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21-3 821.1 INTRODUCTION

§21.1. Introduction

The subject of this Chapter is a finite element fabrication, testing and optimization method called
mor phing. Theword generically means*“to undergo transformation” (Merriam-Webster dictionary;
From Gr. morphos: shape.)

Thetermisnowadaysused inimage processing: mapping theimage of an object into that of another
one by means of computer software, a process sometimes endowed with animation. But the idea
preceeds the computer asillustrated by well known woodcuts of M. C. Escher, e.g., Figure 21.1.

i

'

F1GURE 21.1. Escher’s Sky and Water: morphing as shape transformation.

In the finite element field, the author introduced the term morphing to identify the mapping of a
sourceelement or macroel ement to atarget element through kinematic constraints. (A macroel ement
Isan assembly of few elements that may be view as arepeating mesh unit.) The target element has
asmaller number of degrees of freedom and often a smaller dimensionality.

The process was originaly called retrofitting of a parent element to a child element in []. This
terminology has been changed because “ child element” has been widely adopted since in adaptive
mesh refinement processes.

The feedback process, which may be called “demorphing” fits appropriately under case 2 below.

What are the reasons for morphing? Improving element performance is the dominant motive. Two
cases may be considered:

Improving the source. The source model contains adjustable parameters that survive in the target
element. Improving the performance of the latter may yields values for those parameters, which
are fed back.

Deriving special elements. The source element isfixed. Morphing isused to produced functionally
specialized instances; for example a solid shell element from a general isoparametric brick. The
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Chapter 21: ELEMENT MORPHING 214

Morphing
by kinematic
transfor mation(s)
Source  f——>

element or
macr oel ement

Target
element

Modify or
specialize
sour ce element

Ficure 21.2. Element morphing and demorphing pro-
CESSeS.

transformation may introduced free parameters in the target. These parameters are chosen to im-
provethe performance of thetarget element. In turnthismay pose constraintsin the transformation.

The process is best explained through specific examples that convey the scope of what can be
accomplished.

In-planeinternal forces yT + sign conventions
N for mternaéforc_es,
stresses and strains

h A

Thin platein plane stress ¥ i N (_}Jy f_}_x)
Z x Ry < X

T

In-plane stresses In-plane body for ces

A2
X Y T b, >Y
X/ O O Oy X/ by Y
In-plane strains In-plane displacements
A3 Al
h h
T ey >y T u, >y
X,/ Exx Exy =€ X, Ux

F1GURE 21.3. Notation for displacements, strains, stresses and forcesin athin plate in plane stress state.

§21.2. Platein Plane Stress

Severa of the following examples pertain to a thin plate in a plane stress (also known as mem-
brane) state. Notation and sign conventions for displacements, strains, stresses and forces in this
mathematical model are collected in Figure 21.3. Assumptions associated with plane stress are
discussed in detail in Chapter 14 of the Introduction to Finite Element Notes. Herewe simply recall
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21-5 821.3 SOURCE ELEMENT 1: 4-NODE RECTANGULAR PANEL

(&) Thin platein
plane stress

Constant plate thickness h
and elasticity matrix E. Axes
x andy lie in the plate midplane

(b) Rectangular panel element

F1GURE 21.4. The four-node, 8DOF rectangular panel modeling athin plate in plane stress.

the in-plane governing equations

™ Eyx a/0X 0 y
e=Du or eyy}z[ 0 a/ayMX],

| 26, a/ay a/ax ) LY
[ Oxx Ein Ewn E Exx

o=Ee or Oyy | = Eir, Ex E23 €y |, (211)
| oxy Eiz Ex EzxsdLl2ey

- o
T B a/0x 0 a9y | by] [0
Dlo+b=0 o | 0 3/dy a/ax]|:;’yy + b, | = |o]
Xy

Asregards stressesin the z direction, one assumes o, = oy; = oy, = 0. Thestrains {e,;, &, &y}
are determined from the three-dimensional strain-stress (compliance) constitutive equations. If the
plate material is isotropic with elastic modulus E and Poisson’s ratio v, the matrix constitutive
equation o = Eeanditsinverse e = E~ o become

[O_XX } E [ 1 U 0 eXX eXX 1 1 _U 0 UXX
oyl TV Loo 152 ] Loe, 2] ELO 0 2+v)] Loy
(21.2)
For the isotropic case &, = €y, = 0, whereas the thickness strain is
V
€, = “E (Uxx+0yy) = 1, (exx+eyy) . (21.3)

§21.3. Source Element 1: 4-node Rectangular Panel

The 4-node, 8-DOF rectangular element modeling a elastic thin plate in plate stress, sketched
in Figure 21.4(a), is used as source element for the following examples. The element is called
rectangular panel for brevity. As|[] narrates, this is one of the two oldest continuum structural
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Chapter 21: ELEMENT MORPHING 216

elements, having been devel oped in the 1950s to model wing skin panels. This geometry issimple
enough to be amenable to complete analytical development, but it is not trivial. Thusit providesa
good illustration of the morphing process as well as of its strengths and pitfalls.

§21.3.1. Rectangular Panel Template

Therectangular panel geometry isdefined in Figure 21.4(b). Axesx and y areaigned withthesides
for convenience. The element has constant thickness h and elasticity matrix E. The 8 displacement
degrees of freedom and associated node forces are collected in the vectors

T
Urp = [Ux1 Uy1 Ux2 Uy Uxz Uyz Uxa Uya]
4 Y y Y (21.4)

fre=[fxa fyu fo fio fua fiz fua fral®.

The element stiffness matrix may be expressed in template form as|[refs] the sum of abasic stiffness
Kp and ahigher order stiffness Kp:

K=Kp+Kh=VH!EH;+VH WTRWHj,

1 —b 0 b O b 0 —b 0
chﬁ[ 0 -a 0 —a 0 a 0 a},

—-a —-b -a b a b a —b (215)
b — 1 1 0 -1 01 0 -1 0
h=2l01 0 -1 01 0 -1}

~[172a 0 | Ru R _
Wl O] re[f %] vown

Here Ry1, Rix and Ry, are three free parameters with dimension of elastic moduli. The list
{Ru1, Ri2, Ryy} is called the template signature. All possible elements of this type that pass the
Individual Patch Test (IET) of Bergan and Hanssen are instances of (21.5). Note that the basic
stiffness Ky, is the same for al possible elements whereas the higher order stiffness Ky, depends
on the signature {Ry1, Ri2, Rxp}. The former specifies the element response to rigid body modes
and constant strain states, whereas the latter characterizes the response to bending deformations.
A particular template instance is defined by specifying its signature. Hence the only difference
between elements of thistypeistheir response to bending modes.

§21.3.2. Morphingto Bar

The morphing of the rectangular panel to a2-node, prismatic, x-aligned bar element is diagrammed
in Figure 21.5. The x and y direction are called the axial and transverse directions, respectively.
The material is assumed isotropic, obeying the constitutive equations (21.2). The target is the
2-node bar element shown in Figure 21.5(d), with node displacements and forces

. foi
Upar = |:llj: :| s fbar = |: f: :| . (21-6)

The morphing process is carried out in two steps for convenience. First, the panel is assumed to
deform symmetrically with respect to axes x and y placed along the rectangle medians, as sketched
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217 821.3 SOURCE ELEMENT 1: 4-NODE RECTANGULAR PANEL

Assume symmetric

(a) |Rectangular panel (b) |deformational motion
w.r.t. x and y axes

of thickness h
s AN

T

b

l
e—a—" Al

By linking dy to d, /
(C) | collapse y dimension to (d) Bar cross-section
f

PR 0,
D J@ﬁg g

Ficure 21.5. Morphing of the rectangular panel of Figure 21.4 (source element) to a 2-node
prismatic bar element in the axial x direction.

in Figure 21.5(b). The axial and tranverse elongations are called dy and dy, respectively, collected
in array drp. By inspection Uy; = Uxs = —3dx, Uz = Uyxz = 30y, Uy = Uy = —3dy and
Uys = Uys = %dx. Those relations are collected in the transformation

;
-1 0 1 0 1 0 -1 0
Urp = Tgdrp = 3 [ 0 10 -10 1 0 1} drp (21.7)

Applying (21.7) to the panel gives the deformational stiffness equations

1
Ebh | 3 % |:dxi|:1|:fx2+fx3_fxl_fx4]:|:fx] (21.8)

Notethat the higher order stiffnessparameters{Ry1, Ri2, Ry} aregonefrom (21.8) becauseH T4 =
0. Next, to get rid of the y dimension it is necessary to link dy and dy, bringing the 2D nature of
the problem into play. If the y motion is unrestrained, Poisson’s effect saysthat dy = —v bdy/a,
which may also be obtained by solving the second of (21.8) for f, = 0. On the other hand,
dy = O if that motion is precluded. The degree of transverse restraint can be parametrized by
takingdy = —(1 — ) v bdy/a, wherea variesfrom O for unconstrained to 1 for fully constrained.
Grouping that relation with dy = uy; — Uy; gives the transformation to the bar freedoms:

dx -1 1 Uyi
dRP:Tbubar:[dy]:[(l—Ol)l)b _(1_“)”b}[uyj]' (21.9)
a a
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Chapter 21: ELEMENT MORPHING 21-8

Applying (21.9) to (21.8) andreplacingbh — Aanda — L to passto the more usual bar notation,
gives the bar stiffness equations as

£ B[] e ol R Y A
L [-1 1 luy | fx_(l—La)vb f, Ll '
inwhich o

E= 1_(11—_1;02[ g (21.11)

is an effective axial modulus that reducesto E if either v = 0or o = 0.
If the transformationsin (21.7) and (21.9) are combined one gets

1 l1—a)vb 1 (1—a)vb 1 (1—a)vb 1 1—ao)vb 7T
L)y 4 _EL-x)Vb

IRb—IF\’dIdb—1
2 1 (1—a)vb 1 1—a)vb 1 (1—a)vb 1 (1—a)vb
=)y _q =¥)VU q _ —

2 2112

Applying T gy to the panel produces (21.10) in one shot, but the two-step morphing processis more
illuminating. One could add rigid body motions of uy, = % anduy = % to the 2 columns of T gy,
respectively, to produce more zero entries but the morphed bar equation would be the same.

The corresponding process for the non-isotropic case, which is not covered here, is more involved
unless material tensor symmetries allow symmetries to be introduced in the first step. Otherwise
one hasto start with uniform stress assumptions, convert to strains, integrate for displacements and
evaluate at nodes.

§21.3.3. Morphingto Simply Supported Beam

We next consider morphing to a prismatic, 2-node, simply-supported, x aligned beam element as
diagrammed in Figure 21.6. The material is assumed to be isotropic. The target is the 2-node
Bernoulli-Euler beam element shown in Figure 21.6(d), with node displacements and forces

Upeam = [ 0. ] . fream = [ Mes ] : (21.13)
Zj Zj

Here 0, is the cross section rotation about z, positive CCW and M, the corresponding generalized
force. Theelement cantakeonly aconstant bending moment. Asinthepreviousexampletheprocess
Is carried out in two steps. First the deformational motion sketched in Figure 21.6(b) is assumed.
Thismotion is symmetric about y and antisymmetric about x. Deformational displacementsdy and
dy are defined in that figure. The resulting freedom transformation is

T
-1 010 -1 010 d

The transformed stiffness equations are

bh Ry [1 O] [dx] _ % [ fxo — fxa — fx1 + fx4:| _ |: fx:|. (21.15)
a 0 O dy fyl + fy2 + fy3+ fy4 fy
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21-9 821.3 SOURCE ELEMENT 1: 4-NODE RECTANGULAR PANEL

Assume deformational bending
(a) Rectangular panel (b) motion symmetric w.r.t. y
of thicknessh and antisymmetric w.r.t. X

A A dx/2
4 ﬁ/yi 3 I.ﬁ/_XL__--_’l ‘__—X_dJZ

\
\

b - +X — ‘\ —-->X

! ES Ny

jl |2 TdyIZ
I~ a > ;

o2
cli)_irectly collagsey /
Ollegiaufas  » O e s
V-8l
. M; .6 M; .6
! %%%%%% - i% = J% >
N\ N
L=a—

F1GURE 21.6. Morphing of the rectangular panel of Figure 21.4 (source element) to a 2-node,
prismatic, simply-supported Bernoulli-Euler beam element in the axial x direction.

Although the transverse (y) motion pictured in Figure 21.6(b) is deformational, arising from Pois-
son'sratio effects, it appearsasay rigid body to the panel freedomssinceuy; = Uy, = Uyz = Uys =
Zdy. This explains the disappearance of dy in (21.15). The x deformation dx may be expressed in
term of beam rotational DOF asdy /2 = (6;; — 64) b/2, or in matrix form

ezi

dSSbeam = [dx] = [_1 1] |:9 :| = Tdb 0. (21-16)

Z)

Transforming (21.15) as per (21.16), and setting ;5b*h — I, anda — L to passto standard beam
notation, yields

4R11|zz |: 1 _1][9Xi] 1 |: fxl_ fx2+ fx3_ fx4 ] |:Mzi]
=1p = i 21.17
3L -1 1 Qyj 2 - fxl + fx2 - 1:x3 + 1:x4 MZJ ( )
To make (21.17) agree with the correct Bernoulli-Euler beam stiffness equations, it is necessary to
take

Ry = iE. (21.18)
Thisresult was established in [,] with other methods. The anisotropic case is treated there.

§21.3.4. Morphingto Spar

We next consider morphing to a prismatic, 2-node, x aligned spar element as diagrammed in
Figure 21.7. The material is assumed to be isotropic. The target is the 2-node spar el ement shown

21-9
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Assume antisymmetric

(a) |Rectangular panel (b) |deformational motion
w.r.t. y axis, nonein x

of thickness h

b
- |
[ a >
girectly collaphsey /
tot [
(©) | Tongitucinal () axs. @ | ecye g
&V i, / fyj sy
i vy YY)
G (PR -

i R S

Ficure 21.7. Morphing of the rectangular panel of Figure 21.4 (source element) to a 2-node,
prismatic, spar element in the axial x direction.

in Figure 21.6(d), with node displacements and forces

Uspar = |:Uy| :| ) fspar = |: Y ] . (21.19)

Uyj fy;
The spar element can take only a constant shar force. Asin the previous 2 examples the process
iscarried out in two steps. First the deformational motion sketched in Figure 21.7(b) is assumed.
This motion is antisymmetric about y and zero along X, since the element deforms only in shear.
The deformational displacement dy is defined in that figure. The resulting freedom transformation
is

Urp = Tadrpspar =3[0 —1 0 1 0 1 0 -1]" [dy]. (21.20)
The transformed stiffness equations are
Eb 1
m[l][dy]zi[fﬂ‘l’fxs_fxl_fx4]:[fx]- (21.21)
The deformation dy may be expressed in term of spar translations
[dy]=[-1 1] [g;l; ] = Tgs Uspar - (21.22)

Applying this transformation, and passing to the usual spar element notation: E/(2(1+v)) — G,
bh— A,a— L,gives

—_— = . 21.23

L [_1 1i| |:ij] [fyj ( )
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21-11 821.4 BENCHMARK PLANE BEAM SOLUTIONS

(1) Symmetric (S) load case

M S y? M S
Z$—£ (n General (V) Specialization
beam cross to rectangular
section Cross section
| L - yA iy
(1) Antisymmetric (A) load case z ﬁ( z _Ifl
M2 i )
o —>|h|<—
A | X
v l z ( rv A MAL
\?
L L ‘l %M A(negative)
|

F1GURE 21.8. Benchmark beam solution used for advanced morphing examples.

The result (21.23) agrees with the spar stiffness equations derived with Mechanics of Materials
methods (for example, in Chapter 5 of the Introduction to Finite Elements Notes) except for one
detal: the transverse panel area A = bh should be replaced by the effective shear area. For a
narrow rectangle with h << b, As = 5bh/6. This discrepancy does not reflect, however, aflaw in
the source element. The parabolic shear stress distribution that produces that As assumes that oyy
vanishes at the top and bottom spar surfacesy = i%b. This will not generally be the case when
the panel isused in a2D mesh.

§21.4. Benchmark Plane Beam Solutions

To support more advanced morphing examples it is convenient to have a benchmark beam solution that is
exact in the sense of plane stressisotropic elasticity, aswell asthat provided by the shear-flexible Timoshenko
beam model. The problem isillustrated in Figure 21.8. The beam has span L and prismatic cross section.
Axes {X, Y, z} are chosen as shown. Equations are initially derived for a general cross section sketched in
Figure 21.8(I11) and later speciaized to the rectangular cross section of height H and width h illustrated in
Figure 21.8(1V). For ageneral cross section, the moment of inertia with respect to the neutral axis zis |, the
cross section areais A. The internal bending moment is M, and the transverse (resultant) shear force is Vy,
with the usual sign conventions.

The materia isisotropic with elastic modulus E, shear modulus G and Poisson’s ratio v and shear modulus
G = E/(2(1 + v)). Thein-plane displacements are {uy, uy} and the infinitesinal rotation about z is 6, =
%(auy/ax—aux/ay). Theeffectiveshear areais As = ks A, inwhichks isTimoshenko' sstatic shear correction

coefficient defined by
Usdéfgf PV /dx

in which Us isthe internal energy due to transverse shear stresses. The following symbols are introduced for
later use:

(21.24)

GkA

|2 _ 12El, 12Er3, 24A+w)rg,

Gz A7 GAL2  GkslL?2 ks L2 ( )

1 someauthorsusetheinversevalue: eg., k = 1/ks in[34, p. 177] and m = 1/ks. in [18, p. 21].
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Chapter 21: ELEMENT MORPHING 21-12

() Symmetric deformation: elasticity (I1) Antisymmetric deformation:
solution (same as BE beam theory) elagticity solution
(1) Antisymmetric deformation: (V) Difference between (I1) and (111)
Timoshenko model solution magnified by 20

Ficure 21.9. Deformed shapes for benchmark solutions. Beam of rectangular cross
sectionwithL =5, H=2h=1E=1v=1/4ks=1andc? = 3.

Herer g, denotes the radius of gyration of the cross section about the neutral axis z while ® isadimensionless
measure of the section-averaged shear rigidity of the element, which is used in the Timoshenko model. The
last form of @ given in (21.25) assumes an isotropic material.

Two load systems pictured in Figure 21.8(1,11) are considered:

(S Symmetric: pure bending produced by equal and opposite applied end moments MS. The bending
moment M, = Mg is constant along the beam whereas the transverse shear force V, is zero.

(A) Antisymmetric: linearly varying bending produced by equal and opposite shear forces VA balanced by

end moments with total resultant M* = V, L. The internal bending moment M, = —M*x/L varies
linearly from +3M* at x = —3L through —1M* at x = 1L. Thetransverse shear force V, is constant
and equal to VA,

§21.4.1. Symmetric Solution

The symmetric displacement solution is

s s_ 1 2 2 s_ 1 8u§ duy
UX = —Kks XY, Uy =3 Ks (X + Yy V), 62 3 8—X — ay = KsX. (2126)

inwhich ks = M2/(El,) = 9%uy/dx* is the constant curvature produced by M®. The deformed shape,
pictured in Figure 21.9(1), is symmetric about x and y. The associated strains and stresses are

e;f’x = —ksY, efy = —V €y, )/Xsy =0, OXSX = —E«kgy, ag, =0, sty =0. (21.27)

The stresses (21.27) satisfy identically the plane stress differentia equilibrium eguations for any plane-
symmetric cross section. Theinternal energy stored in the beam is

U =%/axxexxdvz%EL@/ysznglzzng:gMSKSL. (21.28)
\ A
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21-13 821.4 BENCHMARK PLANE BEAM SOLUTIONS

§21.4.2. Antisymmetric Elasticity Solution

The antisymmetric displacement solution for an elastic isotropic material is
up = gLy (3x* — y?(2+v) + 18r&,(1 +v)),
A

KaX
up = —E(XZ +3vy?), 6 = _Z ((x Y +3r&,(1+v))

(21.29)

The deformed shape is pictured in Figure 21.9(11) for arectangular cross section with the values given there.
The associated strains and stresses are

A ka(1+v)

A _ Ka A 2 2
€ex = T XY, = —VE&x, Vyy= (3TG -y,
" L et Xy b ’ (21.30)
A A
UX'?( =E T X y, O'f;, = O, O’XA)\, =E Z(?}I‘éz — y2)

Itiseasily verifiedthat [, 0. dA = E I, ka(x/L) = M*. Toshow that [, o5 dA =V, integrate over A,
use l,, = fA 2dA = ArZ,and VA = MA/L = E l,xa/L. The elasticity equilibrium equations are also
satisfied identically. Asregards stress boundary conditions, note that o, y vanishesat y = ++/3rg,. Theseare
not the top and bottom beam fibers unless the cross section is rectangular

§21.4.3. Antisymmetric Timoshenko Solution

The solution provided by the Timoshenko beam model, which assumes a constant average shear over the cross
section is _ y
Timo _ é*L (3x*+vy* +12r8,(1+ v))

u;I/'imo — _G_L(XZ + 3 yZ)’ H;I'imo - _

(21.31)

50 (x +vy*+2r2, (1+ v))

The deformed shape is pictured in Figure 21.9(111) for a rectangular cross section with the same values
used for (I1). There is no discernible difference between the elasticity and Timoshenko solutions at the plot
scaled used there. The difference is shown Figure 21.9(1V) with displacements magnified by 20. While
vertical displacements are the same, the elasticity solution accounts for the warping of the cross sections:
UR —ul'™m = kay (1+v)(2r2, — y?)/2L). The associated strains and streses are

Timo

= —V &x, ny - 2_ er (l + U)»

Timo KA Timo __

eXX = L Xy’ eyy

Timo _ KA Timo __ Timo __ KA 2
Oyx = ET X y, O'yy = 0, ny =E T I’GZ.

(21.32)

§21.4.4. Specialization to a Rectangular Cross Section

For the H x h rectangular cross section, A = Hh, I, = H3h/12,r2, = H?/12,

1
s s 2 2 s
Uy = —ksXY, Uy——Ks(X +vy9), 07 =«ksX,

A KkpayY 2+v 2 1+v 2 A Ka X 2 > A Ka 2 > 1+v 2
u, = L ( 3 y°+ 3 H ), Uy =__3L (X +3Vy)7 92 =——L ((X —y)+—6 H )
AT _ kaY 2 1+v AT KaX o 2 AT Ka ¢ 2 2, v 5

uy =L ( +§y +—3 H), Uy =-3 xX“+3vy9), 6, :_T((X+vy)+TH )

(21.33)
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