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Advanced FEM

TheLinear (4-Node) Tetrahedron

4 (X4,Ya:2)

(b) face 1-2-3

as seen
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Thisisasigned quantity and must be >0
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Advanced FEM

Tetrahedron Natural Coordinates

interpretation as a interpretation as
moving surface volume ratio

AFEM Ch 16 — Slide 3




Linear interpolation

Tetrahedron Coordinates (cont'd)

Advanced FEM

F (. ¢2, C3, Ca) = F1tn 4+ Foo + Rtz + Fata = Fig

Make F = 1,x,y,z above and collect as matrix relation:
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] ] ] Advanced FEM
Partial Derivatives

0X Wy 0Z

ag T ag M ag T

3¢ 3¢ 3¢
6vi=a, 6vi=bi, Nl =G

dX Yy 0z

For any differentiable function F(x,y,z) given over the
element, use chain rule to get the Cartesian partials:
aF_l(aFa+aFa+aFa+aF ) 1 0F _
ax 6V \ac g, 2 agge 8§4a4 - BV g
JF 1 /0F JF JF JF 1 oF
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. . Advanced FEM
Displacement I nterpolation

for Usein TPE Principle
Uy Uxy Ux2 Ux3 Uxg g

Uz Uzz Uz Uz Uzm {
- 4_

Appending to the geometry definition one has
theiso-P definition of the linear tetrahedron

-1 -1 1 1 1 7
X X1 X2 X3 X4 ek
y YiI Y2 Y3 Vs 5
Z |\ =\ 44 L I3 U ¢
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Advanced FEM
Strain-Displacement Relations

T ey ] —d/0X 0 0 7
Eyy 0O 9/0y O 4
o | &2 | _ 0 0 9/0z UX _DQ
| 28y | |9/0y 9/ox O u-‘/ -
2ey; 0 9/0z /9y z
| 2e, 1 La/mz 0 9/9x_

I nserting the displacement field interpolation one gets

e=Bu¢
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_ _ _ Advanced FEM
Strain-Displacement Relations (cont'd)

If the element node displacement is arranged component-wise:
u® = [ Uxi Ux2 Ux3z Uxa Uyr Uy --- u24]T

"y a a3 a4 0O O O O O O O O~
O 0 O O by by bs by 0 0O O O

B 1 {0 O O O O O O O ¢ ¢ C3 4

6 | by b, b3y by, a4 aa a3 a4« 0 O O O

0 0 0 O ¢ & C bl b2 b3 b4

| cg ¢ ¢33 ¢4 O O O O a3y a a3 ag.d

If the element node displacement is arranged node-wise:

u® = [uxl Uy1 Uz Uxz Uy2 Uz --- u24]T
g 0O O a 0 O a3 0 O a 0 07
O bp 0 O b, 0O O by 0 O bg O
0 0 C1 0 0 Co 0 0 C3 0 0 Ca
6y | b a4 0O b, a O b3 az O by, a4 O
0 ¢ b1 0 o b2 0 c3 b3 0 ¢4 b4
¢t 0 a3 ¢ 0 a c3 0 a3 ¢, 0 agld
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Advanced FEM
Stress-Strain (Constitutive) Equations
oij = Eijke€e

-
a:[oll 022 033 012 023 031] —

-
= [ oxx Oyy 0Ozz Oxy Oyz Ozx |

"oxx ] [Eun Ei2 Eiz Ewiw Eis Ee [ &x ]
Oyy Ex Ex Ex Ex Ex Eyy
07z | Ezs Eas Ezx Eszp €7
oxy | Exs Ess Ege 26xy
Oyz Ess Ese 2ey;

L Ozx - L Symm Ess 1 L 2€5

o=Ee
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Advanced FEM

Element Stiffness Matrix from TPE
K® = / B'EB dV
If the elasticity matrix E is constant over element:
K¢ =V B'EB

This stiffness matrix is 12 x 12, and hasrank 6
(assuming E and B have full rank)
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Element Consistent Node Force
Vector for Body Force Field

bX uX
bz uZ

The TPE principle gives

fe =f N b dV
Ve

Advanced FEM
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Advanced FEM
Element Consistent Node Force

Vector for Body Force Field (cont'd)

If the node displacement vector is arranged component-wise:

O 0 0 0 & & ¢ ¢ 0 0 0 O

|:§1 i &3 &4 0 0 O O O O O O i|
N =
0O 0 0 0 0 0 0 O & & &3 &a

If the node displacement vector is arranged node-wise:

0 &2 0 0 ¢ 0 0 ¢ 0 0 & O

|:§1 O 0 & O 0 ¢% 0 0 ¢4 O Oj|
N =
0 0 &2 0 0 & 0 0 ¢33 0 0 &4
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Advanced FEM

Useful Exact Volume-Integration Formulas
In Terms of Tetrahedron Coordinates

Linear integrand
Gdv = v/

Ve

Quadratic integrand

o (v ifi=]
Veg'gldv_{wzo if i |

Genera formulafor amonomial term

il jlk! el
S (i4+j+k+e+3)!

fve &t G3e5¢s dV
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Advanced FEM

Tetr4 StiffnessMatrix Module

| soTetr4sStiffness[ncoor ,Emat _,{},options_]:= Mdul e[{i, n=4, nf =12,
k,c,w, Jdet, zetal i st, xyzlist, nuner, Bx, By, Bz, Be, Ke},
I f [Length[options]>0, nuner=options[[1]]];
xyzlist={Tabl e[ ncoor[[i,1]],{i,n}], Tabl e[ncoor[[i,2]],{i,n}],
Tabl e[ ncoor[[i,3]],{i,n}]}; Ke=Table[O,{nf},{nf}];
{Bx, By, Bz, Jdet } =l soTet r 4ShapeFunCar Der [ xyzl i st, {}, nuner] ;

Be={Fl atten[ Tabl e[ {Bx[[i]], O, 0 }.{i,n}]],
Fl att en[ Tabl e[ {0, By[[i]].,O }.{i,n}1],
Fl atten[ Tabl e[ { O, 0, Bz[[i]]},{i,n}]],
Flatten[ Tabl e[ {By[[i]],Bx[[i]],O }.{i,n}]],
Fl att en[ Tabl e[ {0, Bz[[i]].By[[i]l]}.{i,n}]],
Fl atten[ Tabl e[ {Bz[[i]], O, Bx[[i]]1},{i,n}]]};

Ke=(Jdet/ 6) * Tr anspose[ Be] . (Emat . Be) ;
If [!numer, Ke=Sinplify[Ke]]; Return[Ke]
l;
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Advanced FEM
Shape Function Cartesian Derivatives Module

| soTet r 4ShapeFunCar Der [{xn_,yn_, zn_}, zetal i st _, numer _] : =
Modul e[ {dNz1, dNz2, dNz3, dNz4, Jmat , J11, J12, J13, J14,

J21, 322,323,324, J31, J32, 333, J34, Ji nv, Jdet, Bx, By, Bz},

{dNz1, dNz2, dNz3, dNz4} ={{ 1, 0, 0, 0}, {0, 1,0, 0},{0,0,1,0},{0,0,0, 1} };

J11=dNzl. xn; J12=dNz2.xn; J13=dNz3.xn; J14=dNz4.xn

J21=dNzl. yn; J22=dNz2.yn; J23=dNz3.yn; J24=dNz4.yn

J31=dNzl. zn; J32=dNz2.zn; J33=dNz3.zn; J34=dNz4.zn

Jmat ={{1, 1, 1, 1},{J11, 312,313, J14},

{J21, 322,323, J24},{J31, J32, 333, J34}};

Jdet =(J13*J22-J12*J23+J14*J23-J14*J22+J12*J24- J13*J24) *J31-
(J13*J21-J11*J23+J14*J23-J14*J21+J11*J24-J13*J24)*]J32+
(J12*J21-J11*J22+J14*J22-J14*J21+J11*J24-J12* J24) * J33-
(J12*J21-J11*J22+J13*J22-J13*J21+J11*J23-J12*J23) *J34;

Ji nv={{J22*(J34-J33)-J23*(J34-J32) +J24*(J33-J32),

-J12*(J34-J33) +J13*(J34-J32)-J14*(J33-J32),
J12*(J24-323)-J13*(J24-J22) +J14*(J23-J22)},
{-J21*(J34-J333) +J23*(J34-J31)-J24*(J33-J31),
J11*(J34-J333)-J13*(J34-J31) +J14*(J33-J31),
-J11*(J24-J323) +J13*(J24-J21)-J14*(J23-J21)},
{ J21*(J34-332)-J22*(J34-J31)+J24*(J32-J331),
-J11*(J34-J32) +J12*(J34-J31)-J14*(J32-J31),
J11*(J24-322)-J312*%(J24-J21) +J14*(J22-J21)},
{-J21*(J33-J32) +J22*(J33-J31)-J23*(J32-J31),
J11*(J33-J32)-J12*(J33-J31) +J13*(J32-J31),
-J11*(J23-J22) +J12*(J23-J21)-J13*(J22-J21)}};

{Bx, By, Bz} =Tr anspose[ Ji nv] . {dNz1, dNz2, dNz3, dNz4}/ Jdet ;

Ret ur n[ { Bx, By, Bz, Jdet } ]

I
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Testing the Stiffness Module

Advanced FEM

ClearAll[EmvV]; Em=96; v=1/3;

Emat =Em ((1+v) *(1-2*v))*{{1-v, v, v, 0,0, 0},
{v,1-v,v,0,0,0},{v,v,1-v,0,0,0},{0,0,0, 1/ 2-v, 0, 0},
{o0,0,0,0, 1/ 2-v,0},{0,0,0,0,0, 1/2-v}};

Print["Emat=", Emat// Matri xForni;

ncoor ={{2, 3,4},{6, 3, 2},{2,5, 1},{4, 3,6} };

Ke=I| soTetr4sStiffness[ ncoor, Emat, {}, { Fal se}];

Print["Ke=",Ke//MtrixForn;

Print["eigs of Ke=", Chop[Ei genval ues[ NJKe]]11;

144 72 72 O 0
72 144 72 0 0 O
72 72 144 0 0 O
Emat = 0 0
0 0 0 0 36 O
0 0 0 0 0 36
149 108 24 -1 6 12 -54 -48 0 -94 -66
108 344 54 -24 104 42 -24 -216 -12 -60 -232
24 54 113 0 30 35 0 -24 -54 -24 -60
-1 -24 0 29 -18 -12 -18 24 0 -10 18
6 104 30 -18 44 18 12 -72 -12 O -76
12 42 35 -12 18 29 0 -24 -18 O -36
-54 -24 0 -18 12 0 36 0 0 36 12
-48 -216 -24 24 -72 -24 O 144 0 24 144
0 -12 -54 0 -12 -18 O 0 36 0 24
-94 -60 -24 -10 O 0 36 24 0 68 36
-66 -232 -60 18 -76 -36 12 144 24 36 164
-36 -84 -94 12 -36 -46 O 48 36 24 72

eigsof Ke={777.175, 201.363, 197.273, 42.9431, 21.3643, 19.8821, 0, 0, 0, P, O, O

Ke=
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