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The Quadratic
Tetrahedron
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Advanced FEM

The Quadratic (10-Node) Tetrahedron

May have curved edges and faces, as pictured in (b)
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Advanced FEM

Tetrahedron Natural Coordinates
same as in 4-node tetrahedron:

Interpretation as a interpretation as
moving surface volume ratio
OK, except surface No longer valid if element
may be curved has curved edges and faces
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Advanced FEM

| so-P Definition of Quadratic Tetrahedron
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with the shape functions

Nle = ¢1(2¢1 — 1);
N3e = ¢3(2¢3 — 1);
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Nze = §2(2§2 - 1)
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Advanced FEM
Partial Derivative Computation

Interpolate an arbitrary function w in terms of node values:

61(201 — 1) 7
$2(202 — 1)
¢3(283 — 1)
04204 — 1)
w=[w1 wz ws ws ws we wio] AL1¢o
48283
Using thechainrule (sumoveri =1t010) L 438
Jw Z 8_N. Z <8N| 34“1 dN; 952 9N, 3§3+3Ni 34“4)
d¢1 0X d¢r 0X 0¢3 0X dC4 OX
Wy, aN. _Z (aN. 9c1 , INBL | ONi 0Lz | N, 354)
B 901 9y 3% dy 9Lz Ay s X
__Z 3_N|_Z (3Nu 34“1 ON;j 0, ONj 9¢3 9N 34“4)
001 az d0¢» 0Z 0¢3 0Z 084 0X
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Partial Derivative Computation (cont'd)

Reorganize in matrix form

"y 2N
Jw - 0%1 08 983 084 981
X dX 9X 09X  OX Zw-a—N‘
dw | _ | 96 9L 03¢z 0L le
dy dy 9y ay ay 5y AN
ow 00, 9L 93 Dia ' 3¢5
0z -9z 9z 09z 0z 3 N
k7
Transpose both sides
081 9&1 93¢+
X dy 0z
%@2 252 252
ON; 0N AN IN; X dy 0z
[Tug Tuge Todm L5 se e o
ox dy 0z
08a 08s 084
- dX dy 0Z -

_rdw Jw Jdw
_'[ax ay 82]
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Partial Derivative Computation (cont'd)

Make w = X,y,z and stack
- dN; 0N, N
2 X5y 2Ny LKy

aN; 0N  ON;
ZYia—gl Z)’la—gz ZMB—Q

aNi _aNi ,8M
L1y RAh, RAag

row-wise

—%4“1 3851 384“1—

0N S X oy oz
2. %5z, oc; de o
N X oy o9z
2% 5, g 6 0z
N X oy oz
E:Lagf' 04 084 04
- oxX dy 0z -

D
X
o5

9X
dy 0z

dy
ay 0z
9z 9z
ay 0z

Coefficient matrix is not square. To make it so differentiate both sides
of theidentity {,+ {,+ {3+ {4 = 1 withrespectto X, y and z and

insert asfirst row:
-1 1 1
2% 01 2% 002
X Yigr XVYigg,
L) 2 041 2.7 9¢2

ONi
2% 0¢3

N
Zyl 8§3

N
2.2 9¢3

- 081 981 98 -
1a|\| 7| 9x 9y 0z
Xi Aot 98 9% 38
> Igli: ax 9y 9z | _
Zyia—gi 93 983 9¢3
AN ox dy 0z
Zzia_é-i_ 084 084 084
L X dy 0z -

o)
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N X[ X[X X

ob
X
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Advanced FEM

Partial Derivative Computation (cont'd)

Since x,y,z are independent variables,

In compact matrix form

in which
1
J
J=| =
‘Jy
J;

1

1 2
1y
\]22

1

1
Jx3

‘]23

'Jx4

-1 1 1 1
B
ST

BT

-084 06 98
7 ox 9y 0z
9 08 98
ox dy 0z
df3 9&3 083
ax dy 0z
A | 98 0%s 0944
- 0X dy 0Z -
\]P:Iaug
-1 1 1
AN, L ONi L aN;
NI
R R
L4390 A5 4o

(eNeN e
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R OOO
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Advanced FEM
Partial Derivative Computation (cont'd)

| nserting the shape functions one computes
J1 = X1(461 — 1) + 4Xs82 + AX783 + 4Xgla
2 = X2(462 — 1) + 4683 + X581 + AXgla
Jx3 = X3(443 — 1) + 4%781 + 4Xel2 + 4X1084
Jxa = X4(44 — 1) + 4Xgl1 + 4X982 + 4X1083
and likewisefor y and z. By analogy with isoP brick elements the

matrix J above may be called a Jacobian matrix. The factor Jthat
appears in the element of volume transformation

dV® = Jd¢idgdisds,

isnot det J but (det J)/6. If the element has straight edges and
with side nodes at the midpoints Jis constant and equal to the
tetrahedron volume

1 1 1 1

J—p=1 X1 X2 X3 X4
S1V1 Y2 V3 Wa

2y, ZLp I3 4
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| mplementation considerations. subtract off
first column from other 3 to get a 3 x 3 system

|: Jx2 - Jxl Jx3 - Jxl 'Jx4 - Jxl
JZZ - le Jz3 - le Jz4 - le

or

|

082 —¢1) 952 —¢81) 9(52 — &) T
X ay 0z

0(f3 —¢1) 9(L3—¢1) 9(53— &)
X ay 0z

0(a—¢1) 0(La—¢81) 9(5a— &)
aX ay 0z _

JP=1

Inversion of J givesthe partial derivatives sought.
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Partial Derivative Computation (cont'd)
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Advanced FEM

Numerical Integration Over Tetrahedra

One point rule (degree 1)

1
v/e F(¢1. 82,83, 8a)dV ~ F(3, 3,2, 3)

Four point rule (degree 2)

: F (61,62, 83, 6)dV ~ 3F (., B. B. B)+3F (B, . B, B)
Ve 1, 62, 63, 64 ~ zr-, P, P, Z O P,
+3F(B.B.a, B)+3F(B. B, B, )

where a = 0.58541020, (3 = 0.13819660

More details on integration rules in Chapter 17, which gives
a complete compendium for FEM work.
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Element Stiffness M atrix

Evaluate by numerical quadrature

Ke — kaTEBJ

M-

z—
I
|_\

Advanced FEM

inwhich B and J are evaluated at the k-th integration point
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Advanced FEM
Element Consistent Node Force Vector

For abody force b such as gravity:

by Uy
b:M M:NU
b, u,
fe :/ N'b dVv
Ve

which may also be treated by numerical quadrature
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