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12-3 812.1 INTRODUCTION

§12.1. Introduction

This Chapter illustrates the computer implementation of isoparametric quadrilateral elements for
the axisymmetric problem. These are called ring elements. Triangles, which present some pro-
gramming quirks, are not described in these Notes. For details on those the reader may consult
Chapter 24 of the Introduction to Finite Elements Notes.

The Chapter described two elements, which are identified by the following type labels.

Quad4 The standard 4-node isoparametric quadrilateral. Thisis usually processed with a
2 x 2 Gauss integration rule, which represents full integration.

Quad8Rl The 8-node isoparametric quadrilateral. This is often processed by Reduced Inte-
gration: a2 x 2 Gauss rule, whence the label. Thisrule resultsin rank deficiency,
but thisis generally harmless. It can also integrated with a3 x 3 rule for safety, but
performance suffers.

A third element was supposed to be described here:

Quad4SRl  The 4-node isoparametric quadrilateral processed by Selective Reduced Integration
(SRI). Implementation, however, has not been compl eted.

The element description that follows covers the computation of the element stiffness matrix, con-
sistent node force vector for a body force field, consistent node force for surface tractions, and
recovery of element stresses from displacements.

We consider the implementation of the 4-node and 8-node quadrilateral ring elements for axisym-
metric solid analysis. The element cross sections are depicted in Figure 12.1.

b
(b) - N sz
7(r7,z
7 (axial 4(Fa.24)
coordinate) 8 (rg.Zg) 6 (s 1Zg)
f = ¢
| =1
i 1002 5(ra20) :
i_ ....... n=-1 2(r,,z)

—>
r (radial coordinate)

FIGURE 12.1. The 4-node and 8-node iso-P quadrilateral ring elements described in this Chapter.

For 2D and 3D elements iso-P elements it is convenient to break up the implementation into
application dependent and application independent modules, as sketched in Figure 12.2. The
application independent modules can be “reused” in other FEM applications, for example to form
thermal, fluid or electromagnetic elements.

For the 4-node quadrilateral studied here, the subdivision of Figure 12.2 is done through the fol-
lowing modules:
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Chapter 12: 4- AND 8-NODE ISO-P QUADRILATERAL RING ELEMENTS 124

Quad4IsoPRingStiffness - forms Ke of standard isoP 4-node quad ring
QuadGaussRuleInfo - returns Gauss quadrature product rules of order 1-4
IsoQuad4ShapeFunDer - evaluates shape functions and their x/y derivatives

Quad4isoPRingForces - forms traction force fe of 4-node standard isoP quad ring
QuadGaussRuleInfo - returns Gauss quadrature product rules of order 1-4
IsoQuad4ShapeFun - evaluates shape functions

Quad4isoPRingTracForces - forms traction force fe of 4-node standard isoP quad

ring
QuadGaussRuleInfo - returns Gauss quadrature product rules of order 1-4
IsoQuad4ShapeFun - evaluates shape functions

Quad4isoPRingStresses - evaluates stresses fe of 4-node standard isoP quad ring
QuadGaussRuleInfo - returns Gauss quadrature product rules of order 1-4
IsoQuad4ShapeFunDer - evaluates shape functions

See Figure 12.2.

Quad4 Ring Element M odules

Element Element Element Element
Stiffness Body Forces Traction Forces Stresses

v I '

Shape Function Shape Gauss Quadrature
& Derivatives Functions Information

FIGURE 12.2. Organization of element modules.

These modules are presented in the following subsections, except for the Gauss quadrature infor-
mation modules, which were described in the previous Chapter.
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12-5 812.2 THE 4-NODE QUADRILATERAL RING ELEMENT

Quad4l soPRi ngShapeFunDer [ ncoor _, qcoor _, Jcons_]: = Mdul e[
{ r1,r2,r3,r4,2z1, 22,23, z4,& n, Nf, dNr, dNz, AO, Al, A2, Jdet },
{{r1,z1},{r2,22},{r3,23},{r4, z4}}=ncoor; {&, n}=qgcoor;
NE={(1-&)*(1-n), (1+&) *(1-n), (1+§) *(1+n), (1-&) *(1+n) }/ 4;
AO=((r3-rl1)*(z4-z2)-(r4-r2)*(z3-21))/2;
Al=((r3-r4)*(z1l-z2)-(rl-r2)*(z3-24))/2;
A2=((r2-r3)*(zl-z4)-(rl-rd)*(z2-23))/2;
Jdet =( AO+A1*&+A2*n)/ 4; | f [Jcons, Jdet =A0/ 4] ;
dNr={z2-24+(z4-23) *&+(23-22)*n, z3-z1+(23- z4) *&+(z1- z4) *n,
z4-22+(2z1-22)*&+(z4-z1)*n, z1-z3+(z2-z1) *E+(z2-z3) *n}/ (8*Jdet ) ;
dNz={r4-r2+(r3-r4)*&+(r2-r3)*n, r1-r3+(r4-r3)*&+(r4-rl)*n,
r2-rd+(r2-r1)*&+(rl-rd)*n, r3-rl+(r1-r2)*&+(r3-r2)*n}/ (8*Jdet);
Ret urn[ { Nf , dNr, dNz, Jdet } ]

F1GURE 12.3. Shape function module for 4-node bilinear quadrilateral ring element.

§12.2. The4-Node Quadrilateral Ring Element

Thisis the axisymmetric solid version of the well known isoparametric quadrilateral with bilinear
shape functions. The element has 4 nodes and 8 displacement degrees of freedom arranged as

;
U*=[U1 Uz U2 Uz U3 Uz Us Ua] . (12.1)

§12.2.1. Shape Function Module

Module Quad4IsoPRingShapeFunDer, listed in Figure 12.3, computes the shape functions
NS, i = 1,2, 3,4 and their partial derivatives with respect to r and z at a specified point in
the element. Usually thismodule is called at sample points of a Gauss quadrature rule, but it may
also be used with symbolic inputs to get information for an arbitrary point at {£, n}. The element
geometry is defined by the 8 coordinates {ri, z },i = 1, 2, 3, 4. These are collected in arrays

r=[ry r2 r3 r4l', z=[zn 2 zz z]". (12.2)

We will usethe abbreviationsri; =r; —rj and z; = z — z; for coordinate differences. The shape
functions and their partial derivatives with respect to the quadrilateral coordinates are collected in
the arrays

N=7[1-5A-n A+HA-n A+HA+n A-HA+n],

SN
Ne=gg =al-1+n 1-n 14n —1-n]. (12.3)
oN
N’n:%:%[_ljug -1-¢ 1+4& 1-£&].
The Jacobian matrix is
ar 0z
_ | 9§ 9§ | _ | Jdun Jio| _ | Negr Ngz
= or oz _|:Jz1 322}_['\',:7" N,z] (29
dn an

12-5



Chapter 12: 4- AND 8-NODE ISO-P QUADRILATERAL RING ELEMENTS 12-6
Expanding the inner products yields the explicit expressions

Ju=30+ra+ Ta+ra)n, Jo=32a+ s+ (Zi2+ 23 1),
Jn=30an+ra+ Te+rwé), Jo=3:Ze+ 2+ (Z2+20)§), (12.5)
J=det) = Judpp — Jpdor = F(Ao+ Aré + Ao,

inwhich
Po= 3(raza —MapZa1), Ar = 3("aaZip —12Z34), Ao = 3(rzsZus — l'14Z23). (12.6)

The inverse Jacobian is obtained by explicit inversion. Finally the {r, z} derivatives produced by
the chain rule emerge as the explicit formulas

Zos + Zu36 + Zo 1 rap+r3é +rxsn
0N 1 |z 4z €+ zan N _ON 1 | riztrgétran 12.7
= T = 53 9 Z T A T A4 ( * )
or ~ 8 | Zax+ Z12E + Zan 9z  8J | Troaa+rné+run
Z13+2né + 23 ras+rwpé+rpn

Thelogic of Quad4IsoPRingShapeFunDer, listed in Figure 12.3, implements the foregoing equa-
tions. The moduleisinvoked as

{Nf,dNr,dNz, Jdet }= Quad4IsoPRingShapeFunDer [ncoor,qcoor, Jcons] (12.8)

where the arguments are

ncoor Quadrilateral node coordinates arranged in two-dimensional list form:
{{r1,21},{r2,22},{r3,23},{r4,z4}}.

qcoor Quadrilateral coordinates{ & , n } of thepoint at which shapefunctionsand derivatives
are to be evaluated.

Jcons A logical flag. If True, the Jacobian determinant J is set to its value at the element
center, namely, Ag/4, forany {&, n}. That settingisuseful in certain research studies.

The module returnsthelist { Nf ,dNr,dNz, Jdet }, where

Nf Shape function values® arranged aslist { N1,N2,N3,N4 }.

dNr r shape function derivatives (12.7) arranged as { dNr1,dNr2,dNr3,dNr4 }.
dNz z shape function derivatives (12.7) arranged as { dNz1,dNz2,dNz3,dNz4 }.
Jdet Jacobian determinant.

812.2.2. Element Stiffness M odule

Module Quad4IsoPRingStiffness, listed in Figure 12.4, computes the stiffness matrix of a 4-
noded iso-P quadrilateral ring element. The computationiscarried out using numerical quadrature.
It essentially follows the procedure outlined in the previous Chapter.

1 Note that N cannot be used as name of the list of shape function values, because that symbol is reserved.

12-6



12—7 812.2 THE 4-NODE QUADRILATERAL RING ELEMENT

Quad4l soPRi ngSti f f ness[ ncoor _, Emat _, opti ons_] : =Mbdul €]
{p=2, nurer =Fal se, Jcons=Fal se, Kf ac=1, qcoor, k,
rl,r2,r3,r4,z1,z2,23,z4, Nf, N1, N2, N3, N4, AO, Jdet, Be,
dNr 1, dNr 2, dNr 3, dNr 4, dNz1, dNz2, dNz3, dNz4, r k, w, ¢, Ke,
KeO=Tabl e[ 0, {8}, {8} ], nodnane="Quad4l soPRi ngSti ffness: "},
I f [Length[options]==1, {nuner}=options];
I f [Length[options]==2,{nuner, p}=options];
I f [Length[options]==3, {nuner, p,Jcons}=options];
I f [Length[options]==4, {nuner, p, Jcons, Kf ac} =opti ons];
If [p<l||p>5, Print[nodnane,"illegal p:",p]; Return[KeO]];
{{r1, z1},{r2,22},{r3,23},{r4, z4} } =ncoor;
AO=((r3-rl)*(z4-22)-(rd-r2)*(z3-21))/2;
I f [ numer &( A0<=0), Print[nmodnane, "Neg or zero area"];
Return[ Ke0]]; Ke=KeO;
For [ k=1, k<=p*p, k++,
{qcoor, w} = QuadGaussRul el nf o[ { p, nuner}, k] ;
{Nf,{dNr1, dNr2, dNr3, dNr4}, {dNz1, dNz2, dNz3, dNz4},
Jdet } =Quad4l soPRi ngShapeFunDer [ ncoor, qcoor, Jcons] ;
I f [ nunmer &&(Jdet <=0), Print[nobdnane, "Neg or zero",
' Gauss point Jacobian at k=", k]; Return[KeO]];
{ N1, N2, N3, Nd} =Nf ; rk=r 1* NL+r 2* N2+r 3* N3+r 4* N4;
Be={{ dNr1, 0, dNr2, 0, dNr3, 0, dNr4, 0},
{ 0, dNz1, 0, dNz2, 0, dNz3, 0, dNz4},
{N1/rk, 0, N2/ rk, 0, N3/ rk, 0, N4/ rk, 0},
{ dNz1, dNr1, dNz2,dNr2, dNz3, dNr3, dNz4, dNr4}};
c=Kfac*wrk*Jdet; If [numer,Be=N[Be]; c=Nc]];
Ke+=c* Tr anspose[ Be] . (Emat . Be) ;
]; dearAl[Ke0, Be]; Return[Ke] ];

FI1GURE 12.4. Element stiffness formation module for 4-node iso-P quadrilateral ring.

The moduleisinvoked as

Ke = Quad4IsoPRingStiffness[ncoor,Emat,options] (12.9)
The arguments are:
ncoor Quadrilateral node coordinates arranged in two-dimensional list form:
{{r1,21},{r2,22},{r3,23},{r4,24}}.
Emat The 4 x 4 matrix of elastic moduli:
Ell E12 El3 El4
E., E,, E E
E— 12 =22 23 S | (12.10)
Ei3 Ex Eg O
E14 E24 0 E44

arranged as atwo-dimensional list array: {{E11,E12,E13,E14},
{E12,E22,E23,E24},{E13,E23,E33,0},{E14,E24,0,E44} }.

Notethat E34 = 0to satisfy axisymmetric behavior assumptions. If thematerial
isisotropic, with elastic modulus E and Poisson ratio v,

1—v v v 0

E_ E v 1—v v 0
L4+ v@-2v) | v v 1-v O
0 0 0 %—v

(12.11)
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Chapter 12: 4- AND 8-NODE ISO-P QUADRILATERAL RING ELEMENTS 12-8

options A list of processing options. This list may be either empty or contain
up to 4 items. Possible configurations are { }, {numer}, {numer,p},
{numer,p,Jcons}, Or { numer,p,Jcons,Kfac}.

numer isalogica flag with value True or False. If True, the computa-
tions are forced to proceed in floating point arithmetic. For symbolic or exact
arithmetic work set numer to False. If omitted, False isassumed.

p isaninteger specifying that the Gauss product rule used in computing K € is
to have p pointsin each direction. It may be 1 through 4. For rank sufficiency,
p must be 2 or higher. If p is 1 the element will be rank deficient by three. If
omitted p = 2 is assumed.

Jcons isalogica flag with value True or False. If True the Jacobian
determinant at the element center is assumed to be constant over the element,
even if it has arbitrary geometry. Thisis useful in centain research studies. If
omitted, False isassumed.

Kfac isaring-circumference-span factor by which the stiffnessmatrix will be
scaled. Typically Kfac=1 to make the ring element span oneradian, Kfac=2x
to make acomplete circle. If omitted, Kfac = 1 isassumed.

As function value the modul e returns

Ke a 8 x 8 symmetric matrix pertaining to the arrangement (12.2) of element
node displacements. If an error is detected during processing, a zero matrix is
returned.

| sotropic material
with modulus E and
Poisson ratio v

ZA

3 Ring element

_ 4
f
b
N

1| a
— d

> I

FicUrke 12.5. Test quadrilateral ring element geometry.

Example 12.1. The stiffness module is tested on the geometry identified in Figure 12.5. The cross section is
arectangle dimensioned a x b with sides parallel to the {r, z} axes. The distance of the leftmost side to the z
axisisd. The materia isisotropic with modulus E and Poisson’sratio v.

The script of Figure 12.8 computes and prints the stiffness of the test element shown infor E = 96, v = 1/3,
a=4,b=2andd = 0. The default Kfac = 1 isused. Nodes 1 and 2 sit on the z axes. Thevalue of p is
changed in aloop. The flag numer is set to True to use floating-point computation for speed. The computed
entries of K® are exact integers for all values of p:

12-8
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812.2 THE 4-NODE QUADRILATERAL RING ELEMENT

I;

Ke=Si npl i fy[ Ke] ;

ClearAll[Emv, a, b, d, h, p, nunj;

EnF96; v=1/3; a=4; b=2; d=0; Kfac=2*Pi;

ncoor ={{d, 0}, {a+d, 0}, {a+d, b}, {d, b} };

Emat =Em ((1+v) *(1-2*v))*{{1-v, v, v, 0}, {v, 1-v, v, 0},
{v,v,1-v,0},{0,0,0, 1/ 2-v}};

Print["Emat=", Emat// Matri xForni;

For [p=1, p<=4, p++,

Kf ac=1;
nunEFal se;

Print["Gauss rule p=",p];
Ke=Quad4l soPRi ngSti f f ness[ ncoor, Emat, Kf ac, {num p}];
Print["Ke=", Ke//MatrixForni;
Print["Ei genval ues of Ke=", Chop[ Ei genval ues[ NJKe]]11;

F1GURE 12.6. Driver for exercising the Quad4IsoPRingStiffness moduleof Figure12.4 using
the ring element geometry shown in Figure 12.5, withE = 96,v =1/3,a=4,b=2d =0and

e __
Kl><1 -

e _
K2><2 -

e _
K3><3 -

e _
K4><4 -

72
18
36
—18
—36
—18

18

168
-12
24
12
—24
—36
48
36

232
-12
24
12
—24
—36
80
36

280
-12
24
12
—24
—36
104
36

four Gauss product integration rules.

18 36
153 -54
—54 144
135 -90
-9 72
—-153 H4
-18 -36
-135 90
-12 24
108 24
—24 216
84 -120
—72 0
—102 72
-36 24
—90 72
-12 24
108 24
—-24 216
84 —-120
—72 0
—102 72
-36 24
—-90 72
-12 24
108 24
—24 216
84 -120
—72 0
—102 72
-36 24
—90 72

—-18 -36
135 -90
-9 72
153 -54
—54 144
—-135 90
18 36
—-153 54
12 -24
84 72
—-120 0
300 —-72
—72 216
—-282 120
36 24
—-102 24
12 -24
84 72
—120 0
300 —72
—72 216
—282 120
36 24
—-102 24
12 -24
84 72
—-120 0
300 —-72
—72 216
—-282 120
36 24
—-102 24

—18
—153
54
—135
90
153
18
135

—36
—102
72
—282
120
300
-12
84

—36
—102
72
—282
120
300
-12
84

—36
—-102
72
—282
120
300
-12
84

0
-18
—36

18
36
18
72
—18

48
—36
—24

36

24
-12

168

12

80
—36
—24

36

24
-12

232

12

104
—36
—24

36
24
-12
280
12

187
~135
90
~153
54
135
—18
153 |

367
~90
72
—102
24
84
12
108 |

367
~90
72
—102
24
84
12
108 |

367
—-90
72
—-102
24
84
12

108 |

(12.12)

(12.13)

(12.14)

(12.15)

As can be seen entries change substantially in going from p = 1to p = 2. From then on only four entries,
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associated with ther stiffness at nodes 1 and 4, change. The eigenvalues of these matrices are:

Rule Eigenvalues of K® for varying integration rule

1x1 667.794 180.000 124206 72.000 O 0 0 0
2x2 745201 261.336 248.750 129451 100.389 88598 10275 O
3x3 745446 330.628 266.646 133.236 126.343 98.690 11.011 O
4x4 745716 397.372 272.092 144542 135004 101.908 11.365 O (12.16)

The stiffness matrix computed by the one-point rule is rank deficient by three. For p = 2 and up it has the
correct rank of 7. The eigenvalues do not change appreciably after p = 2. Because the nonzero eigenvalues
measure the internal energy taken up by the element in deformation eigenmodes, it can be seen that raising
the order of the integration stiffens the element.

§12.2.3. Body Force Module

Module Quad4IsoPRingBodyForces, listed in Figure 12.7 computes the consistent force vector
associated with abody force field b = {by, by} specified over afour-node iso-P quadrilateral ring
element. Thefield isassumed to be given per unit of volume, in radial-axial component-wise form.
Two common scenarios for this kind of forcing effect are:

1. Theelementissubjectedto agravity accelerationfield g dueto self-weight inthe —z direction.
Thenb, = 0and b, = —p g, where p isthe mass density of the element material.

2. The element rotates at constant angular velocity » (radians per second) around the axis of
revolution z. Thenb, = p w?r and b, = 0.

The force vector is computed by Gauss numerical integration as described in the previous chapter.
The module isinvoked as

Ke = Quad4IsoPRingBodyForces[ncoor,bfor,options] (12.17)
The arguments are:
ncoor Sameasin Quad4IsoPRingStiffness
bfor Specifies body force field (forces per unit of volume) over the element. Two

specification forms are allowed.
One-dimensiona list: {br,bz}
Two-dimensional list: {{br1,bz1},{br2,bz2},{br3,bz3},{brd,bz4}}

In the first form the body force field is taken to be uniform over the element,
with radial component br and axial component bz.

The second form assumes body forces to vary over the element. Radia and
axial components are specified at the four corners; for example{br1,bz1 } are
thevaluesof by and b, at corner 1. Fromthisinformationthefieldisinterpolated
over the element using the iso-P bilinear shape functions.

options Same asin Quad4IsoPRingStiffness.
As function value the module returns

12-10



1211 812.2 THE 4-NODE QUADRILATERAL RING ELEMENT

Quad4l soPRi ngBodyFor ces[ ncoor _, bf or _, opti ons_] : =Modul e[
{p=2, nuner =Fal se, Jcons=Fal se, Kf ac=1, qcoor, k, m
rl,r2,r3,r4,z1,z2,23, z4, N1, N2, N3, N4, dNr, dNz, Jdet , Be,
br1, bz1, br2, bz2, br 3, bz3, br4, bz4, brc, bzc, bk, rk,w,c, fe,

f e0O=Tabl e[ 0, { 8}] , nodnanme=" Quad4l soPR ngBodyFor ces: "},

I f [Length[options]==1, {nuner}=options];

I f [Length[options]==2,{nuner, p}=options];

I f [Length[options]==3,{nuner, p, Jcons}=options];

I f [Length[options]==4, {nuner, p, Jcons, Kf ac}=opti ons];

I f [p<l|]|p>5, Print[nodnanme,"p out of range"]; Return[fe0]];
{{r1,2z1},{r2,z2},{r3,z3},{r4, z4}} =ncoor;
AO=((r3-rl)*(z4-z2)-(r4-r2)*(z3-21))/2;

I f [ nuner&(A0<=0), Print[nodname, "Neg or zero area"];

Return[fe0]]; fe=fe0; mrLength[bfor];

m =2&&m =4, Print[nodnane," ||l egal bfor"]; Return[fe0]];

nmF=2, br1=br2=br3=br4=bfor[[1]]; bz1=bz2=bz3=bz4=bfor[[2]]];

nm==4, {{br1, bz1}, {br2, bz2}, {br3, bz3}, {br4, bz4}}=bfor];

[ k=1, k<=p*p, k++,

{qcoor, w} = QuadGaussRul el nf o[ { p, nuner}, k] ;

{N1, N2, N3, Nd}, dNr, dNz, Jdet } =

Quad4l soPRi ngShapeFunDer [ ncoor, qcoor, Jcons] ;

I f [ nuner&&(Jdet<=0), Print[nodnane, "Neg or zero",

" Gauss point Jacobian at k=",k]; Return[feO]];

rk=r 1* N1+r 2* N2+r 3* N3+r 4*N4; c=Kf ac*wJdet *r k;

br k=br 1* N1+br 2* N2+br 3* N3+br 4* N4;

bzk=bz1* N1+bz2* N2+bz3* N3+bz4* N4;

bk={ N1* br k, N1*bzk, N2*br k, N2* bzk,

N3* br k, N3*bzk, NA* br k, NA* bzk} ;

I f [nuner, bk=N[ bk]]; fe+=c*bk;

1; If[!nunmer, fe=Sinplify[fe]];

Return[fe] ];

[
[
[

Ficure 12.7. Module that computes consistent node forces for a 4-noded quadrilateral ring
element given abody forcefield.

fe Consistent force vector arranged {fri,fz1,fr2,fz2,fr3,fz3,fr4,fz4}
to represent
f¢ = [fi1 fa fi2 fn fiz fz fig fz4]T. (12.18)

Example 12.2. Consider again the ring element of Figure 12.5. This is now exercised for body force
computation, using the script listed in Figure 12.8. These specify a = 6, b = 2, d = 1, two body force
distributions and two integration rules: p=1 and p=2.

The uniform body force distribution b, = 3and b, = —1 givesfor the 1 x 1 and 2 x 2 integration rules:

fe,=[36 —12 36 —12 36 -12 36 —12]"

fe  =[27 -9 45 —15 45 -15 27 -9 (1219
2x2 —

Notethat f,1 + fi» + fi3 + fr4 = 144 for both rules. Likewise for the —z component. Thus the total force
is conserved. The varying body force distribution by = r and b, = 0, which mimics a centrifugal force, gives
forthel x 1and 2 x 2 integration rules:

f$.=[42 0 42 0 42 0 42 0]

(12.20)
fe,=[29 0 70 0 70 0 29 0]
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ClearAll[a,b,d, h,p, nuner];

a=6; b=2; d=1; br=3; bz=1;

Jcons=Fal se; nuner=Tr ue;

ncoor ={{d, 0}, {a+d, 0}, {a+d, b}, {d, b}};

For [p=1, p<=2, p++, Print["Gauss rule p=",p];
f e=Quad4l soPRi ngBodyFor ces[ ncoor, {3, -1}, {nuner, p}];
Print["fe =", Partition[fe,2]//MatrixForni;
bfor={{1, 0}, {6,0},{6,0},{1,0}};
f e=Quad4l soPRi ngBodyFor ces[ ncoor, bf or, { numer, p}];

Print["fe =",Partition[fe, 2]//MatrixForni;

I

FIGURE 12.8. Test statements to exercise body force module of Figure 12.7.

Here fi1 + fio+ fia + fr4 = 168 for p = 1 but that sum is 198 for p = 2. The 2 x 2 rule captures avariable
body force radial distribution better, as may be expected.

Trying with p = 3 or greater reproduces the results of the 2 x 2 product rule.

812.2.4. StressRecovery Module

Module Quad4IsoPRingStresses, listed in Figure 12.9, recovers stresses at the 4 corner nodes
of the iso-P 4-node quadrilateral ring element, given its node displacements.

The procedure is asfollows. The stresses are recovered at five sample pointsk = 0, 1, 2, 3, 4 with
quadrilateral coordinates {¢, n} = {0, 0}, {—9, —g}, {9, —0}, {9, g}, {—9, g}, inwhich0 < g < 1,
using the direct evaluation oy = E By u®. Here a bar over the stress symbol is used to mark a
sample value. Perform aleast-square bilinear fit over the 5 sample points assigning weight wq to
sampleat {&¢, n} = {0, 0} and weight 1 to each of the samples at {&, n} = {£g, £g}. Evaluation of
thefit at the corners {&, n} = {41, £1} yields

5rr0 5220 5990 (_Trzo

Otr1 Ozz1 Opg1 Orzl T T T3 T4 T3 5 s &
rrl Ozz1 0Opol Orzl
Orr2 Ozz2 0pg2 Orz2 1|1 T1T3To T3 Ta oL
= — Orr2 0zz2 Opg2 Orz2 | (12.21)
Orr3 0773 0pg3 Orz3 Tg | T1 T4 T3 T2 T3 e Bon G
rr3 Ozz3 093 Orz3
Orr4 Ozz4 0994 Orza T1 Tz Ta T3 T

5rr4 5224 5994 6rz4

inwhich Ty :4gzw0, T, =4+4g2+U)0+29(4+ wo), T3 :492—4—w0,T4:4+4gz+
wo—29 (4+wp) and Ty = 409? (44 wp). Thedefault valuesused in the least-squarefit are wg = 0
and g = 1/+/3, in which case {¢, n} = {£g, g} are located at the sample points of the 2 x 2
Gauss product rule.

The moduleisinvoked as

Ke = Quad4IsoPRingStresses[ncoor,Emat,ue,options] (12.22)
The arguments are:
ncoor Same asin Quad4IsoPRingStiffness
Emat Same asin Quad4IsoPRingStiffness
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12-13 812.2 THE 4-NODE QUADRILATERAL RING ELEMENT

ue Theelement nodedisplacementsarranged asaone-dimensional list: {uril,uz1,
ur2,uz2,ur3,uz3,ur4,uz4 } representing the displacement vector

W=[U1 Ua U2 Uz Us Uzg Ug Uzu] . (12.23)
options A list of processing options. This list may be either empty or contain

up to 4 items. Possible configurations are { }, {numer}, {numer,g} or
{ numer,g,wO0 }.

numer Iisalogical flag with value True or False. If True, the computa-
tions are forced to proceed in floating point arithmetic. For symbolic or exact
arithmetic work set numer to False. If omitted, False isassumed.

g Defineslocation of 4 sample points within element from which stresses are
extrapolated to the corners according to (12.21). If omitted the default g =
1/+/3 is assumed.

w0 Weight used in the least-square extrapolator (12.21). If omitted the default
wo = 0 isassumed.
As function value the module returns
sige computed corner stresses stored in a4-entry, two-dimensional list:
{{sigrrl,sigzzl,sigttl,sigrzl}, {sigrr2,sigzz2,sigtt2,sigrz2},

{sigrr3,sigzz3,sigtt3,sigrz3}, {sigrr4,sigzz4,sigttd,sigrz4}}
to represent the array shown on the left hand side of (12.23).

ClearAllI[Em v, a,b,d,err,ezz,grz,ur,uz,r, z];

Enm=2500; v=1/4,

{err,ezz,err,grz}={3/80, -1/40, 3/ 80, 4/ 50} ;

ncoor ={{d, 0}, {a+d, O}, {a+d, b}, {d, b}}; nuneFal se;

Emat =Em ((1+v) *(1-2*Vv))*{{1+v, v, v, 0}, {v, 1+v, v, 0},

{v,v, 1+v, 0}, {0, 0, 0, 1/ 2- v} };

{err,ezz,err,grz}={3/80, -1/40, 3/ 80, 4/ 50} ;

ur[r_,z_J:=err*r; uz[r_,z_]:=ezz*z+grz*r;

ue=Tabl e[ {0, 0}, {4}];

For [n=1, n<=4, n++,{rn, zn}=ncoor[[n]];
ue[[n]]1={ur[rn,zn],uz[rn,zn]} ];

ue=Fl atten[ue]; Print["ue=", ue];

si ge=Quad4l soPR ngStresses[ ncoor, Enat, ue, {}1];

Print["Corner stresses=",sige//MtrixForni;

FIGURE 12.10. Test statements for stress recovery module Quad4IsoPRingStresses.

Example 12.3. The stress recovery module is tested by the statements listed in Figure 12.10. The technique
used is to generate the element node displacements by evaluating a test displacement field

Ur (r, 2) = e, Uz(r, 2) = €zl + 122 (12.24)

inwhich {e.,, e, v;,} are specified strains assumed constant over the element. Note that the hoop strain is
€& = U, /r = &,. The geometry isthat of the rectangular cross-section element of Figure 12.5.
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Chapter 12: 4- AND 8-NODE ISO-P QUADRILATERAL RING ELEMENTS 12-14

Quad4l soPRi ngStresses[ ncoor _, Emat _, ue_, options_]: =
Modul e[ { nuner =Fal se, g=1/ Sqgrt [ 3] , Jcons=Fal se, w0=0

eps=10.7(-9),r1,r2,r3,r4,2z1,22, 23, z4, Nf , N1, N2, N3, N

dNr 1, dNr 2, dNr 3, dNr 4, dNz1, dNz2, dNz3, dNz4,

T1, T2, T3, T4, Td, Tg4, Jdet, qcoor, w, c, Be,

gct ab={{0, 0}}, k, kg, rk, si gg, si ge, udi s=ue,

nmodnane=" Quad4l soPRi ngSt resses: "},

[ Lengt h{ opti ons] ==1, { nuner } =opt i ons] ;

[ Lengt h[ opt i ons] ==2, { nuner, g} =opti ons] ;

[ Lengt h[ opti ons] ==3, { nuner, g, w0} =opt i ons] ;

[ Head[ g] ==Synbol | | g>0, Td=4*g"2*(4+w0) ;

T1=4*g"2*wW0; T2=4+4*g"2+wW0+2* g* (4+w0) ;

T3=-4+4*g"2-W0; T4=4+4*g"2+W0- 2* g* (4+w0) ;

Tg4={{T1, T2, T3, T4, T3}, {T1, T3, T2, T3, T4},

{T1, T4, T3, T2, T3}, {T1, T3, T4, T3, T2} }/ Td;
gCtab:{{O! 0}1{_11_1}1{11 _1}1{11 1}!{_11 1}}*9]1
kg=Lengt h[ gct ab] ; si gg=Tabl e[ {0, O, 0, 0}, {kg}];

If [nuner, gctab=Ngctab]; Tg4=N Tg4]; udis=Nue] ];
{{r1, z1},{r2,22},{r3,23},{r4, z4} } =ncoor
For [k=1, k<=kg, k++, qcoor=gctab[[Kk]];

{Nf, {dNr 1, dNr2, dNr 3, dNr 4}, {dNz1, dNz2, dNz3, dNz4}

Jdet } =Quad4l soPRi ngShapeFunDer [ ncoor, qcoor, Jcons] ;

{N1, N2, N3, N4} =Nf; rk=r 1* N1+r 2* N2+r 3* N3+r 4* N4
Be={{ dNr1, 0, dNr2, 0, dNr3, 0, dNr4, 0},
{ 0, dNz1, 0, dNz2, 0, dNz 3, 0, dNz4},
{N1/rk, 0, N2/ rk, 0, N3/ rk, 0, N4/ rk, 0},
{ dNz1,dNr1, dNz2,dNr2, dNz3, dNr3, dNz4, dNr4}};
I f [nuner, Be=N[Be]]; sigg[[k]]=Emat.(Be.udis);
[
I f [kg==1, sige=Table[sigg[[1]],{4}]., sige=Tg4.sigg];
I f [nunmer, sige=Chop[sige,eps]];
If [!nunmer, sige=Sinplify[sige]]; Return[sige] ];

Ficure 12.9. Modulefor recovery of Quad4 ring element corner stresses from displacements.

Thedisplacement field (12.24) iseval uated at the corner nodesto construct the node di splacement vector, which
is then fed to the stress recovery module. Dimensions a, b and d are kept arbitrary as symbolic variables.
Numeric data: &, = &y = 3/80, e, = —1/40, y;, = 4/50, E = 2500 and v = 1/4. The associated
displacement field as per (12.24) is
e 3a@a+d) 2a+d 3@+d 2a+d

=3 8 Y LD D %0 B s Rl @»
The computed corner stresses returned by the module (note that logical flag numer isFalse since that isthe
default) are

200 —-50 200 80

e | 200 —-50 200 80
9 =120 -50 200 80 (12.26)

200 —50 200 80
which may be verify to be correct.

812.3. The8-Node Quadrilateral Ring Element

This is the axisymmetric solid version of the isoparametric quadrilateral with serendipity shape
functions. The element has 8 nodes and 16 displacement degrees of freedom arranged as

T
U*=[U1 Ux U2 Uz U3z Uz ... Ug Ugzg] . (12.27)
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Quad8l soPRi ngShapeFunDer [ ncoor _, qcoor _, Jcons_] : =Modul e[
{r1,r2,r3,1r4,r5,r6,r7,r8,z1,2z2, 23, z4, 25, 26, z7, z8,
&, n rv,zv, A0, dNg, dNn, N1B, N2B, N3B, N\dB, J11, J12, J21, J22,
Nf, dNr, dNz, Jdet}, {¢&, n} =qcoor;
{{r1,z1},{r2,22},{r3,23},{r4,z4},{r5, z5},{r6,z6},{r7, z7},
{r8,z8}}=ncoor; A0=((r5-r7)*(z6-2z8)-(r6-r8)*(z5-27))/4;
N1B=(1-&)*(1-n)/4; N2B=(1+&)*(1-n)/4;
N3B=( 1+&) *(1+n)/ 4; NAB=(1-&)*(1+n)/4;
Nf= {-NLB*(1+&+n), - N2B*(1-&+n), - N3B*(1-&-n),
-NAB*(1+&-1), 2*N1B*(1+&), 2*N3B*(1-n),
2*N3B*(1-§), 2*NdB*(1-n)};
dNE ={(1- n)*(2*&+n), (1-n) *(2*&-n), (1+n) *(2*&+n),
(1+n)*(2*&-n), 4*&(nr1),2*(1-n"2),
-4*&(1+n), -2*(1-n"2) }/ 4;
dNn ={(1- §) *(&+2*n), - (1+&) *(&-2*n), (1+&) *(&+2*n),
-(1-8)*(&-2*n), -2%(1-&"2),-4*(1+8)*n,
2°(1-8"2),-4*(1-§) *n}/ 4;
rv={rl,r2,r3,r4,r51r6,r7,r8}; zv={zl,z2,123, 24,25, 26, 27, z8};
J11=dNg.rv; J12=dNg. zv; J21=dNn.rv; J22=dNn. zv;
Jdet =Si npl i fy[J11*J22-J12*J21]; If [Jcons, Jdet =A0];
dNr=( J22*dNg- J12*dNn) / Jdet ;
dNz=(-J21*dNE+J11*dNn) / Jdet ;
Ret urn[ { Nf, dNr, dNz, Jdet}] ];

FI1GURE 12.11. Shape function module for 8-node bilinear quadrilateral ring element.

§12.3.1. Shape Function Module

Module Quad8IsoPRingShapeFunDer, listed in Figure 12.11, computes the shape functions
NS, i = 1,2,...8 and their partial derivatives with respect to r and z at a specified point in
the element. Usually this module is called at sample points of a Gauss quadrature rule, but it may
also be used with symbolic inputs to get information for an arbitrary point at {¢, n}. The element
geometry is defined by the 16 coordinates {r;, z },i = 1, 2, ... 8. These are collected in the arrays

r:[rl ro ... rg]T, Z:[Zl Z ... rg]T. (12.28)

We will use the abbreviationsri; =r; —r; and z; = z — z; for coordinate differences The shape
functions and their partial derivatives with respect to the quadrilateral coordinates are collected in
the following arrays. Using the abbreviations N? = 2(1 — &)(1 —n), N2 = 21+ &)1 — ),
N = 2(1+&)(1+n) and Nf = (1 — &)(1+ n) for the shape functions of the 4-noded bilinear
quadrilateral, we have

- —NE(1+&+n) T m(L-n)(25+n) 7 m (1-£)(E+2n) T
CNB(1—£41) (1-n)(2&—1) (18 (E—2n)
~N2(1—£—) (Lm) (26 4+1) (L+€) (5 +2)
| =NBa+e—n) | @neE—n) | —aseE—2m
N=1 onBase | Ne=a] Toegn [P NeTa| pagy | 1229
2NB(1-n) 2(1-?) _2(1+&)n
INB(1-¢) _25(L47) 2(1-£)
| 2NPA-p) | 20 | 216
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The Jacobian matrix is

12-16

ar oaz
. 85 8%' . J11 J12 . N,g r N,gz
J= a_r % = [le JZJ = [N,nr N,z | (12.30)
an 9n
with determinant J = det(J) = Ji1 Joo — Jip Jo1. Finaly the {r, z} partials are obtained from
oN
N, ar 1| Ng 1 3  —Jdio || Ng
L . -] 2 S 12.31
[N,z] N [N,n I -3 I ||N, (123D
0z

or Ny = (JuNg — JioN ) /I and N ; = (—=JInN ¢ + 2N )/ J. Unlike the 4-node quadrilateral,
explicit expressions for N, and N, are difficult to work out because of the increased complexity
of the polynomials. The module listed in Figure 12.11 does not attempt to do so. The module is
invoked as

{Nf,dNr,dNz, Jdet }= Quad4IsoPRingShapeFunDer [ncoor,qcoor, Jcons] (12.32)
where the arguments are
ncoor Quadrilateral node coordinates arranged in two-dimensional list form:

{{r1,z1},{r2,z2},{r3,23}, {r8,z8}}.

qcoor Quadrilateral coordinates{ & , n } of thepoint at which shapefunctionsand derivatives
are to be evaluated.
Jcons A logical flag. If True, the Jacobian determinant J is set to its value at the element

center: Ag = (rsyZes — 'egZs7)/4, for any {&, n}. That option is useful in certain
research studies.

The module returnsthelist { Nf ,dNr,dNz, Jdet }, where

Nf Shape function values® arranged asthe list { N1,N2,N3, N8 }.

dNr r shape function derivatives (12.31) arranged asthelist { dNr1,dNr2,dNr3,
dNr8}.

dNz z shape function derivatives (12.31) arranged asthe list { dNz1,dNz2,dNz3,
dNz8 }.

Jdet Jacobian determinant.

§12.3.2. Element Stiffness Module

Module Quad8IsoPRingStiffness, listed in Figure 12.12, computes the stiffness matrix of a 8-
noded iso-P quadrilateral ring element. The computation iscarried out using numerical quadrature.

The moduleisinvoked as

Ke = Quad8IsoPRingStiffness[ncoor,Emat,options] (12.33)

2 Note that N cannot be used as name of the list of shape function values, because that symbol is reserved.
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Quad8l soPRi ngSti f f ness[ ncoor _, Emat _, opti ons_]: =Modul e[

{p=2, nuner =Fal se, Jcons=Fal se, Kf ac=1, qcoor, k,
rl,r2,r3,r4,r5,1r6,r7,r8,21, 22, z3, z4, 25, 26, z7, 28,
Nf, N1, N2, N3, N4, N5, N6, N7, N8,
dNr 1, dNr 2, dNr 3, dNr 4, dNr 5, dNr 6, dNr 7, dNr 8,
dNz1, dNz2, dNz3, dNz4, dNz5, dNz6, dNz7, dNz8,
rk,w, c, A0, Jdet, Be, Ke, KeO=Tabl e[ 0, { 16}, {16} ],
nmodnanme=" Quad8l soPRi ngStiffness: "}, Ke=Ke0;
f [Lengt h[options]==1, {numer}=options];
f [Lengt h[ options]==2, { nunmer, p}=options];
f [Lengt h[ opti ons]==3, { nuner, p, Jcons} =opti ons];
f [Lengt h[ opti ons] ==4, { nuner, p, Jcons, Kf ac}=opti ons] ;
If [p<l||p>5, Print[nodnane,"illegal p:,p"]; Return[KeO]];
{{r1,z1},{r2,2z2},{r3,2z3},{r4, z4},
{r5,2z5},{r6,y6},{r7,27},{r8,z8}}=ncoor;
AO=((r5-r7)*(z6-2z8)-(r6-r8)*(z5-27))/4;
I f [ nuner&&( A0<=0), Print[nodnane,"Neg or zero area"];
Ret ur n[ Ke0] ] ;
For [k=1, k<=p*p, k++,
{qcoor, w} = QuadGaussRul el nf o[ { p, nuner}, k] ;
{{N1, N2, N3, N4, N5, N6, N7, N8} ,
{dNr1, dNr2, dNr 3, dNr 4, dNr 5, dNr 6, dNr 7, dNr 8},
{dNz1, dNz2, dNz3, dNz4, dNz5, dNz6, dNz7, dNz 8},
Jdet } =Quad8l soPRi ngShapeFunDer [ ncoor, qcoor, Jcons] ;
I f [ numer &(Jdet <=0), Print[nmodnane, "Neg or zero",
' Gauss point Jacobian at k=", k]; Return[KeO]];
r k=r 1* N1+r 2* N2+r 3* N3+r 4* NAd+r 5* N5+r 6% N6+r 7* N7+r 8* N8;
Be={{ dNr1, 0, dNr2, 0, dNr3, 0, dNr4, 0,
dNr 5, 0, dNr6, 0, dNr7, 0, dNr8, 0},
{ 0, dNz1, 0, dNz 2, 0, dNz3, 0, dNz4,
0, dNz5, 0, dNz#6, 0, dNz7, 0, dNz8},
{N1/rk, 0, N2/ rk, 0, N3/ rk, 0, N4/ rk, 0,
N5/ rk, 0, N6/ rk, 0, N7/ rk, 0, N8/ rk, 0},
{ dNz1, dNr1, dNz2,dNr2, dNz3, dNr3, dNz4, dNr4,
dNz5, dNr 5, dNz6, dNr6, dNz7, dNr7, dNz8, dNr8}};
c=Kfac*wrk*Jdet; |f[!numer, Be=Sinplify[Be]];
I f [numer,Be=N[Be]; c=Nc]];
Ke+=c* Tr anspose[ Be] . (Emat . Be) ;
]; Return[Ke] ];

FI1GURE 12.12. Element stiffness formation module for 8-node iso-P quadrilateral ring.

The arguments are:

ncoor

Emat

options

Quadrilateral node coordinates arranged in two-dimensional list form:

{{r1,z1},{r2,22},{r3,23}, ... {r8,z8}}.
Same asfor Quad4IsoPRingStiffness.
Same asfor Quad4IsoPRingStiffness.

As function value the modul e returns

Ke

a 16 x 16 symmetric matrix pertaining to a node by node arrangement of
element node displacements. If an error is detected during processing, a zero

matrix is returned.

Example 12.4. The stiffness module is tested on the geometry identified in Figure 12.5. The cross section is
arectangle dimensioned a x b with sides parallel to the {r, z} axes. The distance of the leftmost side to the z
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ClearAll[Emv, a, b, d, h, p, nunj;

EnF96; v=1/3; a=4; b=2; d=0; Kfac=2*Pi; Kfac=1;

ncoor ={{d, 0}, {a+d, 0}, {a+d, b}, {d, b}}; nunFFal se;

Emat =Em ((1+v) *(1-2*v))*{{1-v, v, v, 0}, {v, 1-v, v, 0},

{v,v,1-v,0},{0,0,0, 1/ 2-v}};

Print["Emat=", Emat// Matri xForni;

For [p=1, p<=4,p++, Print["Gauss rule p=",p];
Ke=Quad4l soPRi ngSti f f ness[ ncoor, Emat, Kf ac, {num p}];
Ke=Si nplify[Ke]; Print["Ke=",Ke//MatrixForni;
Print["Ei genval ues of Ke=", Chop[ Ei genval ues[ NJKe]]11;

I;

Ficure 12.13. Driver for exercising the Quad8IsoPRingStiffness module of Figure 12.12
using the ring element geometry shown in Figure 12.5, with E = 96, v = 1/3,a =4,b = 2
d = 0 and four Gauss product integration rules.

axisisd. The materia isisotropic with modulus E and Poisson’sratio v.

The script of Figure 12.8 computes and prints the stiffness of the test element shown infor E = 96, v = 1/3,
a=4,b=2d =0. Thedefault Kfac = 1isused. Nodes 1 and 2 sit on the z axes. The value of p is changed
inaloop. Theflag numer is set to True to use floating-point computation for speed. The computed entries of
K® are exact integers for all values of p:

The eigenvalues of these matrices are;

Rule Eigenvalues of K*® for varying integration rule

1x1 667.794 180.000 124206 72.000 O 0 0

2x2 745201 261.336 248.750 129.451 100.389 88.598  10.275
3x3 745446 330.628 266.646 133.236 126.343 98.690 11.011
4x4 745716 397.372 272.092 144542 135004 101.908 11.365

(12.34)

The stiffness matrix computed by the one-point rule is rank deficient by 11. For p = 2 it isrank deficient by
one, but the element is useful® since the spurious mode is not usually propagated over the mesh. For p = 3
and higher the element has full rank of 15. The eigenvalues do not change appreciably after p = 2.

§12.3.3. Body Force Module

Module Quad8IsoPRingBodyForces, listed in Figure 12.14 computes the consistent force vector
associated with a body force field b = {by, by} specified over an 8-node iso-P quadrilateral ring
element. Thefield isassumed to be given per unit of volume, in radial-axial component-wise form.

The force vector is computed by Gauss numerical integration as described in the previous chapter.
The module isinvoked as

Ke = Quad8IsoPRingBodyForces[ncoor,bfor,options] (12.35)

The arguments are:
ncoor Same asin Quad8IsoPRingStiffness

3 It will be seen in the benchmarks of Chapter 14 that the 8-node quadrilateral integrated with the 2 x 2 Gauss rue
outperforms the fully integrated version, especially for near-incompressible material behavior.
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bfor

options

812.3 THE 8-NODE QUADRILATERAL RING ELEMENT

Specifies body force field (forces per unit of volume) over the element. Three
specification formats are allowed.

One-dimensiondl list: {br,bz}

Two-dimensional list with corner values only: {{bri,bz1},{br2,bz2},
{brd,bz4}}

Two-dimensional list withvaluesat cornersand midnodes. { {br1,bz1},
{br8,bz8}}

In the first form the body force field is taken to be uniform over the element,
with radial component br and axial component bz.

The second and third forms assume body forces to vary over the element. If
only the corner values are given, the value at midnodes is determined from
the adjacent corner nodes by averaging. From this information the field is
interpolated over the element using the 8-node shape functions.

Same asin Quad8IsoPRingStiffness

As function value the modul e returns

fe Consistent force vector arranged {fri1,fz1,fr2,fz2,fr3,fz3,fr4,fz4}
to represent
ff=[f1 fa f2 fn f3 fms ... fig fm]". (12.36)
CearAl[a,b, d pl;
a=3; b:2 d=
ncoor ={{d, 0}, {a+d 0}, {a+d, b}, {d, b}, {a/ 2+d, 0}, {a+d, b/ 2}, {a/ 2+d, b},
{d, b/ 2}};
For [p=1, p<:3,p++, For [case=1, case<=2, case++

11

If [case==1, bfor={36,-18}];

I f [case==2, bfor=Tabl e[{60*ncoor[[i,1]],0},{i,8}]11;

f e=Quad8l soPRi ngBodyFor ces[ ncoor, bf or, { True, p}];

fe=Si mplify[ Chop[fe]]

Print["fe=", Transpose[Partition[fe,2]]//MatrixForni;
frsumeSunife[[2*i-1]],{i,8}]; fzsum=Sun{fe[[2*i]],{i,8}];
Print["frsum=", frsum" fzsum=", fzsuni;

F1cURE 12.15. Test statements to exercise body force module of Figure 12.7

Example 12.5. To be added later.
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Quad8l soPRi ngBodyFor ces[ ncoor _, bf or _, opti ons_]: =Modul g[
{p=2, nuner =Fal se, Jcons=Fal se, Kf ac=1, qcoor, k, m moK,
rl,r2,r3,r4,r51r6,r7,r8, 21,22, 23, z4, 25, 26, z7, 28,
Nf, N1, N2, N3, N4, N5, N6, N7, N8, dNr, dNz,
br1, br2,br3,br4, br5, br6, br7, br8,
bz1, bz2, bz3, bz4, bz5, bz6, bz7, bz8,
rk,w, c, A0, Jdet, fe, feO=Tabl e[ 0, {16} ],
nmodnanme=" Quad8l soPRi ngBodyForces: "}, fe=feO0;
I f [Length[options]==1, {numer}=options];
I f [Length[options]==2,{nuner, p}=options];
I f [Length[options]==3,{nuner, p,Jcons}=options];
I f [Length[options]==4, {nuner, p, Jcons, Kf ac} =opti ons];
If [p<l||p>5, Print[nodnane,"illegal p:",p]; Return[fe0]];
{{r1,z1},{r2,z2},{r3,z3},{r4, z4},
{r5, z5},{r6, z6},{r7,27},{r8, z8} }=ncoor;
AO=((r5-r7)*(z6-28)-(r6-r8)*(z5-27))/4;
I f [ numer &&( A0<=0), Print[nmodnane, "Neg or zero area"];
Return[fe0]]; nrLength[bfor]; mOK=MenberQ {2, 4,8},nj;
If [!'mOK, Print[nmodname," Illegal bfor"]; Return[feO]];
I f [ me=2, br 1=br 2=br 3=br 4=br 5=br 6=br 7=br 8=bfor[[ 1] ];
bz1=bz2=bz3=bz4=bz5=bz6=bz7=bz8=bfor[[2]]];
If [me=4,{{br1, bz1}, {br2, bz2}, {br3, bz3}, {br4, bz4}}=bf or;
{br5, bz5, br6, bz6, br7, bz7, br 8, bz8} ={ br 1+br 2,
bz1+bz2, br 2+br 3, bz2+bz3, br 3+br 4, bz3+bz4,
br4+br 1, bz4+bz1}/ 2] ;
I f [m==8, {{br1, bz1}, {br2, bz2}, {br3, bz3}, {br4, bz4},
{br5, bz5}, {br6, bz6},{br7,bz7},{br8, bz8}}=bfor];
For [k=1, k<=p*p, k++,
{qcoor, w} = QuadGaussRul el nf o[ { p, nuner}, k] ;
{{N1, N2, N3, N4, N5, N6, N7, N8} , dNr, dNz, Jdet } =
Quad8l soPRi ngShapeFunDer [ ncoor, qcoor, Jcons] ;
I f [numer&&(Jdet<=0), Print[nodnane, "Neg or zero",
' Gauss point Jacobian at k=",k]; Return[feO]];
rk=r 1* N1+r 2* N2+r 3* N3+r 4* Nd+r 5* N5+r 6* N6+r 7* N7+r 8* N8;
br k=br 1* N1+br 2* N2+br 3* N3+br 4* Nd+br 5* N5+br 6* N6+br 7* N7+br 8* N3;
bzk=bz1*N1+bz2* N2+bz3* N3+bz4* N4+bz5* N5+bz6* N6+bz7* N7+bz8* N3;
bk={ N1*br k, N1* bzk, N2* br k, N2* bzk, N3*br k, N3*bzk, N4*br k, Nd*bzk,
N5* br k, N5*bzk, N6* br k, N6*bzk, N7*br k, N7* bzk, N8* br k, N8*bzk} ;
c=Kfac*wsJdet *rk; |f [numer,bk=Nbk];c=Nc]]; fe+=c*bk;
]; Return[fe] ];

Ficure 12.14. Module that computes consistent node forces for a 8-noded quadrilateral ring
element given abody forcefield.

§12.3.4. StressRecovery Module

Module Quad8IsoPRingStresses, listed in Figure 12.16, recovers stresses at the 4 corner nodes
and 4 midpoints of the iso-P 8-node quadrilateral ring element, given its node displacements.

The procedureis similar to that used for the 4-node quadrilateral explained in 812.2.4. The stresses
are recovered at five sample pointsk = 0, 1, 2, 3, 4 with quadrilateral coordinates {&, n} = {0, 0},
{—9, —a}, {9, —a}, {9, g}, {—9g, g}, inwhich0 < g < 1, using the direct evaluation &« = E B, u®.
(A bar over the stress symbol is used to mark a sample value.) Perform a least-square bilinear fit
over the 5 sample points assigning weight 0 < wg to sampleat {£, n} = {0, 0} and weight 1 to each
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Quad8l soPRi ngStresses[ ncoor _, Emat _, ue_, options_]: =
Modul e[ { numer =Fal se, g=1/ Sqrt [ 3], Jcons=Fal se, w0=0
eps=10.7(-9),r1,r2,r3,r4,r5,r6,r7,r8, z1, 22, 23, z4,
z5,26,2z7,z8, Nf, N1, N2, N3, N4, N5, N6, N7, N8,
dNr 1, dNr 2, dNr 3, dNr 4, dNr 5, dNr 6, dNr 7, dNr 8,
dNz1, dNz2, dNz3, dNz4, dNz5, dNz6, dNz7, dNz8,
T1, T2, T3, T4, T5, T6, Td, Tg8, Jdet, qcoor, w, c, Be,
gct ab={{0, 0}}, k, kg, rk, si gg, si ge, udi s=ue,
nodnane=" Quad8l soPRi ngStresses: "},
[ Lengt h[ opti ons] ==1, { nuner } =opt i ons] ;
[ Lengt h[ opti ons] ==2, { nuner, g} =opti ons] ;
[ Lengt h{ opt i ons] ==3, { nuner, g, w0} =opt i ons] ;
[ Head[ g] ==Synbol | | g>0, Td=4*g"2*(4+w0);
T1=4*g"2*wW0; T2=4+4* g 2+W0+2* g* (4+w0) ;
T3=-4+4*g"2-W0; T4=4+4* g 2+W0- 2* g* (4+w0) ;
T5=g* (4+4*g+wW0); T6=g*(-4+4*g-W0);
Tg8={{T1, T2, T3, T4, T3}, {T1, T3, T2, T3, T4},

{T1, T4, T3, T2, T3}, {T1, T3, T4, T3, T2},

{T1, T5, T5, T6, T6}, { T1, T6, T5, T5, T6},

{T1, T6, T6, T5, T5}, { T1, T5, T6, T6, T5}}/ Td;
gctab={{0,0},{-1,-1},{1,-1},{1,1},{-1,1}}*q];
kg=Lengt h[ gct ab] ; si gg=Tabl e[ {0, 0, 0, 0}, {kg}];

I f [nunmer, gctab=Ngctab]; Tg8=N Tg8]; udis=Nue]];
{{r1,z1},{r2,2z2},{r3,2z3},{r4, z4},
{r5,2z5},{r6, z6},{r7,27},{r8,z8}}=ncoor;
For [ k=1, k<=kg, k++, qgcoor=gctab[[k]];
{{NL1, N2, N3, N4, N5, N6, N7, N8},
{dNr1, dNr2, dNr 3, dNr 4, dNr 5, dNr 6, dNr 7, dNr 8}
{dNz1, dNz2, dNz3, dNz4, dNz5, dNz6, dNz7, dNz 8},
Jdet } =Quad8l soPRi ngShapeFunDer [ ncoor, qcoor, Jcons] ;
rk=r 1* NL+r 2* N2+r 3* N3+r 4* N4+r 5* N5+r 6* N6+r 7* N7+r 8* N3
Be={{ dNr1, 0, dNr2, 0, dNr3, 0, dNr4, 0,
dNr 5, 0, dNr6, 0, dNr7, 0, dNr8, 0}
{ 0, dNz1, 0, dNz2, 0, dNz3, 0, dNz4,
0, dNz5, 0, dNz#6, 0, dNz7, 0, dNz8},
{N1/rk, 0, N2/ rk, 0, N3/ rk, 0, N4/ rk, 0,
N5/ rk, 0, N6/ rk, 0, N7/ rk, 0, N8/ rk, 0}
{ dNz1, dNr1, dNz2,dNr2, dNz3, dNr3, dNz4, dNr4
dNz5, dNr 5, dNz6, dNr6, dNz7,dNr7, dNz8, dNr8}};
I f [nuner, Be=N[Be]]; sigg[[k]]=Emat. (Be. udis)
]l
If [kg==1, sige=Table[sigg[[1]],{4}], sige=Tg8.sigg]l;
I f [numer, sige=Chop[sige,eps]];
If [!numer,sige=Sinplify[sige]]; Return[sige] ];

F1GURE 12.16. Modulefor recovery of Quad8 ring element corner stressesfrom displacements.
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of the samples at {&, n} = {£Qg, +=g}. Evaluation of thefit at the corner and midpoint nodes yields

mT1 T Tz Ta T3
T T3 T, T3 Ta

Orrl Ozz1 0pg1 Orzl’]

Orr2 0zz2 0002 Orz2 Orr0 0720 0660 Orz0
Ty Tq T3 T2 T3 _ -
Orr3 0zz3 0003 Orz3 Orrl Ozz1 0pg1 Orzl
e Coun Corn O 1 [Ty T3 Ty T3 T _ -
rr4 Ozz4 Opo4 Orzd | = — Orr2 Ozz2 Opp2 Orzo | (12.37)
Orr5 Ozz5 09¢5 Orz5 Ta | Ta Ts Ts Te To

<_7rr3 5223 5993 6rz3

Orr6 0226 0996 Orz6 T Tg Ts Ts Ts S
rr4 Ozz4 0064 Orz4
Orr7 Ozz7 0997 Orz7 T, Te Te Ts Ts
L Orrg Ozz8 0998 Orz8 - LT, Ts Te To T

inwhich Ty Ty, T3, T4 and Ty are the same as in the 4-node quadrilateral module whereas Ts =
g(4 4+ 49 + wo) and Tg = g(—4 + 49 — wp). The default values used in the least-square fit are
wo = 0and g = 1/+/3, in which case {¢, n} = {£g, +g} are located at the sample points of the
2 x 2 Gauss product rule.

ClearAll[Em v, a,b,d,err,ezz,grz,ur,uz,r, z];
Em=2500; v=1/4; d=1; a=3; Db=2;
{err,ezz,err,grz}={3/80,-1/40, 3/ 80, 4/ 50} ;
ncoor ={{d, 0}, {a+d, 0}, {a+d, b}, {d, b}, {a/ 2+d, 0}, {a+d, b/ 2}, {a/ 2+d, b},
{d, b/ 2}};
Emat =Em ((1+v) *(1-2*v))*{{1+v, v, v, 0}, {v, 1+v, v, 0},
{v,v, 1+v, 0}, {0, 0, 0, 1/ 2- v} };
{err,ezz,err,grz}={3/80, -1/40, 3/ 80, 4/ 50} ;
ur[r_,z J:=err*r; uz[r_,z_]:=ezz*z+grz*r;
ue=Tabl e[ {0, 0}, {8}];
For [n=1, n<=8,n++, {rn,zn}=ncoor[[n]];
ue[[n]]={ur[rn, zn],uz[rn,zn]} ];
ue=Fl atten[ue]; Print["ue=", ue];
si ge=Quad8l soPR ngStresses[ ncoor, Emat, ue, {True}];
Print["Corner stresses=",sige//MatrixForni;

FIGURE 12.17. Test statements for stress recovery module Quad8IsoPRingStresses.

The moduleisinvoked as

Ke = Quad8IsoPRingStresses[ncoor,Emat,ue,options] (12.38)
The arguments are:
ncoor Node coordinates; same asin Quad8IsoPRingStiffness
Emat Elasticity matrix: same asin Quad8IsoPRingStiffness
ue Theelement nodedisplacementsarranged asaone-dimensiona list: {ur1,uz1,
ur2,uz2,ur3,uz3, ... ur8,uz8} representing the displacement vector
UW=[U1 Uz U2 Up U3z Ug ... Usg Ug]".  (12.39)
options Same as in Quad4IsoPRingStresses. The same defaults for omitted values
apply.
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As function value the modul e returns

sige computed corner stresses stored in a 8-entry, two-dimensional list:
{{sigrrl,sigzzl,sigttl,sigrzl}, {sigrr2,sigzz2,sigtt2,sigrz2},
... {sigrr8,sigzz8,sigtt8,sigrz8}} to represent the array shown on
the left hand side of (12.37).

Example 12.6. To be added |ater.
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Homework Exercisesfor Chapter 12

4- and 8-Node I so-P Quadrilateral Ring Elements

No Exercises constructed for this Chapter yet. The elements are used in Exercises 12.1 through 12.3.
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