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Chapter 6: THE HR VARIATIONAL PRINCIPLE OF ELASTOSTATICS 64

86.1. Introduction

In Chapter 3, amultifield variational principlewas defined asonethat has morethan one master field.
That is, more than one unknown field is subject to independent variations. The present Chapter
begins the study of such functionals within the context of elastostatics. Following a classification
of the so-called canonical functionals, the Hellinger-Reissner (HR) mixed functional is derived.

The HR principle is applied to the derivation of a couple of 1D elementsin the text, and others are
provided in the Exercises.

86.1.1. Mixed VersusHybrid

The terminology pertaining to multifield functionals is not uniform across applied mechanics and
FEM literature. Sometimes all multifield principles are called mixed; sometimes this term is
restricted to specific cases. This book takes a middle ground:

A Mixed principle is one where all master fields are internal fields (volume fields in 3D).

A Hybrid principle is one where master fields are of different dimensionality. For example one
internal volume field and one surface field.

Hybrid principles will be studied in Chapter 8 and 9. They are intrinsically important for FEM
discretizations but have only alimited role outside of FEM.

86.1.2. The Canonical Functionals

If hybrid functional sare excluded, threeunknowninternal fieldsof linear el astostaticsare candidates
for master fields to be varied: displacements u;, strains g, and stresses ;. Seven combinations,
listedin Table6.1, may bechosenasmasters. Theseare called thecanonical functional sof elasticity.

Table 6.1 The Seven Canonical Functionals of Linear Elastostatics

#  Type Master fields Name

() Singlefield Displacements Total Potential Energy (TPE)

(I Single-field  Stresses Total Complementary Potential Energy (TCPE)
(1) Single-field  Strains No name

(IV) Mixed 2field Displacements & stresses Hellinger-Reissner (HR)

(V) Mixed 2-field Displacements & strains No agreed upon name

(V1) Mixed 2-field Strains & stresses No name

(V1) Mixed 3-field Displacements, stresses & strains Veubeke-Hu-Washizu (VHW)

Four of the canonical functionals: (1), (1), (IV) and (VII), have identifiable names. From the
standpoint of finite element devel opment those four, plus (V), are most important although they are
not equal in importance. By far (1) and (1V) have been the most seminal, distantly followed by (l1),
(V) and (VII). Functionals (111) and (V1) are mathematical curiosities.

The construction of mixed functionals involves more expertise than single-field ones. And their
FEM implementation requires more care and patience.*

1 strang'sfamous dictumis* mixed elements|ead to mixed results” In other words: more master fields are not necessarily
better than one. Some general guides as to when mixed functionals pay off will appear as byproduct of examples.
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6-5 86.2 THE HELLINGER-REISSNER (HR) PRINCIPLE

L PBC:
0 Gi=l u b
onSg,
| E— — ]
KE: & = 3(Uuij +uj) BE:| cij.j +bi =0
inVv inV
CE: FBC:

o 0ij = Eijke e o oijn; = fi ¢
inVv ons

FIGURE 6.1. The Strong Form Tonti diagram for linear elastostatics, reproduced for
convenience.

For convenience the Strong Form Tonti diagram of linear elastostatics is shown in Figure 6.1.

86.2. TheHsélinger-Reissner (HR) Principle

86.2.1. Assumptions

The Hellinger-Reissner (HR) canonical functional of linear elasticity allows displacements and
stresses to be varied separately. This establishes the master fields. Two slave strain fields appear,
one coming from displacements and one from stresses:

e = T(Uij +uj), & = Cijke oke (6.1)
Here Cjj, aretheentries of the compliance tensor or strain-stress tensor C, which isthe inverse of

E. In matrix form thisise” = Co, whereC = E~!isa6 x 6 matrix of elastic compliances.

At the exact solution of the elasticity problem, the two strain fields coalesce point by point. But
when these fields are obtained by an approximation procedure such as FEM, strains recovered from
displacements and strains computed from stresses will not generally agree.

Three weak links appear: BE and FBC (as in the Total Potential Energy principle derived in the
previous Chapter), plusthelink between thetwo slave strainfields, whichisidentified asEE. Figure
6.2 depicts the resulting Weak Form.

Remark 6.1. The weak connection between €' and € could have been substituted by a weak connection
between o' and o. The results would be the same because the constitutive equation links are strong. The
choice of €' and & simplifies dlightly the derivations below.

86.2.2. TheWeak Equations

We follow the weigting residual technique used in Chapter 3 for the TPE derivation. Take the
residuals of the three weak connections shown in Figure 6.2, multiply them by Lagrange multiplier
fields and integrate over the respective domains:

/(quj —(—:«,"j)wijdV—i—/(mj,j +bi)w?dv+f(0ijnj —ﬁ)wf‘*dS:O (6.2
\ \% S
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FicURE 6.2. The starting Weak Form for derivation of the HR principle.

For conformity, wj; must beasecond order tensor, whereas w;" and w;** are 3-vectors. Theseweights
must be expressed as variations of either master: either displacements u; or stresses o;j, based on
work pairing considerations. The residuals of KE are volume forces integrated over V, and those
of FBC are surface forces integrated over S. Hence w;" and w;* must be displacement variations
to obtain energy density. Theresiduals of EE are strains integrated over V; consequently w;; must
be stress variations. Based on these considerations we set wij = doij, w' = —duj, w™ = 8u;,
where the minus sign in the second one is chosen to anticipate eventual cancellation in the surface
integrals. Adding the weak link contributions gives

/(QUJ —q(g)&ﬂj dv —/‘(Uij’j + bi) du; dV-l—/(O’ijnj —fi)SUi dS=0. (6.3
\Y \Y S

Next, integratetheo;; jéu; term by partsto eliminate the stress derivatives, split the surface integral
into §, U §, and enforce the strong link u; = 0; over §;:

—fai“-Sui dV=/ai,-Se,“j dV—/ai,-n,- Su; dS
\% \ S
y 0
=/oi1-8e,jdV—/ UijandS—f oijnj 5UidS (64)
v S S
Z/Oij8quj dV—/Gijnj 8UidS.
\% S
inwhich se; means the variation of §3(u; j + Uj,i) = 3(8u; j + 8Uj,), asin §5.9.2.

Upon simplification of the cancelling termso;; nj éu; on § weend up with thefollowing variational
statement, written hopefully as the exact variation of afunctional Iyg:

5HHR=/ [ (&% —€}) 8aij + aij 5, — by 5ui]dV—/ﬁ8uidS. (6.5)
Y% S
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6-7 86.2 THE HELLINGER-REISSNER (HR) PRINCIPLE

86.2.3. The Variational Form
And indeed (6.5) isthe exact variation of

Myr[U;, 0ij] =/ (o1&} — 26i; Cijkeoke — biui ) dV —/ fiu dS. (6.6)
\Y; S

Thisis called the Hellinger-Reissner functional, abbreviated HR.? It is often stated in the literature
as

Myr[Ui, 0ij] = /[—U*(Gij) +0ij3(Uij +Uj) — bu]dV —/ fiui ds, (6.7)
v S
in which
U*(0i}) = 50ijCijkeoke = 301, (6.8)
is the complementary energy density in terms of the master stressfield.
In FEM work the functional is usually written in the split form

IMhr = Upr — WhR, in which
u 1 (6.9)
Unr :f (dijef} — 50i;Cijkeoke) AV, Wi 2/ biu; dV -l-/ fiu ds.
\% \ S
The HR principle states that stationarity of the total variation
SMMpr =0 (6.10)

provides the KE and EE strong links as Euler-Lagrange equations, whereas the FBC strong link
appears as a natural boundary condition.

Remark 6.2. To verify the assertion about (6.5) being the first variation of TTyg, note that

3(cij€) = €] aij + oij 3€l], 8(30i;Cijkeoke) = Cijkeoke 80ij = & doij. (6.11)

86.2.4. Variational Indicesand FEM Continuity Requirements

For a single-field functional, the variational index of its primary variable is the highest derivative
m of that field that appears in the variational principle. The connection between variational index
and required continuity in FEM shape functions was presented (as recipe) in the introductory FEM
course (IFEM). That course considered only the single-field TPE functional, in which the primary
variable, and only master, isthe displacement field. It was stated that displacement shape functions

2 Thebasicideawas contained in thework of Hellinger: E. Hellinger, Die allgemeine Ansétze der Mechanik der Kontinua,
Encyklopaadia der Mathematische Wissenchaften, Vol 4%, ed. by F. Klein and C. Miiller, Teubner, Leipzig, 1914. As
a proven theorem for the traction specified problem (no PBC) it was first given by Prange: G. Prange, Der Variations-
und Minimal Prinzipe der Statik der Baukonstruktionen, Habilitationsschrift, Tech. Univ. Hanover, 1916. Asacomplete
theorem containing both PBC and FBC it was given much later by Reissner: E. Reissner, On a variational theorem in
eadticity, J. Math. Phys., 29, 90-95, 1950.
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Chapter 6: THE HR VARIATIONAL PRINCIPLE OF ELASTOSTATICS 68

must be C™1 continuous between elements and C™ inside. For the bar and plane stress problem
covered in IFEM, m = 1, whereas for the Bernoulli-Euler beam m = 2.

In multifield functionalsthe variational index concept appliesto each varied field. Thusthereareas
many variational indicesas master fields. Inthe HR functional (6.9) of 3D elasticity, the variational
index my of the displacements is 1, because first order derivatives appear in the slave strains ei“j .
The variational index m, of the stresses is 0 because no stress derivatives appear. The required
continuity of FEM shape functionsfor displacementsand stressesisdictated by theseindices. More
precisely, if TTyg isused as source functional for element derivation:

1. Displacement shape functions must be C° (continuous) between elements and C* inside (con-
tinuous and differentiable).

2. Stress shape functions can be C~* (discontinuous) between elements, and C° (continuous)
inside.

PBC: /(ui — ) 8t°dS
S M

\“ aster

Q u b
/(aijn,- —ﬂ) UidS=0
S

KE: & =2(uij+u)
inV

BE: /(oi,-,,-+bi)8ui dv=0
\

FBC:
/(Oijnj —f)suids=0

Slave 1 o F 8
P Rk £
. i inVv

Master

Figure 6.3. WF diagram for displacement-BC-generalized HR, in which PBC is weakened.

86.2.5. Displacement-BC Generalized HR

If the PBC link (displacement BCs) between u; and (; isweakened asillustrated in Figure 6.3, the
functional TTyr generalizesto

HgR = [1lur —/ oijni (Ui — 0;i) dS = xR —/ t7(ui — 0;)dS. (6.12)
S S

inwhich ojjn; = t7 isthe surface traction associated with the master stressfield.
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6-9 86.3 APPLICATION EXAMPLE 1: TAPERED BAR ELEMENT

86.3. Application Example 1. Tapered Bar Element

In this section the use of the HR functional to construct a very simple finite element isillustrated.
Consider a tapered bar made up of isotropic elastic material, as depicted in Figure 6.4(a). The
X1 = X axisis placed along the longitudinal direction. The bar cross section area A varies linearly
between the end node areas A; and A,. The element has length L and constant elastic modulus E.
Body forces are ignored.

(@)

(b)

Figure 6.4. Two-node tapered bar element by HR: (@) shows
the bar as a 3D object and (b) asa FEM model.

The reduction of the HR functional (6.6) to the bar case furnishes an instructive example of the
derivation of a structural model based on stress resultants and Mechanics of Materials approxima-
tions.

Inthetheory of bars, theonly nonzero stressiso1; = oyx, Which will bedenoted by o for smplicity.
The only interna force isthe bar axial force N = Aoyx. The only displacement component that
participates in the functional is the axial displacement uy, which is only a function of x and will
be simply denoted by u(x). The value of the axial displacement at end sections 1 and 2 is denoted
by u; and uy, respectively. The axial strain is e;17 = ey, which will be denoted by e. The
strong links are e¥ = du(x)/dx = u’, where primes denote derivatives with respect to x, and
e =o/E=N/(EA). Wecdl N" = EAe" = EAU, €tc.

Asfor as boundary conditions, for afree (unconnected) element § embodies the whole surface of
the bar. But according to bar theory the lateral surface is traction free and thus drops off from the
surfaceintegral. That leavesthetwo end sections, at which uniform longitudinal surfacetractionsfy
are prescribed whereas the other component vanishes. On assuming a uniform traction distribution
over theend cross sections, wefind that thenodeforcesare f; = —t, 1 A atsectionland fo =t o Ay
at section 2. (The negative sign in thefirst one arises because at section 1 the external normal points
along —x.)

Plugging these relations into the HR functional (6.6) and integrating over the cross section gives

N2
(Nu’ — 2EA) dx — fiu; — fou,. (6.13)

Musfu. N] = [

L

Thisis an example of a functional written in term of stress resultants rather than actual stresses.
The theory of beams, plates and shells leads also to this kind of functionals.
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Chapter 6: THE HR VARIATIONAL PRINCIPLE OF ELASTOSTATICS 6-10

86.3.1. Formulation of the Tapered Bar Element

We now proceed to construct the two-node bar element (e) depicted in Figure 6.3(b), from the
functional (6.13). Define& isanatural coordinatethat variesfromé = —l1atnodeltoé = 1latnode
2. Assumptions must be made on the variation of displacements and axial forces. Displacements
are taken to vary linearly whereas the axial force will be assumed to be constant over the element:

el—§ 1+§

u(x)%ulTjLu(ze) o

These assumptions comply with the C° and C~* continuity requirements for displacements and
stresses, respectively, stated in 86.2.4. Inserting (6.13) and (6.14) into the functiona (6.12) and
carrying out the necessary integral over the element length yields®

N(x) ~ N© (6.14)

Ne© T _% 1 17 N® 0 1" IN®
I I A I I B B I 619
u, 1 0 O ) f2 Uz
in which A A
Am = 1(A1+ Ap), =" Jog=2, 6.16
m 2( 1+ 2) Y AZ_Al gAl ( )

Notethat if the element is prismatic, A; = A, = An, and y = 1 (takethelimit of the Taylor series
for y).
For this discrete form of H,(j’,)q, the Euler-Lagrange equations are simply the stationarity conditions

(® ® (®
Mpyr _ Mg _ dllpg

4 = = =0, (6.17)
IN©  5u®  fuy
which supply the finite el ement equations
_yL 14 N®© 0
EA
1" oo of|uw =] (6.18)
1 0 oJ[uy f,”

Thisisan exampleof amixed finiteelement, wherethequalifier “ mixed” impliesthat approximations
are made in more than one unknown internal quantity; here axial forces and axial displacements.

Because the axial-force degree of freedom N© s not continuous across elements (recall that C—1
continuity for stress variablesis allowed), it may be eliminated or “condensed out” at the element
level. The static condensation process studied in IFEM yields

EA 1 _1 u(e) —f(e)
Sela Tle] -] (619
or )

K®u® = {®, (6.20)

These are the element tiffness equations, obtained here through the HR principle. Had these
equations been derived through the TPE principle, one would have obtained a similar expression
except that y = 1for any end-arearatio. Thusif the element isprismatic (A1 = A, = Ay) theHR
and TPE functionals lead to the same element stiffness equations.

3 Derivation details are worked out in an Exercise.
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6-11 86.3 APPLICATION EXAMPLE 1: TAPERED BAR ELEMENT

Table 6.2 Results for one-element analysis of fixed-free tapered bar

Arearatio u, fromHR u, from TPE Exact u,
A/A=1 PL/(EAm) PL/(EAm) PL/(EAm)
Ar/A; =2 1.0397PL/(EAN) PL/(EAm) 1.0397PL/(EAM)
Ai/A; =5 1.2071PL/(EAM) PL/(EAm) 1.2071PL/(EAM)

86.3.2. Numerical Example

To give asimple numerical example, suppose that the bar of Figure 6.2 is fixed at end 1 whereas
end 2 isunder agiven axia force P. Results for sample end arearatios are given in Table 6.2. It
can be seen that the HR formulation yields the exact displacement solution for all arearatios.

Also notethat the discrepancy of the one-element TPE solution from the exact one grows asthearea
ratio deviates from one. The TPE elements underestimate the actual deflections, and are therefore
on the stiff side. To improve the TPE results we need to divide the bar into more elements.

86.3.3. TheBar Flexibility
From (6.19) we immediately obtain

yL
EAn

Uz — U = (fa— 1) =F(fa— fp) (6.21)
This called a flexibility equation. The number F = yL/(EA.) is the flexibility coefficient or
influence coefficient. For more complicated elementswewould obtain aflexibility matrix. Relations
such as (6.21) were commonly worked out in older books in matrix structural analysis. The reason
isthat flexibility equations are closely connected to classical static experimentsin which aforceis
applied, and a displacement or elongation measured.

6-11



Chapter 6: THE HR VARIATIONAL PRINCIPLE OF ELASTOSTATICS 6-12

86.4. Application Example 2: A Curved Cable Element

86.4.1. Connector Elements

The HR functional is useful for deriving a class of elements known as connector elements.* The
concept isillustrated in Figure 6.5(a). The connector nodes are those through which the element
links to other elements through the node displacements. These displacements are the connector
degrees of freedom, or simplethe connectors. The box modelstheintrinsic response of the element;
if it isbest described in terms of response to forces or stresses, as depicted in Figures 6.5(b,c), itis
called aflexibility box or F-box.

(@) Connectors (o)
u, f; U, f,
o = a2 f ibili far
Flexibility Flexibility
Ol Box 02 “7 Box
(0) Force-displacement (d)

response of F-box Discrete element equations from HR Principle:

A I

~Tangent , Connector Internal force Zero
Tangent Flexibility | matrix G increment Af
flexibility — [ -===--- il I IR =
FT:;;f /od Transpose ! Null Connector Node force
of G i matrix DOF incremts increments
d | Ay, Au, Af,, Af,

Figure 6.5. A connector element (sketch) devel oped with the help of the HR principle.

In many applications the box response is nonlinear. Examples are elements modelling contact,
friction and joints. If thisisthe only place where nonlinear behavior occur, the flexilibity element
actsasadevicetoisolatelocal nonlinearities. Thisisan effectiveway to reuselinear FEM programs.

Consider for ssimplicity aone-dimensional, 2 node flexibility element asthe one sketched in Figure
6.5. The connector nodes are 1 and 2. The connector DOF are the axial displacements u; and u..
Therelative displacement is A = u, — U;. The kernel behavior is described by the response to an
axial force f, aspictured in Figure 6.5(c):

d = F(f). (6.22)
The tangent flexibility is
od  9F(f)

Fr = FrY: (6.23)

Application of the HR principle leads to the tangent equation

- -11 Af 0
[_1 0 OMM}: [An} 624
1 0 0 AU Afz

4 Hybrid elements, covered in Sections 8ff, are also useful in thisregard. Often thetwo approaches|ead toidentical results.
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6-13 86.4 APPLICATION EXAMPLE 2: A CURVED CABLE ELEMENT

where A denote increments.® Condensation of Af asinternal freedom gives the stiffness matrix
Kt —K+ AU, . Afl

[—KT Kr ][Auz] - [Afz (6.25)

This result could aso been obtained directly from physics, or from the displacement formulation.
However, the HR approach remains unchanged when passing to 2 and 3 dimensions.

E(1000'
TV tower | ” 9.39;;?6., ‘
i, Y
=
Restaurant FL842" ~ b [a o&x\s
15,364 k l Total vertical load @ E( 770’ - F(800' oS
2 (770 B £
Tower D. C. 62 k/ft
F( 700 X

Sec Properties (Between EL. 102' to 800')
Plain J A =407 ft*
Conc ) Ixx = Iyy = 31,500 ft*

With reinf. steel (#18@16 E.F.)
n = 6 transformed properties

A =431 ft?
Ixx = Iyy = 33,800 ft4

TOWER CROSS SECTION

‘ 64"
Section at midspan
A=37ft Wt=6k/ft
Ixx = 440 ft*

100

|

Section at supports

A =54t Wt=8.5k/ft
Ixx = 1165 fl‘4

CROSS SECTION of 3 PEDESTRIAN BRIDGES

= 6O e
S o SIS
=0 G o o o
R S SR SOOI PPN

Sect properties (below EL 102') . . o . _
A = 778 fi? With Reinf steel (#18 @ 16" o.c. E.F.) n=6

Plain transformed properties
Cone Ixx =Iyy =150,000 ft* 7 84{0ft2 Frop
Tower D. C. = 117 k/ft Ixx =Iyy = 158,5ooft4

Figure 6.6. 1000-ft guyed tower studied in 1967 for the South Florida coast.

86.4.2. A Curved Cable Element
As an application consider the development of a curved cable element used to model the guy and
hanger members of the tower structure shown in Figure 6.6(a).°

Figure 6.7(a) shows atwo-dimensional FEM model, with 62 nodes and 3 freedoms per node.” To
cut down the number of elements along the cable members, a curved cable element, pictured in

5 Thefirst entry of the right hand side has been set to zero for simplicity. Generally it is not.

6 A 1000-ft guyed tower proposed for the South Florida coast by agroup of rich Cuban expatriates and dubbed the “ Tower
of Freedom” as it was supposed to serve as a guide beacon for boats escaping Cuba with refugees. The preliminary
design of Figure 6.6 was made by awell known structural engineering company and dated June 1967. Ray W. Clough
and Joseph Penzien were consultants for the verification against hurricane winds. Analyzed using an ad-hoc 2D FEM
code by Mike Shears and the writer, who was then a post-doc at UC Berkeley, July—September 1967. The project was
canceled as too costly and plans for a 3D cable analysis code shelved.

7 The structure has 120° circular symmetry. Reduced to one plane of symmetry (plane of the paper) by appropriate

projections of the right-side (windward) portion.

6-13



Chapter 6: THE HR VARIATIONAL PRINCIPLE OF ELASTOSTATICS 6-14

Figure 6.7. (a): 2D FEM model of guyed tower of Figure 6.6 for vibration and dynamic
analysis under hurricane wind loads (1967); (b): curved cable element developed
to model the guy and hanger cables with few elements along the length.

Figure 6.7(b) was constructed. The method that follows illustrates the application of the flexibility
approach to connector elements.

The element has two nodes, 1 and 2. The distance 1-2 is the chord distance c. The actual length
of the strained cable elementisL, so L > c¢. Theforce H along the chord is called the thrust. H
and the chord change Ac play therole of f and d, respectively, in the flexibility response sketched
in Figure 6.5. The cable is subjected to a uniform transverse load w,, specified per unit of chord
length. (The load is usually a combination of self-weight and wind.) The elastic rigidity of the
cable is E Ap, where E is the apparent elastic modulus (which depends on the fabrication of the
cable) and Ag the origina structural area.

The following simplifying assumptions are made at the element level:
1. Thesagissmall compared to chord length: s < ¢/10, which characterizes ataut element.®

2. Theload wy isuniform. As a consequence, the transverse reaction loads at nodes are Q/2,
with Q = wyc. See Figure chapdot7(b).

3. Q = wpcisfixed evenif c changes. Thisisexact for self weight, and approximately verified
for wind loads.

4. The effect of tangential loads (along the chord) on the element deformation is neglected.

5. Hooke's law appliesintheform L — Lo = H/(EAg), where L is the unstrained length of
the element.

Under the foregoing assumptions, the cable deflection profile is parabolic, and we get

Qc H 8s? ¢ l+En
s==, L=Lo(l+—)=ct+->, —=— "0 6.26
8H °< +EA0) T3z Lo Q? (6.26)
24H

8 If this property is not realized, the cable member should be divided into more elements. Dividing one element into two
cuts ¢ and s approximately by 2 and 4, respectively, so s/c isroughly halved.

6-14



6-15 86.4 APPLICATION EXAMPLE 2: A CURVED CABLE ELEMENT

The first equation comes from moment equilibrium at the sagged element midpoint C, the second
from the shallow parabola-arclength formula, and the third one from eliminating the sag s between
the first two. Differentiation gives the tangent flexibility

Q%Lg H
ac Lo 1 12H°3 <1+ EAo)
FT = — = +

dH ~ EAg Q2 o? \’
1 &
T 2r <l+ 24H2>
For most structural cables, H << E Agand (Q/H)?<<1. Accordingly the aboveformulasimplifies

to
Lo , QLo

 EAy 12H¥
which was used in the 1967 dynamic analysis at Berkeley. If Q — 0or H — o0, (6.28) reduces
to the flexibility Lo/(E Ag) of alinear bar element, as can be expected. Replacing into (6.24) and
condensing out AH gives the tangent local stiffness matrix of the cable element as (6.25), where
u; and u, are axial displacements at nodes 1 and 2 along the chord, and K+ = 1/Fy. This matrix
relation can be transformed to the global coordinate system in the usual manner.

(6.27)

Fr

(6.28)
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Homework Exercisesfor Chapter 6

The HR Variational Principle of Elastostatics

EXERCISE 6.1 [A:10] Derivethe Euler-Lagrange equations and natural BCs of ITyr givenin (6.-3).

EXERCISE 6.2 [A:20] As shown in Table 6.1, the tapered bar HR model derived in 86.3 gives the exact
end displacement with one element. But the assumed linear-displacement variation does not agree with the
displacement of the exact solution, which is nonlinear in x if Ay # A,. Explain this contradiction. Hint: a
variational freak; integrate the Nu’ termin (6.13) by parts and use the fact that the exact solution has constant
N.

EXERCISE 6.3 [A:25] Construct the HR functional for the cable element treated in §6.4.2. Hint: construct
the complementary energy function of the F-box.

EXERCISE 6.4 [A:15] Show that if the master oj; is replaced by the slave i} = Ejjic€} with e =
(Ui,j 4+ Uuj)/2, the HR functional reduces to the TPE functional.

EXERCISE 6.5 [A:25] Derivethe Tota Complementary Potentia Energy (TCPE) functional of linear elas-

tostatics

UijCinZUké dv —|—/ oijn; G; dS, (E6.1)
Su

by choosing stresses as the only primary field. Choose BE, FBC, and the right-to-left constitutive equations

[the strain-stress relations & = Cijkeoke ] as strong connections whereas KE and PBC are weak connections.

Notice that the displacement field u; does not appear in this functional; only the prescribed displacements ;.

Mrcpeloij] = —%/

\%

EXERCISE 6.6 [A:30] Derivetheanonymousfunctional I1s[e ;] based on strainsasonly primary field. Take
all connections as strong except the constitutive equations. Note: this functional seems to appear in only one
book,® and therein only as acuriosity. It isweird looking because of its abnormal simplicity:

Ig[ej] = /(Uij — 3Eijkeaq) & dV. (E6.2)
v

That’s right, no boundary terms, and o;; is here a data field!

9 J. T. Oden and J. N. Reddy, Variational Methods in Theoretical Mechanics, Springer-Verlag, Berlin (1982).
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617 Solutions to Exercises

Homework Exercisesfor Chapter 6
Solutions

EXERCISE 6.1
Not assigned.

EXERCISE 6.2
Integrate the Nu’ term by parts:

L N2 L N2 L
nHR=/ (Nu/— )dx—flul—fzuzz —/ dx—/ UN’ dx+ Nulb — fyuy— fou, (E6.3)
o 2EA o 2EA o 0

The exact solution isconstant N, which isassumed in the element. Thus N’ = 0 and the functional reducesto

L 2
N
MMyr = — dx + N(u, — uy) — fiug — fou,. E6.4
HR /;2EA + N(uz —uy) 1up — fhup ( )

The internal u(x) has disappeared, and the axial displacements only come in through their end values u; and
U,. Therefore, it does not matter what is taken for the displacement field inside the element as long as a
constant N isassumed. Thisisavariational freak since it applies only to that specific example problem.

EXERCISE 6.3
Not assigned.

EXERCISE 6.4 Theweak linksare (cf. Figure E6.1):
q“j —€;=0 inV, G —u =0 on§g, (E6.5)

where ei“j = %(ui,j +u;;) and €& = Cijkeoke- Multiply the residuals (E6.5) by doij and 8t = doj;n; and
integrate over V and S,, respectively:

/(eiL‘j—q"j)SoijdV—F/(l]i—ui)éoijnjd8=0. (E66)
\ Su
Apply the divergence theorem to the first term on the left:

0
/qu] 50’ijdV=/ %(Ui,j —|—uj,i)60ijdV:—/ui SG%dV-F/Ui szjnde, (E6.7)
\% \% \% S

in which the indicated term vanishes because the BE are strongly satisfied: §(oij j + by) = 80ij,j = 0in V.
Replacing into (E6.6) gives

5HTCPE=/—Cijkgdkgadijdv+fui Soijnde—l-/ (G —Ui)(SO'ijnde= 0. (E6.8)
Y S S

Split the Sintegral over § and §,. Over § we can set §ojjnj = &(oijnj) = 8t = 0 because the FBCs are
strongly satisfied. Theintegrals of u; 8oi; nj over §, cancel out and we are |eft with

5HTCPE = —/ Cijkgakg 5Oij dv +/ lji (Smjnj ds=0. (E69)
\ S

Thisisthe exact first variation of the complementary energy functional (E6.3).
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/ (0, —ui)Bai,-nj dsS=0
S

Q \ . u  lgnorable b

............... —
oij,j + b=0
/(g”.—qﬁ)aaijdvzo inV
v SIevE Master FBC:
CE: aijn; = N
o
& 0ij = Eijke e on§ t
inV
Figure E6.1. Departure Weak Form to derive the TCPE functional.
EXERCISE 6.5 Theonly weak connection isoij = E;jjk.ex. We begin as above, trying
8Ms = /(Uij — Ejjkee) 665 dV, (E6.10)
\%
where oi; must be viewed asadatafield.’ Thisisthe exact variation of
[Is(e)) = f(Uij — 3Eijkeaq) & dV. (E6.11)
\Y

And thisisthe end. No further progress can be made. Thisisthe only canonical functional of easticity that
contains no boundary integrals.

In the Exercise statement it was noted that functional TTs has limited practical value. The reason is that al
of the difficult field equations are taken as strong. The stress field must satisfy both equilibrium equations
and stress BC point by point a priori, while the strain field must be compatible with a displacement field
that satisfies the displacement BC. The only relaxation of the governing equations pertains to the constitutive
equations.

L E17A E27A E%A .
T
Ly ‘ Lo ‘ L3 !

Figure E6.2. Application of the strain-only canonical
functional to material homogenization.

Nevertheless the principle may be occasionaly useful in material homogenization, as the following simple
example illustrates. Consider a bar of uniform cross section A andtotal length L = L; + L, + L3 made up
of three materials with elastic moduli E,, E; and Ejz, respectively. Using the functional ITs, find an average
modulus E.

10 Why? Because the stresses must satisfy the volume equilibrium equations and the surface traction BC a priori. Thusthe
stress field must be known at every pointin V.

6-18



6-19 Solutions to Exercises

To carry out the homogenization process, assume that the bar is under a constant axial stressfieldo = P/A
(see Figure E6.2), which obviously satisfies all stress equilibrium equations and surface traction boundary
conditions. The average strain e = E~1o istaken as the only unknown to be varied in Is:

Ms(e) = ALoe— 2 A(EiL1 + EpL, + Esla)e™. (E6.12)
The condition §TTs = 0 gives dI1s/de = O, from which

L E_7 _ EiL; + Ezlo+ Esls

e= , E6.13
EiL, + E,L,+ Eslgs e L (E6.13)

This technique essentially amounts to equating the strain energies absorbed by the actual and homogenized
(fictitious) bars. Note that the displacement field does not appear in this statically determinate problem.
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