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21–3 §21.1 INTRODUCTION

§21.1. Introduction

The subject of this Chapter is a finite element fabrication, testing and optimization method called
morphing. The word generically means “to undergo transformation” (Merriam-Webster dictionary;
From Gr. morphos: shape.)

The term is nowadays used in image processing: mapping the image of an object into that of another
one by means of computer software, a process sometimes endowed with animation. But the idea
preceeds the computer as illustrated by well known woodcuts of M. C. Escher, e.g., Figure 21.1.

Figure 21.1. Escher’s Sky and Water: morphing as shape transformation.

In the finite element field, the author introduced the term morphing to identify the mapping of a
source element or macroelement to a target element through kinematic constraints. (A macroelement
is an assembly of few elements that may be view as a repeating mesh unit.) The target element has
a smaller number of degrees of freedom and often a smaller dimensionality.

The process was originally called retrofitting of a parent element to a child element in []. This
terminology has been changed because “child element” has been widely adopted since in adaptive
mesh refinement processes.

The feedback process, which may be called “demorphing” fits appropriately under case 2 below.

What are the reasons for morphing? Improving element performance is the dominant motive. Two
cases may be considered:

Improving the source. The source model contains adjustable parameters that survive in the target
element. Improving the performance of the latter may yields values for those parameters, which
are fed back.

Deriving special elements. The source element is fixed. Morphing is used to produced functionally
specialized instances; for example a solid shell element from a general isoparametric brick. The
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Morphing
by kinematic

transformation(s)

Modify or
specialize 

source element

Source
element or

macroelement

Target
element

Figure 21.2. Element morphing and demorphing pro-
cesses.

transformation may introduced free parameters in the target. These parameters are chosen to im-
prove the performance of the target element. In turn this may pose constraints in the transformation.

The process is best explained through specific examples that convey the scope of what can be
accomplished.
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x x
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Thin plate in plane stress
pxx pxy

pyy

+ sign conventions
for internal forces,
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h

In-plane body forces

b
b

x
y

dx
dy

Figure 21.3. Notation for displacements, strains, stresses and forces in a thin plate in plane stress state.

§21.2. Plate in Plane Stress

Several of the following examples pertain to a thin plate in a plane stress (also known as mem-
brane) state. Notation and sign conventions for displacements, strains, stresses and forces in this
mathematical model are collected in Figure 21.3. Assumptions associated with plane stress are
discussed in detail in Chapter 14 of the Introduction to Finite Element Notes. Here we simply recall
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34

a

x

y

b

Constant plate thickness h
and elasticity matrix E.  Axes
x and y lie in the plate midplane

(a)

(b) Rectangular panel element

y x
z

Thin plate in
plane stress

Figure 21.4. The four-node, 8DOF rectangular panel modeling a thin plate in plane stress.

the in-plane governing equations

e = D u or

[ exx

eyy

2exy

]
=

[
∂/∂x 0

0 ∂/∂y
∂/∂y ∂/∂x

] [
ux

uy

]
,

σ = E e or

[
σxx

σyy

σxy

]
=

[ E11 E12 E13

E12 E22 E23

E13 E23 E33

] [ exx

eyy

2exy

]
,

DT σ + b = 0 or

[
∂/∂x 0 ∂/∂y

0 ∂/∂y ∂/∂x

] [
σxx

σyy

σxy

]
+

[
bx

by

]
=

[
0
0

]
.

(21.1)

As regards stresses in the z direction, one assumes σzz = σxz = σyz = 0. The strains {ezz, exz, eyz}
are determined from the three-dimensional strain-stress (compliance) constitutive equations. If the
plate material is isotropic with elastic modulus E and Poisson’s ratio ν, the matrix constitutive
equation σ = E e and its inverse e = E−1 σ become[

σxx

σyy

σxy

]
= E

1−ν2

[ 1 ν 0
ν 1 0
0 0 1−ν

2

] [ exx

eyy

2exy

]
,

[ exx

eyy

2exy

]
= 1

E

[ 1 −ν 0
−ν 1 0
0 0 2(1+ν)

] [
σxx

σyy

σxy

]
.

(21.2)

For the isotropic case exz = eyz = 0, whereas the thickness strain is

ezz = − ν

E

(
σxx+σyy

) = − ν

1 − ν

(
exx+eyy

)
. (21.3)

§21.3. Source Element 1: 4-node Rectangular Panel

The 4-node, 8-DOF rectangular element modeling a elastic thin plate in plate stress, sketched
in Figure 21.4(a), is used as source element for the following examples. The element is called
rectangular panel for brevity. As [] narrates, this is one of the two oldest continuum structural
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elements, having been developed in the 1950s to model wing skin panels. This geometry is simple
enough to be amenable to complete analytical development, but it is not trivial. Thus it provides a
good illustration of the morphing process as well as of its strengths and pitfalls.

§21.3.1. Rectangular Panel Template

The rectangular panel geometry is defined in Figure 21.4(b). Axes x and y are aligned with the sides
for convenience. The element has constant thickness h and elasticity matrix E. The 8 displacement
degrees of freedom and associated node forces are collected in the vectors

uR P = [ ux1 uy1 ux2 uy2 ux3 uy3 ux4 uy4 ]T ,

fR P = [ fx1 fy1 fx2 fy2 fx3 fy3 fx4 fy4 ]T .
(21.4)

The element stiffness matrix may be expressed in template form as [refs] the sum of a basic stiffness
Kb and a higher order stiffness Kh :

K = Kb + Kh = V HT
c E Hc + V HT

h WT R W Hh,

Hc = 1

2ab

[ −b 0 b 0 b 0 −b 0
0 −a 0 −a 0 a 0 a

−a −b −a b a b a −b

]
,

Hh = 1
2

[
1 0 −1 0 1 0 −1 0
0 1 0 −1 0 1 0 −1

]
,

W =
[

1/a 0
0 1/b

]
, R =

[
R11 R12

R12 R22

]
, V = abh.

(21.5)

Here R11, R12 and R22 are three free parameters with dimension of elastic moduli. The list
{R11, R12, R22} is called the template signature. All possible elements of this type that pass the
Individual Patch Test (IET) of Bergan and Hanssen are instances of (21.5). Note that the basic
stiffness Kb is the same for all possible elements whereas the higher order stiffness Kh depends
on the signature {R11, R12, R22}. The former specifies the element response to rigid body modes
and constant strain states, whereas the latter characterizes the response to bending deformations.
A particular template instance is defined by specifying its signature. Hence the only difference
between elements of this type is their response to bending modes.

§21.3.2. Morphing to Bar

The morphing of the rectangular panel to a 2-node, prismatic, x-aligned bar element is diagrammed
in Figure 21.5. The x and y direction are called the axial and transverse directions, respectively.
The material is assumed isotropic, obeying the constitutive equations (21.2). The target is the
2-node bar element shown in Figure 21.5(d), with node displacements and forces

ubar =
[

uxi

ux j

]
, fbar =

[
fxi

fx j

]
. (21.6)

The morphing process is carried out in two steps for convenience. First, the panel is assumed to
deform symmetrically with respect to axes x and y placed along the rectangle medians, as sketched
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a

L = a

b

(a)

(c)

(b)

(d)

� ��

Assume symmetric 
deformational motion 
w.r.t. x and y axes

Bar cross-section
area A = b h

ii jj

f  ,u   xi     xi f  ,u   xj     xj

Bar

xx

xx

y

y

y

Rectangular panel
of thickness h

xd  /2

yd  /2

By linking d   to  d  , 
collapse y dimension to
bar longitudinal (x) axis

y x

Figure 21.5. Morphing of the rectangular panel of Figure 21.4 (source element) to a 2-node
prismatic bar element in the axial x direction.

in Figure 21.5(b). The axial and tranverse elongations are called dx and dy , respectively, collected
in array dR P . By inspection ux1 = ux4 = − 1

2 dx , ux2 = ux3 = 1
2 dx , uy1 = uy2 = − 1

2 dy and
uy3 = uy4 = 1

2 dx . Those relations are collected in the transformation

uR P = Td dR P = 1
2

[ −1 0 1 0 1 0 −1 0
0 −1 0 −1 0 1 0 1

]T

dR P (21.7)

Applying (21.7) to the panel gives the deformational stiffness equations

E b h

1 − ν2

[ 1
a

ν
b

ν
b

a
b2

] [
dx

dy

]
= 1

2

[
fx2 + fx3 − fx1 − fx4

fy3 + fy4 − fy1 − fy2

]
=

[
fx

fy

]
. (21.8)

Note that the higher order stiffness parameters {R11, R12, R22} are gone from (21.8) because H Td =
0. Next, to get rid of the y dimension it is necessary to link dy and dx , bringing the 2D nature of
the problem into play. If the y motion is unrestrained, Poisson’s effect says that dy = −ν b dx/a,
which may also be obtained by solving the second of (21.8) for fy = 0. On the other hand,
dy = 0 if that motion is precluded. The degree of transverse restraint can be parametrized by
taking dy = −(1 − α) ν b dx/a, where α varies from 0 for unconstrained to 1 for fully constrained.
Grouping that relation with dx = ux j − uxi gives the transformation to the bar freedoms:

dR P = Tb ubar =
[

dx

dy

]
=

[ −1 1
(1 − α)ν b

a − (1 − α)ν b
a

] [
uxi

uyj

]
. (21.9)
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Applying (21.9) to (21.8) and replacing b h → A and a → L to pass to the more usual bar notation,
gives the bar stiffness equations as

Ê A

L

[
1 −1

−1 1

] [
uxi

uyj

]
=

[
− fx + (1 − α)νb

L fy

fx − (1 − α)νb
L fy

]
=

[
fxi

fx j

]
, (21.10)

in which

Ê = 1 − (1 − α2)ν2

1 − ν2
E . (21.11)

is an effective axial modulus that reduces to E if either ν = 0 or α = 0.

If the transformations in (21.7) and (21.9) are combined one gets

TRb = TRd Tdb = 1
2

[
1 − (1 − α)ν b

a −1 − (1 − α)ν b
a −1 (1 − α)ν b

a 1 (1 − α)ν b
a

1 (1 − α)ν b
a −1 (1 − α)ν b

a −1 − (1 − α)ν b
a 1 − (1 − α)ν b

a

]T

.

(21.12)

Applying TRb to the panel produces (21.10) in one shot, but the two-step morphing process is more
illuminating. One could add rigid body motions of ux = 1

2 and uy = 1
2 to the 2 columns of TRb,

respectively, to produce more zero entries but the morphed bar equation would be the same.

The corresponding process for the non-isotropic case, which is not covered here, is more involved
unless material tensor symmetries allow symmetries to be introduced in the first step. Otherwise
one has to start with uniform stress assumptions, convert to strains, integrate for displacements and
evaluate at nodes.

§21.3.3. Morphing to Simply Supported Beam

We next consider morphing to a prismatic, 2-node, simply-supported, x aligned beam element as
diagrammed in Figure 21.6. The material is assumed to be isotropic. The target is the 2-node
Bernoulli-Euler beam element shown in Figure 21.6(d), with node displacements and forces

ubeam =
[

θzi

θz j

]
, fbeam =

[
Mzi

Mzj

]
. (21.13)

Here θz is the cross section rotation about z, positive CCW and Mz the corresponding generalized
force. The element can take only a constant bending moment. As in the previous example the process
is carried out in two steps. First the deformational motion sketched in Figure 21.6(b) is assumed.
This motion is symmetric about y and antisymmetric about x . Deformational displacements dx and
dy are defined in that figure. The resulting freedom transformation is

uR P = Td dR Pbend = 1
2

[ −1 0 1 0 −1 0 1 0
0 1 0 1 0 1 0 1

]T [
dx

dy

]
. (21.14)

The transformed stiffness equations are

b h R11

a

[
1 0

0 0

] [
dx

dy

]
= 1

2

[
fx2 − fx3 − fx1 + fx4

fy1 + fy2 + fy3 + fy4

]
=

[
fx

fy

]
. (21.15)

21–8



21–9 §21.3 SOURCE ELEMENT 1: 4-NODE RECTANGULAR PANEL
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34

a

L = a

b

(a)

(c)

(b)

(d)

� ��

Beam cross-section 2nd moment
inertia w.r.t. N.A.  I  = b  h/12
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and antisymmetric w.r.t. x

M  ,θi i M  ,θj j

3
zz

Figure 21.6. Morphing of the rectangular panel of Figure 21.4 (source element) to a 2-node,
prismatic, simply-supported Bernoulli-Euler beam element in the axial x direction.

Although the transverse (y) motion pictured in Figure 21.6(b) is deformational, arising from Pois-
son’s ratio effects, it appears as a y rigid body to the panel freedoms since uy1 = uy2 = uy3 = uy4 =
1
2 dy . This explains the disappearance of dy in (21.15). The x deformation dx may be expressed in
term of beam rotational DOF as dx/2 = (θz j − θzi ) b/2, or in matrix form

dSSbeam = [ dx ] = [ −1 1 ]

[
θzi

θz j

]
= Tdb θ. (21.16)

Transforming (21.15) as per (21.16), and setting 1
12 b3 h → Izz and a → L to pass to standard beam

notation, yields

4R11 Izz

3L

[
1 −1

−1 1

] [
θxi

θy j

]
= 1

2 b

[
fx1 − fx2 + fx3 − fx4

− fx1 + fx2 − fx3 + fx4

]
=

[
Mzi

Mzj

]
. (21.17)

To make (21.17) agree with the correct Bernoulli-Euler beam stiffness equations, it is necessary to
take

R11 = 1
3 E . (21.18)

This result was established in [,] with other methods. The anisotropic case is treated there.

§21.3.4. Morphing to Spar

We next consider morphing to a prismatic, 2-node, x aligned spar element as diagrammed in
Figure 21.7. The material is assumed to be isotropic. The target is the 2-node spar element shown
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xx

xx
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y
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Figure 21.7. Morphing of the rectangular panel of Figure 21.4 (source element) to a 2-node,
prismatic, spar element in the axial x direction.

in Figure 21.6(d), with node displacements and forces

uspar =
[

uyi

uyj

]
, fspar =

[
fyi

fy j

]
. (21.19)

The spar element can take only a constant shar force. As in the previous 2 examples the process
is carried out in two steps. First the deformational motion sketched in Figure 21.7(b) is assumed.
This motion is antisymmetric about y and zero along x , since the element deforms only in shear.
The deformational displacement dy is defined in that figure. The resulting freedom transformation
is

uR P = Td dR Pspar = 1
2 [ 0 −1 0 1 0 1 0 −1 ]T [ dy ] . (21.20)

The transformed stiffness equations are

E b

2(1 + ν)a
[ 1 ] [ dy ] = 1

2 [ fy2 + fx3 − fx1 − fx4 ] = [ fx ] . (21.21)

The deformation dy may be expressed in term of spar translations

[ dy ] = [ −1 1 ]

[
uyi

θy j

]
= Tds uspar . (21.22)

Applying this transformation, and passing to the usual spar element notation: E/(2(1 + ν)) → G,
b h → A, a → L , gives

G A

L

[
1 −1

−1 1

] [
uyi

uyj

]
=

[
fyi

fy j

]
. (21.23)
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Figure 21.8. Benchmark beam solution used for advanced morphing examples.

The result (21.23) agrees with the spar stiffness equations derived with Mechanics of Materials
methods (for example, in Chapter 5 of the Introduction to Finite Elements Notes) except for one
detail: the transverse panel area A = b h should be replaced by the effective shear area. For a
narrow rectangle with h << b, As = 5bh/6. This discrepancy does not reflect, however, a flaw in
the source element. The parabolic shear stress distribution that produces that As assumes that σxy

vanishes at the top and bottom spar surfaces y = ± 1
2 b. This will not generally be the case when

the panel is used in a 2D mesh.

§21.4. Benchmark Plane Beam Solutions

To support more advanced morphing examples it is convenient to have a benchmark beam solution that is
exact in the sense of plane stress isotropic elasticity, as well as that provided by the shear-flexible Timoshenko
beam model. The problem is illustrated in Figure 21.8. The beam has span L and prismatic cross section.
Axes {x, y, z} are chosen as shown. Equations are initially derived for a general cross section sketched in
Figure 21.8(III) and later specialized to the rectangular cross section of height H and width h illustrated in
Figure 21.8(IV). For a general cross section, the moment of inertia with respect to the neutral axis z is Izz , the
cross section area is A. The internal bending moment is Mz and the transverse (resultant) shear force is Vy ,
with the usual sign conventions.

The material is isotropic with elastic modulus E , shear modulus G and Poisson’s ratio ν and shear modulus
G = E/(2(1 + ν)). The in-plane displacements are {ux , uy} and the infinitesinal rotation about z is θz =
1
2 (∂uy/∂x−∂ux/∂y). The effective shear area is As = ks A , in which ks is Timoshenko’s static shear correction
coefficient defined by1

US
def= 1

2

∫
V

V 2
y

G As
dV = 1

2

∫
dx

∫
V 2

y

G ks A
d A, (21.24)

in which US is the internal energy due to transverse shear stresses. The following symbols are introduced for
later use:

r 2
Gz = Izz

A
, 
 = 12 E Izz

G As L2
= 12 E r 2

Gz

G ks L2
= 24(1 + ν) r 2

Gz

ks L2
. (21.25)

1 Some authors use the inverse value: e.g., k = 1/ks in [34, p. 177] and m = 1/ks . in [18, p. 21].
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(I) Symmetric deformation: elasticity 
     solution (same as BE beam theory)

(II) Antisymmetric deformation:
      elasticity solution

(IV) Difference between (II) and (III)
        magnified by 20 

(III) Antisymmetric deformation:
      Timoshenko model solution

Figure 21.9. Deformed shapes for benchmark solutions. Beam of rectangular cross
section with L = 5, H = 2, h = 1, E = 1, ν = 1/4, κS = 1 and κ A = 3.

Here rGz denotes the radius of gyration of the cross section about the neutral axis z while 
 is a dimensionless
measure of the section-averaged shear rigidity of the element, which is used in the Timoshenko model. The
last form of 
 given in (21.25) assumes an isotropic material.

Two load systems pictured in Figure 21.8(I,II) are considered:

(S) Symmetric: pure bending produced by equal and opposite applied end moments M S . The bending
moment Mz = MzS is constant along the beam whereas the transverse shear force Vy is zero.

(A) Antisymmetric: linearly varying bending produced by equal and opposite shear forces V A balanced by
end moments with total resultant M A = Vy L . The internal bending moment Mz = −M A x/L varies
linearly from + 1

2 M A at x = − 1
2 L through − 1

2 M A at x = 1
2 L . The transverse shear force Vy is constant

and equal to V A.

§21.4.1. Symmetric Solution

The symmetric displacement solution is

uS
x = −κS x y, uS

y = 1
2 κS (x2 + y2ν), θ S

z = 1
2

(
∂uS

y

∂x
− ∂uS

x

∂y

)
= κS x . (21.26)

in which κS = M S
z /(E Izz) = ∂2uS

y/∂x2 is the constant curvature produced by M S . The deformed shape,
pictured in Figure 21.9(I), is symmetric about x and y. The associated strains and stresses are

eS
xx = −κS y, eS

yy = −ν exx , γ S
xy = 0, σ S

xx = −E κS y, σ S
yy = 0, σ S

xy = 0. (21.27)

The stresses (21.27) satisfy identically the plane stress differential equilibrium equations for any plane-
symmetric cross section. The internal energy stored in the beam is

U = 1
2

∫
V

σxx exx dV = 1
2 E L κ2

S

∫
A

y2 d A = 1
2 E Izz κ2

S L = 1
2 M S κS L . (21.28)
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§21.4.2. Antisymmetric Elasticity Solution

The antisymmetric displacement solution for an elastic isotropic material is

u A
x = κA y

6L

(
3x2 − y2(2 + ν) + 18 r 2

Gz(1 + ν)
)
,

u A
y = −κA x

6L
(x2 + 3νy2), θ A

z = − κA

2L

(
(x2 − y2) + 3r 2

Gz(1 + ν)
) (21.29)

The deformed shape is pictured in Figure 21.9(II) for a rectangular cross section with the values given there.
The associated strains and stresses are

eA
xx = κA

L
x y, eA

yy = −ν exx , γ A
xy = κA (1 + ν)

L
(3r 2

Gz − y2),

σ A
xx = E

κA

L
x y, σ A

yy = 0, σ A
xy = E

κA

2L
(3r 2

Gz − y2)

(21.30)

It is easily verified that
∫

A
σ A

xx d A = E Izz κA(x/L) = M A. To show that
∫

A
σ A

xy d A = V A, integrate over A,
use Izz = ∫

A
y2 d A = A r 2

Gz and V A = M A/L = E Izz κA/L . The elasticity equilibrium equations are also

satisfied identically. As regards stress boundary conditions, note that σ A
xy vanishes at y = ±√

3rGz . These are
not the top and bottom beam fibers unless the cross section is rectangular.

§21.4.3. Antisymmetric Timoshenko Solution

The solution provided by the Timoshenko beam model, which assumes a constant average shear over the cross
section is

uT imo
x = κA y

6L

(
3x2 + ν y2 + 12 r 2

Gz(1 + ν)
)
,

uT imo
y = −κA x

6L
(x2 + 3ν y2), θ T imo

z = − κA

2L

(
x2 + ν y2 + 2 r 2

Gz (1 + ν)
) (21.31)

The deformed shape is pictured in Figure 21.9(III) for a rectangular cross section with the same values
used for (II). There is no discernible difference between the elasticity and Timoshenko solutions at the plot
scaled used there. The difference is shown Figure 21.9(IV) with displacements magnified by 20. While
vertical displacements are the same, the elasticity solution accounts for the warping of the cross sections:
u A

x − uT imo
x = κA y (1 + ν)(2r 2

Gz − y2)/2L). The associated strains and streses are

eT imo
xx = κA

L
x y, eT imo

yy = −ν exx , γ T imo
xy = 2

κA

L
r 2

Gz (1 + ν),

σ T imo
xx = E

κA

L
x y, σ T imo

yy = 0, σ T imo
xy = E

κA

L
r 2

Gz .
(21.32)

§21.4.4. Specialization to a Rectangular Cross Section

For the H × h rectangular cross section, A = Hh, Izz = H 3 h/12, r 2
Gz = H 2/12,

uS
x = −κS x y, uS

y = 1

2
κS (x2 + ν y2), θ S

z = κS x,

u A
x = κA y

L

(
x2 − 2+ν

3
y2 + 1+ν

3
H 2

)
, u A

y = −κA x

3L
(x2 + 3ν y2), θ A

z = −κA

L

(
(x2−y2) + 1+ν

6
H 2

)
u AT

x = κA y

L

(
x2 + ν

3
y2 + 1+ν

3
H 2

)
, u AT

y = −κA x

3L
(x2 + 3ν y2), θ AT

z = −κA

L

(
(x2+ν y2) + 1+ν

6
H 2

)
.

(21.33)
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