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16-3 816.2 THE LINEAR TETRAHEDRON

§16.1. Introduction

In this Chapter we study the construction of shape functions for three-dimensional solid elements,
beginning with the 4-node tetrahedron. We start with this particular element for two reasons: the
geometry isthe simplest one, and no numerical integration is needed.

§16.2. ThelLinear Tetrahedron

The linear tetrahedron, shown in Figure 16.1(a), is not used often for stress analysis because of its
poor performance.! Its main value in structural and solid mechanics is educational: it serves as
a vehicle to introduce the basic steps of formulation of 3D solid elements, particularly as regards
use of natural coordinate systems and node numbering conventions. It should be noted that 3D
visualization is notoriously more difficult than 2D, so we need to proceed somewhat slowly here.

4 (X4 Y129
0

(b) face 1-2-3
as seen
from node 4

3 (X3.¥52) -

-

o,
X y 2 (%Y%)

F1GURE 16.1. (@) The linear tetrahedron element: also caled the 4-node
tetrahedron; (b) Node numbering convention.

816.2.1. Tetrahedron Geometry

Figure 16.1 shows atypica 4-node tetrahedron. Itsgeometry isfully defined by giving thelocation
of the four corner nodes with respect to the global RCC system (X, v, 2):

X, Vi, z (=1 2, 3, 4. (16.1)
The volume measure of the tetrahedron is denoted? by V' and is given by the following determinant:

1 1 1 1

V=1ldet | X2 X X (16.2)
Yi Y2 Y3 Ya

Zy Zp I3 L

1 Derivative of shape functions are constant over the element volume. Strains and stresses recovered in this manner can
be highly inaccurate. This makes the element dangerous for stress analysis. On the other hand, when the objective is
merely to get values of primary variables, asin thermal analysis and computational gas dynamics, the linear tetrahedron
is acceptable.

2 This symbol (Upsilon) is used to avoid confusion with V, which denotes the volume of a generic body.
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Chapter 16: THE LINEAR TETRAHEDRON 164

Thisvolume is asigned quantity. It is positive if the corners are numbered in such a way that the
volumeis positive. A numbering rule that achieves this goal is asfollows:

()] Pick acorner asinitial one. In Figure 16.1(a) thisis numbered 1.
(I  Pick afacethat will contain thefirst three corners. The excluded corner will be the last one.

(1) Number these three corners in a counterclockwise sense when looking at the face from the
excluded corner. See Figure 16.1(b).

In what follows we shall always assume that the numbering has been done in that manner so that
Y >023

FicUure 16.2. Tetrahedron natural coordinates: ¢1, ¢2, ¢3, Za.

§16.2.2. Tetrahedral Coordinates

The set of tetrahedral coordinates ¢1, ¢o, ¢3, ¢4 IS the three-dimensional analog of the triangular
coordinate set discussed in Chapter 15 of IFEM. Thevalue of ¢; isone at corner i, zero at the other
3 corners(i.e. onthe oppositeface) and varieslinearly as one traverses the distance from the corner
to the face. The sum of the four coordinatesisidentically one:

l1+ 8+ i3+t =1 (16.3)

Any functionlinear in X, y, z, say F (X, Yy, z), that takesthevalues F; (i = 1, 2, 3, 4) at the corners
may be interpolated in terms of the tetrahedron coordinates as

F(¢1, ¢, C3, Ca) = F1o1 + Folo + Fegs + Fata = Fig. (16.4)

Example 16.1. Supposethat F (X, Yy, z) = 4x + 9y — 8z + 3 and that the coordinates of corners 1,2,3,4 are
(0,0,0), (1,0,0), (0,1,0) and (0,0, 1), respectively. Thevaluesof F at thecornersare F; = 3, F, = 7,
Fs = 12and F;, = —5. Consequently F (41, &2, &3, §4) = 31 + 7¢2 + 12¢3 — 5¢a.

3 The tetrahedron volume can be zero only if the four corners are coplanar. This case will be excluded.
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16-5 816.2 THE LINEAR TETRAHEDRON

816.2.3. Coordinate Transfor mations

The geometric definition of the element in terms of these coordinates is obtained by applying the
geometry definition (16.4) to X, y and z, and appending the sum-of-coordinates constraint (16.3):

1 1 1 1 17r1rg
X1 _ [ X X2 X3 X4 &2 ' (16.5)
y YiI Y2 Y3 Vs {3
z 1 2 I3 L Ca

Inverting this relation gives

&1 Vi a1 b ¢ 1
$2 1 6, a, b, o X

= , 16.6
{3 6V | 6V3 a3 bz c3 y (165
84 6Vs as bs 4 z

where the coefficients of this matrix can be calculated by forming the adjoints of the matrix in
(16.5).

Remark 16.1. Thevaluesof a, b and ¢; obtained by explicit inversion are

& = YoZaz — Y3Zap + YaZz2, D1 = —XoZyz + X3Zsz — XaZzp,  C1 = XaYaz — X3Ya2 + X4Ya2,
A = —Y1Zi3 + YaZys — YaZs1, D2 = X1Zs3 — X3Zyy + XaZa1, C2 = —X1Ya3 + X3Ya1 — X4Ya1,
A3 = Y1242 — YoZa + YaZn, D3 = —X1Z4p + XoZa1 — XaZo1,  C3 = X1Yap — XoYa1 + XaYou,
= —Y1Zzp + YoZa1 — Y3Zo1. D4 = X1Z32 — X2Z31 + X3Za1, Cs = —X1Y32 + X2Y31 — X3Y21.

(16.7)

in which the abbreviations x;j = X — Xj, ijj = ¥i —y; and z; = z — z; are used. The volume is given
explicitly by

6V = Xo1(Y31Z41 — Ya1Z31) + Yo1(Xa1Z31 — Xa1Za1) + Zo1(Xa1Ya1r — Xa1Ya1). (16.8)

The values of V., are of no interest in what follows.

§16.2.4. *Geometric Interpretation

Figure 16.2 illustrates two geometric interpretation of coordinate ¢;. In Figure 16.2(a), ¢; = C, where C is
anumber between 0 and 1, is the equation of a plane parallel to the face 234. The plane coincides with that
faceif ¢; = O, it passes through corner node 1 if ¢; = 1, and isinterpolated linearly in between.

Figure 16.2(b) illustrates another interpretation that appears in many FEM books. Consider a point P of
coordinates (¢1, &2, 3, ¢4) inside the tetrahedron. Joining P to the corners we obtain four sub-tetrahedra
234P, 341P, 412P and 123P, whose volumes are V1, V,, Vs and V,, respectively. Then ¢ is the ratio
Vi /V. Figure 16.2(b) pictures the sub-tetrahetron 234P of volume V; On account of this relation, tetrahedral
coordinates are also called volume coordinates.

Remark 16.2. The interpretation as volume coordinates only holds for the tetrahedron defined by 4 corner

nodes. It fails for higher order tetrahedra defined by additional nodes (e.g., midpoints). For this reason, the
second interpetration, as well as the name “volume coordinates,” will not be used here.
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Chapter 16: THE LINEAR TETRAHEDRON 166

816.2.5. Partial Derivatives

From equations (16.5) and (16.6) we can easily find thefollowing relationsfor the partial derivatives
of Cartesian and tetrahedral coordinates

X ay 0z
— =X, —=V, —=1. 16.9
e Y yi Tk (16.9)
a¢i 9 ¢
— a 2L —p — =c. 16.1
Gvax g, 6V8y b, 6V ™ Ci (16.10)

Thederivativesof afunction F (¢1, 2, ¢3, £4) With respect to the Cartesian coordinatesfollowsfrom
(16.10) and the chain rule:

8F_8F8§i_1(8F oF oF oF )_18F‘
% N

X ag ax 3 3 3¢3 A4 6V 9
oF oF 9¢ 1 /0F oF oF oF 1 oF
o (L ) = =, 16.11
3y _ oz ay 6V<a;1 T T T ) = & T (16.11)

8F_8F8§i_1(8FC+8FC+8FC+8FC)_18F‘
9z 9g 9z 6Vv\ag - 0 0 ez o g VT

§16.3. TheLinear Tetrahedron

The simplest tetrahedron finite element for problems of variational order m = 1 is the four-node
tetrahedron with linear shapefunctions. The shapefunctionsare simply thetetrahedral coordinates:
Ni =¢i,i =1, 2,3, 4. Thisfiniteelement isderived now for the elasticity problem, using the Total
Potential Energy principle as source variational form.

§816.3.1. Displacement Interpolation

Thedisplacement field over thetetrahedron is defined by the three components uy, uy and u,. These
are linearly interpolated over the element from their nodal values

&1
Uy Ux1 Ux2 Ux3 Uxsg 4_2
uz Uzz Uz Uz Ugzm

{4

Putting this together with the geometric definition (16.4) we have the isoparametric definition of
the 4-node tetrahedron as an elasticity element:

m 1] ! 1 1 1 7
X X1 X2 X3 X4 &
y Yi Y2 Y3 Va ‘&
Z |\=| 21 Zo Zz I . (16.13)
Ux Uxi Ux2 Uxz Uxa gj
Uy Uys Uy2 Uyz Uys
| Uz L Uz Uz Uz3 Uzg4 _
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167 816.3 THE LINEAR TETRAHEDRON

816.3.2. The Strain Field

The strain field within the element is strongly connected to the displacement by the strain-
displacement equations, which in indicia notation read

aj = 3(Uij +Uj,). (16.14)

We trandliterate this to matrix notation as follows. First, the six independent components of the
stress tensor are arranged into a 6-component strain vector as follows:
e=[ey €p ey 2ep 283 23]

=[ex €y €z Wy Wz sz]T .

The second expression shows the engineering notation for the shear strains. Second, displacement
components us, Uy and usz are rewritten as uy, uy and u,, collected into a vector and linked to the
displacement field by (16.14):

(16.15)

T Ex d/0X 0 0 T
eyy 0 a/ay 0 U,
| ez | _ 0 0 9d/0z AR
e= 26, | = | 970y 8/0x 0 uy | =Du. (16.16)
y u
2e,, 0 9/0z /3y z
| 2€, | | 0/0z 0 d/0x

Combining thiswith (16.12) and using the differentiation rules (16.11) we obtain the matrix relation
between strains and nodal displacements:

e=Bu° (16.17)
If the element nodal displacement vector is arranged component-wise:
U =[Ux1 Uxz Uyxz Uxa Uyr Uy2 - Uz4]T ) (16.18)

the matrix B has the following configuration

raq a» a3z a4 0 O O O O O O O
O 0 O O by b, bg bp O 0 0 O
~ 110 0 0O O O O O O ¢ € €3 ¢4
B= @ bl b2 b3 b4 a ad az a4 0 0 0 0 (16 19)
0 0 0 0 ¢ © C3 C b1 b2 b3 b4
Lcg ¢ ¢c3 ¢ O 0 0 0 a4 a a3 as.
If the node displacements are arranged node-wise:
u® = [ Ux1 Uyr Uz Ux2 Uy2 Uz - Uz4]T ) (16.20)
the columns of B must be re-shuffled to yield
rag 0O O a O 0O a3 0 O a 0 07
O bp 0 O b 0O O bs 0O O by O
. 1 0 0 ¢o O 0 c O 0 C3 0 0 &
B= @ b1 a O b2 a 0 b3 as 0 b4 0 (1621)
0 ¢ b]_ 0 o b2 0 c3 b3 0 o b4
Lcc 0 a ¢ 0 a ¢c3 0 a3 ¢ 0 asld
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Chapter 16: THE LINEAR TETRAHEDRON 16-8

The node-wise arrangement (16.20) of u® is more common in practice because it facilitates the
assembly process.

Note that both matrices (16.19) and (16.21) are constant over the element.

816.3.3. The StressField

The stressfield isrelated to the stress field by the strong connection
oij = Eijke®e (16.22)

To convert thisto matrix notation we rearrange the 6 independent stress components to correspond
to the strains (16.12) and link them by a6 x 6 matrix of elastic moduli:

0':[0’11 022 033 012 023 031]T: (16.23)

T
:[Uxx Oyy Ozz Oxy Oyz szx]

If the material islinearly elastic and no initial strains are considered, the constitutive equation may
be compactly expressed as
oc=Ee (16.24)

where the elasticity matrix E is symmetric. For a general anisotropic material the expanded form
of (16.24) is

™ Oxx ] TE1r B Eiz Ewus Eis Ee [ &x ]
Oyy Ex Ex Ex Ex Ex Eyy
0z Ess Ezx Ezx Eszs €
= , 16.25
Oyz Ess Ese 2ey,
| oy [ symm Ees | L 2e5

in which E;; are constitutive moduli. For an isotropic material of elastic modulus E and Poisson’s
ratio v the foregoing relation simplifies to

~ Owx | 11— v v 0 0 0 7
Oyy ", 1—v v 0 0 0
Oz E v v 1—v 0 0 0
= 16.26
o | " @tmd-29| 0 0 0 f-v 0 0 (1629
O 0 0 0 0 1-v O
L oyy | 0 0 0 0 0 %—V_
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16-9 816.5 THE CONSISTENT NODE FORCE VECTOR

§16.4. TheElement Stiffness M atrix

Introducing e = Bu and o = Eeinto the strain energy functional restricted to the element volume
and rendering the resulting algebraic form stationary with respect to the node displacements u® we
get the usual expression for the element stiffness matrix

Ke:/ BTEBAV. (16.27)
Ve

Assuming that the elastic moduli are constant inside the element, the foregoing integrand is constant
because matrix B is constant — cf. (16.19) or (16.21). Consequently

Ke=VBTEB. (16.28)

This stiffness matrix is 12 x 12. It can be directly evaluated in closed form using the above
expression or, equivalently, by a one-point (centroid) integration rule.

§16.5. The Consistent Node Force Vector

A terahedral mesh may be subjected to given body forces in the volume and/or specified boundary
tractions. Both have to be converted to node forces through an energy-based lumping procedure.

816.5.1. Body Forces

Consider a body force field over the element, such as gravity of centrifugal forces, defined by its
components
b - [bx by bz]T . (16.29)

Inserting this into the TPE principle, the body force contribution gives

fe = / N™ b dV. (16.30)
Ve

Here N isthe 3 x 12 matrix of shape functions that relates element field displacements to node
displacements:

Ux
U= {uy} = Nu®. (16.31)
Uz
For the component-wise node displacement ordering (16.18),
&1 & &% ¢ 0 0 0 0 0 0 0 O
N = [ O 0 0 O ¢1 & &3 &4 0 0 0 O } (16.32)
0 0 0 0 0 0 0 0 &n &2 &3 &a
For the node-wise displacement ordering (16.20),
¢t 0 0 &2 0 0 ¢ 0 0 & O O
N = [ 0O &2 0 0 & 0O 0 &3 0 O ¢ O } (16.33)
0 0 & 0 0 &2 0 0 ¢ 0 0 ¢4

16-9



Chapter 16: THE LINEAR TETRAHEDRON 16-10

Even if the body forces are constant the integral is not constant over the element. Some useful
formulae for such calculations are

/ Gdv =2V, (16.34)
Ve
and
Ly ifi=],
GgidVv =197 L (16.35)
ve 5V ifi# ]
The general rule for such integrals, which can be derived from the Betafunction, is

itjlk! el
S+ j+k+e+3)!

/ ehe) cketdv (16.36)
Ve

inwhichi, j, kand ¢ are nonnegative integers. Thisformulaisonly valid for tetrahedrawith planar
faces.

816.5.2. Surface Tractions

The most practically important case is that of surface tractions normal to an element face. This
modelstheeffect of pressureloads. The calculation of nodeforcesfor the case of aconstant pressure
acting on atetrahedron face is the matter of one exercise.

816.5.3. Element Implementation

The implementation of the linear tetrahedron in any programming language is very simple. An
implementation in the form of a Mathematica module is shown in Figure 16.3. The module is
invoked as

Ke=Trig3IsoPMembraneStiffness[ncoor,Emat,{ },options]; (16.37)
The arguments are
encoor Element node coordinates, arranged as alist:
{{x1,y1,z1},{x2,y2,22},{x3,y3,23},{x4,y4,z4}}.
Emat A two-dimensional list storing the 6 x 6 matrix of elastic moduli as
{{E11,E12,E13,E14,E15,E16}, ... {E61,E62,E63,E64,E65,E66}}.
options A list of formation options. For thiselement it issimply { numer }, where numer

isalogica flag. Flag is True to request floating point numeric work, False to
reguest exact calculations.

The third argument is a placeholder and should be set to the empty list { }.

The stiffness module calls module IsoTetr4ShapeFunCarDer, which islisted in Figure 16.4, to
get the shape function Cartesian partial derivatives. Thesereturninthe 12 x 1 arraysBx, By and Bz.
The module a so returns the jacobian determinant Jdet, which is six times the element volume.

Module IsoTetr4ShapeFunCarDer iS written in a more complicated style than needed for this
particular element. For example J11 is simply x1, etc. It is actually configured to serve as a
shape function derivative “template” for more refined tetrahedron elements, as described in the next
Chapter. r

16-10



1611 816.5 THE CONSISTENT NODE FORCE VECTOR

| soTetr4Stiffness[ncoor_, Emat_, {}, options_]:= Mdul e[{i, n=4, nf =12,
k,c,w, Jdet, zetal i st, xyzlist, numer, Bx, By, Bz, Be, Ke},
I f [Length[options]>0, numer=options[[1]]];
xyzlist={Tabl e[ ncoor[[i,1]],{i,n}], Tabl e[ncoor[[i,2]],{i,n}],
Tabl e[ ncoor[[i,3]],{i,n}]}; Ke=Table[O,{nf},{nf}];
{ Bx, By, Bz, Jdet } =l soTet r 4ShapeFunCar Der [ xyzl i st, {}, numer] ;

Be={Fl atten[ Tabl e[ {Bx[[i]], O, 0 }.{i,n}1l,
Fl atten[ Tabl e[ {0, By[[i]],O }.{i,n}l],
Fl att en[ Tabl e[ { O, 0, Bz[[i]]1},{i,n}]],
Flatten[ Tabl e[ {By[[i]],Bx[[i]],O }.{i,n}1l,
Fl att en[ Tabl e[ {0, Bz[[i]].By[[i]]l},{i,n}]11,
Fl atten[ Tabl e[ {Bz[[i]], O, Bx[[i11},{i.n}]1]1};

Ke=(Jdet/ 6) * Transpose[ Be] . (Emat . Be) ;
If [!nunmer, Ke=Sinplify[Ke]]; Return[Ke]
1

F1cURE 16.3. Module to form the stiffness matrix of alinear tetrahedron (Tetr4) and outputs.

| soTet r 4ShapeFunCar Der [ {xn_,yn_, zn_}, zetalist_, nuner_]: =
Modul e[ {dNz1, dNz2, dNz3, dNz4, Jmat, J11,J12, J13, J14,

J21, 322,323, 324,331, 332, J33, J34, Ji nv, Jdet , Bx, By, Bz},

{dNz1, dNz2, dNz3, dN\Nz4} ={{ 1, O, O, 0}, {O, 1, 0, 0}, {0, 0, 1,0},{0, 0,0, 1} };

J11=dNz1. xn; J12=dNz2.xn; J13=dNz3. xn; J14=dNz4. xn;

J21=dNz1l.yn; J22=dNz2.yn; J23=dNz3.yn; J24=dNz4.yn;

J31=dNz1l. zn; J32=dNz2.zn; J33=dNz3.zn; J34=dNz4. zn;

Jmat ={{1, 1, 1, 1}, {J11, 312, J13, J14},

{J21, 322,323, J24}, {J31, J32, J33, J34}};

Jdet =(J13*J22-J12*J23+J14*J23- J14*J22+]12*J24- J13*J24) *J31-
(J13*J21-J11*323+J14*J23-J14*J21+J11*J24-J13*J24)*J32+
(J12*J321-J11*322+314*J22-J14*J21+J11*J24-J12*J24) *J33-
(J12*J21-J11*J322+J13*J22-J13*J21+J11*J23-J12*J23) *J34;

Ji nv={{J22*(J34-J33)-J23*(J34-J32) +J24*(J33-J132),

-J12*(J34-J33) +J13*(J34-J32)-J14*(J33-J32),
J12*(J24-J323)-J13*(J24-322) +J14*(J23-J22)},
{-321*(J34-J333) +J23*(J34-J31)-J24*(J33-J31),
J11*(J34-J33)-J13*(J34-J31) +J14*(J33-J31),
-J11*(J24-J23) +J13*(J24-J321)-J14*(J23-J21)},
{ J21*(J34-J332)-J22*(J34-J31)+J24*(J32-J31),
-J11*(J34-J332) +J12*(J34-J31)-J14*(J32-J31),
J11*(J24-J322)-J12*(J24-J321) +J14*(J22-J21)},
{-J321*(J33-J32) +J22*(J33-J31)-J23*(J32-J31),
J11*(J33-J32)-J12*(J33-J31) +J13*(J32-J31),
-J11*(J23-J22) +J12*(J23-J21)-J13*(J22-J21)}};
{ Bx, By, Bz} =Tr anspose[ Ji nv] . {dNz1, dNz2, dNz3, dNz4}/ Jdet ;
Ret ur n[ { Bx, By, Bz, Jdet }]

FI1GURE 16.4. Module to compute shape function partial derivatives for linear tetrahedron (Tetr4). As
notedinthetext, itisdeliberated written in amore general fashion than needed for this particul ar element.
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Chapter 16: THE LINEAR TETRAHEDRON 1612

ClearAll[EmvVv]; Em96; v=1/3;

Emat =Entf ((1+v) *(1-2*v))*{{1-v,v, v, 0,0, 0},
{v,1-v,v,0,0,0},{v,v, 1-v,0,0,0},{0,0,0, 1/ 2-v, 0, 0},
{0,0,0,0,1/2-v,0},{0,0,0,0,0, 1/2-v}};

Print["Emat =", Emat// Matri xForni;

ncoor={{2, 3,4},{6, 3,2},{2,5,1},{4, 3,6}};

Ke=l soTetr4Stif f ness[ ncoor, Emat, {}, {Fal se}];

Print["Ke=",Ke//MNMtrixForni;

Print["ei gs of Ke=", Chop[Ei genval ues[N[Ke]]]l]:

Fi1cURE 16.5. Test statements to exercise the module of Figure 16.3.

44 72 72 0 0 0
72 144 72 0 0 0
Emgo| 72 72 144 0 0 0
0O 0 0 3 0 O
0O 0 0 0 36 0
O 0 0 0 0 36
149 108 24 -1 6 12 -54 -48 0 -94 -66
108 344 54 -24 104 42 -24 -216 -12 -60 -232
24 54 113 0 30 35 0 -24 -54 -24 -60
-1 -24 0 290 -18 -12 -18 24 0 -10 18
6 104 30 -18 44 18 12 -72 -12 0 -76
Ke—| 12 42 35 -12 18 20 0 -24 -18 0 -36
-54 -24 0 -18 12 0 3 0O 0 36 12
-48 -216 -24 24 -72 -24 0 144 0 24 144
0 -12 -54 0 -12 -18 0 0 36 0 24
-94 -60 -24 -10 0O O 36 24 0 68 36
-66 -232 -60 18 -76 -36 12 144 24 36 164
-36 -84 -94 12 -36 -46 O 48 36 24 72
eigsof Ke={777.175, 201.363, 197.273, 42.9431, 21.3643, 19.8821, 0, 0,

FIGURE 16.6. Results from running test of Figure 16.5.

The stiffnessmodul e is exercised by the statementslisted in Figure 16.5, which forms atetrahedron
with corner coordinates {x1, Y1, 21} = {2, 3, 4}, {X2, Y2, 2o} = {6, 3, 2}, {X3, V3, Z3} = {2, 5, 1} and
{X4, Va, 24} = {4, 3, 6}. Itsvolume is +24. The materia isisotropic with elastic modulus E = 96
and Poisson'sratio v = 1/3. The results are shown in Figure 16.6. The computation of stiffness
matrix eigenvalues is aways a good programming test, since 6 eigenvalues (associated with rigid
body modes) must be exactly zero and the other 6 real and positive. Thisis verified by the results.
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16-13 Exercises

Homework Exercisesfor Chapter 16

ThelLinear Tetrahedron

EXERCISE 16.1 [A:5] The tetrahedron element does not have fabrication properties, such as the thickness
in the case of a plane stress element. Why?

EXERCISE 16.2 [A:15] Work out the formulas for g;, by, ¢; in terms of the corner coordinates x;, y; and z
(i =1, 2, 3,4). Then writeacompact formulafor the volume V. Hint: use the following script:

J={{1,1,1,1},{x1,x2,x3,x4},{y1,y2,y3,y4},{z1,22,23,2z4}};

V6=Det [J]; Jinv=Simplify[Inverse[J]*V6];
{{R1,a1,b1,c1},{R2,a2,b2,c2},{R3,a3,b3,c3},{R4,ad,bd,c4}}=Jinv;
Print["{al,a2,a3,a4}*V6=",{al,a2,a3,ad}];
Print["{b1,b2,b3,b4}*V6=",{b1,b2,b3,b4}];
Print["{c1,c2,c3,c4}*V6=",{c1,c2,c3,cd}];

Print["V6=",V6];

EXERCISE 16.3 [A:20] Work out by hand the consistent node force vector f° for the body force system
by = bxag1 + by2lo 4 byals + byals, by = 0, b, = 0, inwhich by; are given values at the nodes. Hint: usethe
integration rule (16.36). Specialize the result to by, = by, = bys = byy = by.

EXERCISE 16.4 [A:25] Face 1-2-3 of the 4-node tetrahedron is under pressure p acting normal to the face
(positive pressure: + p meansit pointsintothebody). Computef®. [Hint: findthedirection cosinesn; (needed
to get the prescribed surface tractions ;) of the unit normal by devel oping the normal equation of plane 1-2-3].
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