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15-3 8§15.2 GEOMETRICAL CONFIGURATIONS

§15.1. Introduction

Solid elements are three-dimensional finite eements that can model solid bodies and structures
without any a priori geometric simplification.

Finite element models of this type have the advantage of directness. Geometric, constitutive
and loading assumptions required to effect dimensionality reduction, for example to planar or
axisymmetric behavior, are avoided. Boundary conditions on both forces and displacements can be
more realistically treated. Another attractive feature is that the finite element mesh visually looks
like the physical system. See Figure 15.1.
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FIGURE 15.1. Use of solid elements simplifies visualization of the physical object being modeled.

Thisdirectnessdoesnot comefor free. Itispaidintermsof modeling, mesh preparation, computing
and postprocessing effort. The rapid increase in computer time as the mesh is refined should be
noted, asdiscussed inthe” Curse of Dimensionality” section of alater Chapter. To keep thesewithin
reasonable limits it may be necessary to use coarser meshes than with two dimensional models.
Thisin turn can degrade accuracy, negating the advantage of directness. Thus finite element users
should not automatically look upon solid elements as snake oil. Several tradeoffs are at work.

In summary: use of solid elements should be restricted to problem and analysis stages, such as
verification, where the generality and flexibility of full 3D models is warranted. They should be
avoided during design stages. Furthermore they should also be avoided in thin-wall structures such
as aerospace shells, since solid elements tend to perform poorly because of locking problems.

The present Chapter describes general attributes of solid elements for linear elastostatic problems.
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92
tetrahedron aka "tet" pentahedron aka "wedge" hexahedron, aka "brick"

FI1GURE 15.2. The three standard solid element geometries: tetrahedron (left), wedge
(center) and brick (right). Only elements with corner nodes are shown.

§15.2. Geometrical Configurations

Two dimensional (2D) finite elements have two standard geometries. quadrilateral and triangle.
All other geometric configurations, such as polygons with five or more sides, are classified as
nonstandard or special.

Threedimensional (3D) finiteelementsoffer morevariety. Therearethreestandard geometries. the
tetrahedron, the wedge, and the hexahedron or *brick”. These have 4, 6 and 8 corners, respectively,
with three faces meeting at each corner. See Figure 15.2. These elements can be used to build
topologically regular meshes asillustrated in Figure 15.3.

Bricks

FicUreg 15.3. Regular 3D meshes can be built with cube-like repeating mesh units built
with bricks, wedges or tetrahedra.

There are two nonstandard geometries that deserve consideration as they are ocassionally useful
to complete generated 3D meshes: the pyramid and the wrick. (The latter term is a contraction of
“wedge” and “brick”) These have 5 and 7 corners, respectively. See Figure 15.4. Oneof the corners
(the last numbered one in the elements pictured in that figure) is special in that four faces meet,
which leadsto asingular metric there. Thissingularity disqualifiesthose elementsfor usein stress
anaysisin highly stressed regions. However they may be acceptable away from such regions, and
in vibration analysis.

Both standard and nonstandard elements can be refined with additional nodes. For example, Figure
15.4 shows the elements of Figures 15.1 and 15.3 equipped with midside nodes. These refined
elements are of interest for more accurate stress analysis. Of course, the midside nodes may be
moved away from the midpoints to fit curved geometries better.

Tables 15.1 and 15.2 summarize various properties of solid elements. These are discussed at |length
in this and ensuing chapters.
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15-5 8§15.3 ISOPARAMETRIC DEFINITION

Pyramid Wrick

Ficure 15.4. Two nonstandard solid element geometries: pyramid and wrick
[w(edge)+(b)rick]. Four faces meet at corners 5 and 7, leading to a singular metric.

FIGURE 15.5. Solid elementsrefined with midside nodes. Although shown at midpoints
for simplicity, in practice they can be placed away from such locations to fit curved
geometries better.

815.3. Isoparametric Definition

In this Chapter we will restrict consideration here to isoparametric solid elements with three trans-
lational degrees of freedom (DOF) per node. Much of the development of such elements can be
carried out assuming an arbitrary number of nodes n. In fact a general “template module” can be
written to form the element stiffness matrix and mass matrix.

Nodal quantities will be identified by the node subscript. Thus {x;, Vi, z } denote the node coordi-
nates of the ith node, while {u,;, Uyi, Uz } are the nodal displacement DOFs. The shape function
for the it node is denoted by N;. These are expressed in term of natural coordinates which vary
according to the type of element, as listed in table 15.2. Throughout this Chapter, however, the
shape functions are left in generic form.
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Table 15.1. Summary of Properties of Solid Elements

Region Acronym* C+E+F T Global coords  Restrictions

Tetrahedron Tetr 4+6+4 X, VY, 2 None

Wedge Wedg 6+9+5 X,Y,2Z None

Pyramid Pyra 5+8+5 X, VY, 2 None

Wrick Wric 7+11+6 X,Y,Z None

Hexahedron Hexa 8+12+6 X,Y,Z None

* Acronym may be followed by a node count, e.g.Tetr10 means a 10 node tetrahedron.
T C: corners, E: edges, F: faces.

Table 15.2. Natural Coordinates and | soparametric Geometry Definition

Region Natural Range of natural Iso-P geometry definition in terms of n
coordinates®  coordinates geometric nodes and shape functions N;
1 1 1 ... 1 N,
X X1 X2 ... Xn
Tetrahedron , &, (3, 0,1 —
1,82, 863,64 [0,]] y Vi Vo oo Ve
z 2 Z ... Z, Nn
Wedge ’1,8, 83,6 4:0,1],&:[-1,1] sameastetrahedron
Pyramid E,n, 1 [—1, 1] same as hexahedron
Wrick E,nu [—1, 1] same as hexahedron
X X1 Xo ... Xn N
Hexahedron &, 7, [-1,1] Y=Y Y2 ..o Wn :
z 2 ... Zy Nn
*NC constraints. ¢; + > + ¢3 = 1 for wedges, &1 + &2 + £3 + ¢4 = 1 for tetrahedra

§15.3.1. Geometry Description

Following the isoparametric notation introduced by Felippa and Clough® the element geometry is
described by

1 1 1 ... 1 ml
X[ _ [ X% X .. X 2 | (15.1)
y Yo Yo - Ya :
z Z, Z, ... Z, N

n

1 C.A.FeippaandR. W. Clough, TheFinite Element Method in Solid Mechanics, in Numerical Solution of Field Problems
in Continuum Physics, ed. by G. Birkhoff and R. S. Varga, SIAM—-AMS Proceedings |1, American Mathematical Society,
Providence, R.I., 1969, pp. 210-252
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157 815.4 THE STIFFNESS MATRIX

The four rows of this matrix relation express the geometric conditions

(15.2)

n n n
1:ZNi’ X=inNi, y:ZyiNi, z
i=1 i=1 i=1

Il

which the shape functions must identically satisfy. The first one: sum of shape functions must be
unity, isan essential part of the verification of completeness.

815.3.2. Displacement Interpolation

The displacement interpolation is

Nl
Uy Uy Ugp ... Uy, N,
Uy | =|Uy Up ... Uy e (15.3)
UZ Uzl U22 . e Uzn l\'|

The three rows of this matrix relation express the interpolation conditions

n n n
Uy = Xl: Ui Ni ) Uy = 21: Uy Ni , u, = Xl: Ui Ni . (15.4)
= 1= 1=

The identical structure of the geometry definition (15.1) and displacement interpolation (15.3)
characterizes an isoparametric element (iso=same).

For future development the element node displacements of (15.3) are collected in the 3n column
vector u which is configured with the 3 components grouped node by node:

-
U =[Ux Uy1 Ux Ux2 ... Uxn Uyn Uz] (15.5)

§15.4. The Stiffness Matrix

For convenience in the stiffness matrix formulation the six components of the strains and stresses
are grouped as follows to form into 6-component vectors:

[ Exx | [ Oxx ]
€y Oyy
e= Zegxzy . o= ZZ . (15.6)
2ey; Oyz
L 2ezx _ L Ozx -
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815.4.1. The Strain-Displacement Equations

The strains are rel ated to the element node displacements by the 6 x 3n strain-displacement matrix:

— aux —
X 3 _ [ Ux1 ]|
% le O O e an O O uyl
3y 8 Ne)/_’]_ NO . e 8 Nc))/n NO uZl
_ % _ 71 . e zn . _
€= 0z Ny Na O ... Nyp Nyy O 2 | =Bu. @D
U y Y|
a_xy —+ aa_L;( O Nzl Nyl e O Nyn an an
L Nzl 0 le e Nzn 0 an - Uyn
| Uzn

in which Ny; Ny; and N, denote the derivatives of shape function N; with respect to x, y and z,
respectively.

815.4.2. The Constitutive Equations

We restrict attention to linear elastostatic analysiswithout initial stresses. For ageneral anisotropic
material the stress-strain equations can be presented as

[ Oxx ] "Ein Erp Eiz Ewu Eis Eis [ &x 7
Oyy Ex Ex Exu Ex Ex Eyy
Oz Exs Ess Ess Ess €z,
o= oy = Ew Ex Eu 26, = Ee. (15.8)
Oyz Ess Ese 2eyz
| oy | symm Egs 1 L 2€5 _

The stress-strain matrix E will be assumed to be constant over the element. This matrix can be
significantly simplified in the case of isotropic or orthotropic material. However for the actual
element implementation those simplifications are not considered here.

815.4.3. The Stiffness Matrix

The element stiffness matrix is formally given by the volume integral
Ke = f BTEBdV (15.9)

where the integral is taken over the element volume.

The usual treatment of (15.9) consists of evaluating the integral by numerical Gauss quadrature
with ng points:

Ne
K= wyc By EBy (15.10)
k=1
Here k is the integration point index; wy is the integration weight, By is the stress-displacement

matrix and Jy isthe Jacobian determinant introduced later, respectively, evaluated at the integration
point. Three dimensional integration rules are discussed in alater chapter.
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815.5 THE MASS MATRIX

Remark 15.1. The fast computation of the matrix product B EB isimportant in the efficient implementation
of elements, because this evaluation is repeated at each integration point. For each node point pair i, j define

Ng O O Ng O 0
0 Ny 0 0 Ny; 0
o 0 0 Ny o 0 0 Ny _
5= N, Ne 0| Bi=|n, Ny oo | i=Loon (15.11)
0 Ny Ny 0 Ny Ny
Nzi 0 in sz 0 ij
Thenthe 3 x 3block Q;; = B]EB; = Q] isefficiently computed as
" ByiE11 + ByiEwu+ B;iEs ByiEn + By Eia+ B Eis By Ei1z + By Eis + Byi Eq6 7]
Bxi E12 + Byi Eos + B Exs  ByiExp + ByiEos + BiExs By Exz + Byi Exs + By Exs
c— Byi E13 + ByiEss + Bz Ess  ByiEos + BxiEas + BiEss By Ess + By Eas + Byi Ese
Bxi E14 + Byi Eas + B;iEss  ByiEos + ByiEas + BiEss By Ezs + Byi Ess + By Ess
Byxi E15 + Byi Eas + BiEss  ByiEos + ByiEas + BiEss  BziEas + ByiEss + BriEss | (15.12)
| Byi E16 + ByiEss + BsiEes  Byi Eos + Byi Esg + By Esg By Ess + Byi Esg + Byi Eeg
[ BxjCi1 + ByjCs + B;jCe1  ByjCiz + ByjCar + B;jCsr  ByjCiz + ByjCuz + B;Ces ]|
Qij = | ByjCa + ByiCa1 + B;Csy ByjCo + ByiCa2 + B;jCs2  ByjCoz + By Caz + B, Css
| B;jCa1 + ByjCs1 + ByjCe1  BzjCa2 + ByjCsz + ByjCe2 By Cas + ByjCsz + By Ces |

The computation of each Q;; block requires54+27 = 81 multiplications. (Theslight savingsfori = j arenot
worth the coding complications.) For an element with n nodes and ng Gaussintegration points, ng n(n+1)/2
multiplications are required since Q;; = QE and the total effort associated with BT EE is approximately
40n¢ n? multiplications. This computation, plus associated indexing to access the K entries, dominates the
total effort. Asan example: an 8-node brick integrated with a2 x 2 x 2 rule would require roughly 20,000
multiplications whereas a 20-node brick integrated by a 3 x 3 x 3 rule would consume 432,000; thus the
formation time ratio would be roughly 22:1.

For an isotropic material two thirds of the stress-strain coefficientsin E are zero. Explicit recognition of that
fact would cut the computation of Q;; to 15 + 21 = 36 multiplications, roughly a 2:1 speedup. This would
complicate the program logic, however, because branching to this special case would be needed, and it is not
clear whether the complication islikely to be worth the special effort. In any event, the “unrolled” evaluation
of the Q;; should be preferred to general matrix multiplication.

§15.5. TheMassMatrix

For deriving the consistent mass matrix the iso-P displacement interpolation (15.4) isrearranged as
Uy Ntg 0 O ... Ny 0 O

[uy} = [ O Npb O ... 0 Ny O }u:Nu. (15.13)
UZ 0 O Nl “ e 0 O Nn

Using either the Lagrange dynamical equations or Hamilton’s variational principle, the consistent
mass matrix is given by
ME = f oNNT dV. (15.14)
Vv

where p isthe mass density of the material. If p is constant over the element it may be taken out
of the foregoing volume integral.
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As in the case of the stiffness matrix, the expression (15.14) is usualy evaluated by a Gauss
guadrature rule. The sparsity of the shape function matrix N is easily accounted for when forming
the3 x 31, j blocks of Mg.

Transformation of M¢ to alumped mass matrix M{ can be done through a variety of techniques.
A good coverage is given in the book by Cook et al.?.

2 R.D. Cook, D. S. Malkus and M. E. Plesha, Concepts and Application of Finite Element Methods, 3rd ed., Wiley, New
York, 1989
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1511 Exercises

Homework Exercisesfor Chapter 15

Solid Elements; Overview

EXERCISE 15.1 [A/C:10] Tabulate the rough number of multiplications needed to form K® for elements
with 4, 6, 8, 10, 15, 20 and 27 and 64 nodes, for integration rules containing 1, 4, 6, 8, 15 27 and 64 Gauss
points. (Use the formula found in Remark 15.1.) If the computer can do 10° multiplications per second,
tabulate how many elements can be formed in one second of CPU time.

EXERCISE 15.2 [A/C:20] Find the approximate cost in multiplications to form the consistent mass matrix
(15.14) of a solid element with n nodes if ng Gauss points are used. Compare to the approximate count
40ngn(n + 1) to form the stiffness matrix K if the number of Gauss points ng is the same.
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