations (cont'd)

Strain-displacement equations

AUy 9w
Ex = % = _Zm = —ZKxx,
duy 3%w
€y = 8—y = _Za—yz = —Zkyy,
o _ Uz _ ZaZw B
27 9z Tazz 7
duy,  du 92
Zexy = - —+ -y = 27 w = ZZny,
oy X axay
dUy  dUy Jw oJdw
26 = — _— J— O,
27 9z 1 ax ax T ax
ou ou ow ow
zeyzz—y+—Z=———|——=
0z oy ay oy

in which the K's are the plate midsurface curvatures

92w 92w 92w
Oy T oxer T Gy YT Gxay
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Bending Stresses and Moments

Showing Positive Sign Conventions

Bending stresses
(+ as shown)
Normal streﬁes Inplane shear str&ss&

Z Top surface ri

Bottom surface

yy ll> M,
Bending moments My y $ My
xy

(+ as shown) M
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Moment-Curvature Relations

Wall fabrication assumptions:
o Plateishomogeneous

o0 Each platelamina z= constant isin plane stress
0 Material obeysHooke'slaw in plane stress:

Oxx Euxu Ein Eis Exx Exu Ein Eis Kxx
oy | =| Erzo Ex Ez3 &y | =—-Z| En Ex Ex Kyy
Oxy Eiz Ex Eszs 26y Eiz Ex Eszs 2Kcxy
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Moment-Curvature Relations (cont'd)

Bending moments are obtained by integrating the in-plane

wall stresses over the thickness

h/2
Myx dy = f —oxx 2dydz
—h/2

h/2
—h/2

h/2
Myy dy = fh/z —oxy zdydz

h/2
—h/2

h/2
My = —f oyx Z dz,
—h/2

h/2
—h/2

h/2
Mxy == _f ny ZdZ,
_h/2

h/2
Myx == _/ ny ZdZ.
—h/2

Since Mxy= Myx (from rotational equilibrium) only 3 independent

components need to be calcul ated
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Moment-Curvature Relations (cont'd)

Carrying out the integration over the thickness:

Miyx hd | Bu Bz Eus Kxx Dy D12 Dais Kxx
Myy | = e Eir Ex» Exs kyy | =| Dz Dz D23 Kyy
Myy Eiz Exn Ess 2icxy Diz D23 Das3 2icyy

For isotropic material of modulus E and Poisson'sratio v

MXX 1 v 0 Kxx where 3
Myy 0 0 2(1+v) | [ 2 12(1—v“)

isthe plate rigidity
Max/min stress computation given the moments:

6MXX max,min __ :I:GMW max,min __ :I:GMXY ____max,min

max,mn __
“ =+—7 Oy =TT 0 % =TTz T %

XX
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Transver se Shear Stresses and Forces

d Parabolic distribution
y across thickness

y
Bottom surface T Qy
Qx Qy O}
o —>
Transverse shear forces :}> ® Q. X
(+ as shown) y ® _
X 2D view
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Transverse Shear Stresses and Forces (cont'd)

Wall distribution in a homogeneous plate

Integrating over the thickness provides the transverse shear forces

h/2

h/2
2 __max 2 __max
QX = / UXZ dZ == éo—xz h, Qy = / Uyz dZ == §O'yz h,
—h/2 —h/2

If transverse shear forces given, maximum shear stresses are

Q
3

max 3 QX max
Xz 2 K° Oyz

3
2
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Internal Equilibrium Equations

Z Z

a_?»y

X‘/ 8Q Qy"' ay dy
+ X dx Distributed
Qx aX transverse load
(force per unit area)
z-force
My IMyy My dMyy
—~ T3y =
X ay
Mxy == Myx
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Internal Equilibrium Equations (cont'd)

Repeating for convenience:

oM oM oM oM
90, 99y __ oy My g My My g
Ix By q X oy X ay
IleyZMyx

Eliminating the shear forces and one of the twist moments gives
the moment equilibrium equation

2Myx  02Myy  3%Myy
X2 IXay ay2

=q
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Matrix and Indicial Form of Field Equations

Field Matrix Indicial Equationname

egn form form for plate problem

KE k=Puw Kap = W ap Kinematic equation

CE M=Dk Mys = Dagys kys Moment-curvatur e equation
BE P'™M =q Mag.ap =0 Internal equilibrium equation

Here PT =[0%/0x? 982/0y? 202%/0xdy] =[0%/0x10%1 0%/0%20%, 20%/0%19%2],
MT=[My My, Myl=[Muy Mz Mg],
kT =k Ky 209]=[kn kz 2]

Greek indices, such as «, run over 1,2 only.
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Strong Form Diagram of Field Equations
for Kirchhoff Plate M od€l

: Transverse
Deflection load
ol q
Kinematic | K=PwW Equilibrium | PTM =q
In Q In Q
Constitutive _
M =D K Bending
Curvatures . o
K inQ M
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