Advanced FEM

8

Hybrid Variational
Principles:
Formulation

AFEM Ch8-Slide1




Advanced FEM

Hybrid Variational Principles. Where Do They Fit?

Single-field _ _
Variational Mixed: all mastersareinternal

. . I nt lly singlefield
e L e e e

Hybrid principle has multiple masters

Oneor more mastersareinterfacefields, a.k.a.
connector fields or ssimply connectors
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Advanced FEM

Unlike Traditional Variational Principles,
Hybrid Formulations Are Relatively Young

Continuum Mechanics Context
Prager 1967, to treat discontinuities
(jumps) at physical interfaces

Finite Element Context
Pian 1964
Pian and Tong 1969
Atluri 1975
Pian and Sumihara 1984

Neither Prager nor Pian were good salesmen,
so idea didnt get much attention until the mid 1980s
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Advanced FEM

Practically Important Because

The best perfor ming finite elementsin many
commercial codesare hybrid or trans-hybrid

However, theory is not fully developed and
documentation islagging
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Advanced FEM

Motivation for Hybrid Functionalsin FEM

Relaxed continuity requirements
Balanced accuracy (displacements and stresses)

Fit naturally in Direct Stiffness Method framework:
from the outside, stress-assumed hybridslook exactly
like displacement elements

How about mixed functionals?
In 2D or 3D may require non-condensable DOFs and hence dont

fit well into DSM-based commercia codes. Fine for 1D or special
purpose programs, for example those treating incompressible media

Combination of mixed+hybrid has not been fully explored
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Advanced FEM
Slicing the Potato through
an Internal Boundary

S UUS

(Thiswas Prager's concept; § was a surface of discontinuity)
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Advanced FEM

Traversing an Internal Boundary
(pictured in 2D for convenient visualization)

There are two sides to an internal boundary S , and two exterior normals
at each point of § , which go in opposite directions
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Advanced FEM

Breaking up Integrals Over the Sliced Potato

If g isthe projection over normal: g=f.n,andfis
continuous over S; , the interface integral vanishes
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Advanced FEM

Hybridization

General rule:

Hybrid Principle = Interior Functional +Interface Potential

For the Equilibrium Stress Hybrid Functional
(one of the simplest) theinterior functional isthe
Total Complementary Potential Energy:

Hc[Uij]=—%fGijCijke0kedV+/ Uioijnj dS= —Uc + W¢
\ S
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Advanced FEM

Recall the Weak Form Diagram of TCPE

for Linear Elastostatics

PBC:f(Q -u;) 80 nj dS=0
S

U interior 4 Body forces
0 . displacements } Ignorable

1 (only know as ] b

,  averages)

___________

BE:
KE:f(a?-a?)éou dv=0 oii+b =0 inV
vV Slave Master
{ s | CE e
i € 1e] = G t
""""" ! inVv
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Advanced FEM

The Equilibrium Stress Hybrid Functional

Add an interface potential term to TPCE. Thistermis
an integral over the interior boundary:
| nter face Potential

»
M [oij. ] = Mcloij] 4 maloij. di] = Hclojj] +Ldi gjn dS

Here d;, the second master, isthe interface displacement field.
Rewrite above as

Ml = —Uc + Wy

where W isthework potential:

Wde OiUij nde+fdi O‘ijnde
S S
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Advanced FEM

The Equilibrium Stress Hybrid Functional (cont'd)

(no textbook hasthisderivation right)

Eliminateinterior integral (Interface Potential) from theidentity

/diOijﬂ dSZ/diUijnde—/ diJijnde—f dioi,-nde
s 4 s S s

| nter face Potential

Replacein the work potential, and simplify (see explanation
in Notes) to get

Wd:/dioijr] ds —/ d|f|dS
. s S
over entire boundary! —¥

Wethusarriveat thefinal form of the Equilibrium Stress
Hybrid Functional

l_[dC[O'ij,di] = —%fdijcijkgakng+/di ai,-nde—f difidS
Vv S S
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Advanced FEM
Weak Form of StressHybrid Functional

(Note: diagram needsimprovement; suggestions welcome)

H PBC: Interface
() d =0 displacements
. I - M aster
on S, d
| E—
Interior Body forces
Fuzzy displacements b
dave (only know as
averages)
inV BE:|oij,j +bi =0
Slave Master inV

: o ~ Surface
Strains & = G jke Oke I Stresses tractions
; 0) A
€ inV / t

S
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Advanced FEM

The Chicken and Egg Story, Revisited

| nterface potential Interior functional

1"
Yo =

=, ‘w:'

#* Wd principle

FE discretization
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Advanced FEM
Schematics of FEM Derivation from

aHybrid Variational Principle

Separation of
eI ement interior
and "boundary

frame" fields
interior fields
wesakly linked by
(e) connector connector device
interface
noda —= fields
degrees of
freedom
onnector
dew ce
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Advanced FEM
The 4-Node Plane Stress Quadrilater al
Derived asan Equilibrium StressHybrid

(next lecture)

Constant thickness h and N34(Nas nY°’4)
compliance matrix C = E

Element interior Q°

n41(nx41’ ny41) nzs(nx23 nﬁ3>

Element boundary I ¢

N1o(Nkg2r Ny12)
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