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The Seven Canonical Functionals of 
Linear Elastostatics

Advanced FEM

# Type Master fields Name

(I) Single-field Displacements Total Potential Energy (TPE)
(II) Single-field Stresses Total Complementary Potential Energy (TCPE)
(III) Single-field Strains No name
(IV) Mixed 2 field Displacements & stresses Hellinger-Reissner (HR)
(V) Mixed 2-field Displacements & strains No agreed upon name
(VI) Mixed 2-field Strains & stresses No name
(VII) Mixed 3-field Displacements, stresses & strains Veubeke-Hu-Washizu (VHW)
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The Strong Form of the Tonti
Diagram for Elastostatics
(Equations written in indicial form)

KE: BE:

PBC:

CE: FBC:
σi j = Ei jk� ek�

in V

σi j, j + bi = 0
in V

eij = 1
2 (ui, j + uj,i )

in V

ui = ûi

on Su

σi j n j = t̂i
on St

t̂

û u

e

b

σ
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The Weak Form for Derivation of the 
Hellinger-Reissner (HR) Mixed Functional

Advanced FEM

σi j = Ci jk�e k�
σ

σ

Master

Master

Slave

Slave

= 0
∫

V
(eu

i j − ei j ) δσi j dV

δui

= 0
∫

(σi j n j − t̂i ) δui d S
StCE: 

in V

ui = ûi

on Su

t̂

û u b

σ

eu

eσ

EE:

BE:

FBC:

PBC:

KE: eij = 1
2 (ui, j + uj,i )

in V ∫
V

(σi j, j+ bi ) dV = 0
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Derivation of the HR Mixed Functional

∫
V

(eu
i j − eσ

i j )w

w w w

i j dV +
∫

V
(σi j, j + bi )w

∗
i dV +

∫
S
(σi j n j − t̂i )w

∗∗
i d S = 0

i j = δσi j , ∗
i = −δui ,

∗∗
i = δui ,∫

V
(eu

i j − eσ
i j ) δσi j dV −

∫
V

(σi j, j + bi ) δui dV +
∫

S
(σi j n j − t̂i ) δui d S = 0.

−
∫

V
σi j, j δui dV =

∫
V

σi j δeu
i j dV −

∫
S
σi j n j δui d S

=
∫

V
σi j δeu

i j dV −
∫

Su

σi j n j δui d S↗0
−

∫
St

σi j n j δui d S

=
∫

V
σi j δeu

i j dV −
∫

St

σi j n j δui d S.

Use Divergence Theorem to get rid of stress derivatives

Multiply weak link residuals by weight functions & integrate

Apply work pairing

DT
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Derivation of the HR Mixed Functional (cont'd)

Replace DT result to get the variational statement

This is the exact first variation of

Often written in literature as

δ�HR =
∫

V

[
(eu

i j − eσ
i j ) δσi j + σi j δeu

i j − bi δui
]

dV −
∫

St

t̂i δui d S

�HR =
∫

V

(
σi j e

u
i j − 1

2σi j Ci jk�σk� − bi ui
)

dV −
∫

St

t̂i ui d S

�HR =
∫

V
[− (σi j ) + σi j

1
2 (ui, j + uj,i ) − bi ui ] dV −

∫
St

t̂i ui d S

(σi j ) = 1
2σi j Ci jk�σk� = 1

2σi j e
σ
i j

the complementary energy density in terms of the master stresses

U∗

U∗

Advanced FEM

where
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The HR Functional (cont'd)

In FEM work it is often split into internal + external energies

�HR = UHR − WHR

UHR =
∫

V

(
σi j e

u
i j − 1

2σi j Ci jk�σk�

)
dV

WHR =
∫

V
bi ui dV +

∫
St

t̂i ui d S

δ�HR = 0

Variational principle:

This principle yields the weak internal connections as Euler-
Lagrange equations, and the weak BCs as natural BCs

Advanced FEM
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Variational Indices of Master
Fields of HR Functional

Displacement variational index: 1

Stress variational index: 0

Consequence for FEM model development:

   Displacements must be interelement continuous,
       that is,  class C  ,  but derivatives need not be

   Stresses may be discontinuous between elements,
       that is,  class C

0

−1
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HR Application Example: Tapered Bar Element
Advanced FEM

1 2

1 2 2 2

A1
A2

L

E
ξ

x

y

z

11u , f 2 2u  , f

(a)

(b) ξ = −1 ξ = +1

A =  A            +A 1 − ξ 1 + ξ
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Tapered Bar Element HR Formulation

�HR[u, N ] =
∫

L

(
Nu′ − N 2

2E A

)
dx − f1u1 − f2u2

≈ u1

1 − ξ

2
+ u2

1 + ξ

2

¯

�HR = 1
2

[
N̄
u1

u2

]T

− γ L

E Am
−1 1

−1 0 0
1 0 0


[

N̄
u1

u2

]
−

[
0

f1

f2

]T [
N̄
u1

u2

]

Am = 1
2 ( A1 + A2)   and γ = Am

A2 − A1
log

A2

A1

HR Functional in terms of displacement and axial force

Axial displacement assumption: piecewise linear over element

Axial force assumption: constant over element

Insert in functional to get algebraic form with 3 DOFs:

where

Advanced FEM

(e)

(e)

(e)

(e)

(e)

(e)

(e)

(e)

(e)

(e)

(e)

(e)

(e)(e)

(e)

N (x) ≈  N

u (x) 
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Tapered Bar Element HR Formulation (cont'd)
Apply stationarity conditions wrt element DOFs:

∂�HR

∂ N̄
= ∂�HR

∂u1

= ∂�HR

∂u2

= 0


− γ L

E Am
−1 1

−1 0 0
1 0 0


[

N̄
u1

u2

]
=

[
0

f1

f2

]

E Am

γ L

[
1 −1

−1 1

] [ u1

u2

]
=

[ f1

f2

]

to get the finite element equations

The axial force DOF may be statically condensed because
it does not couple with other elements:

K u = for

Advanced FEM

(e)

(e) (e)

(e)

(e)

(e) (e)

(e)(e)

(e)

(e)

(e)

(e)

(e) (e)(e)

(e)

(e)
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Results for one-element analysis of fixed-free bar

Area ratio u2 from HR u2 from TPE Exact u2

A1/A2 = 1 P L/( E Am) P L/( E Am) P L/( E Am)
A1/A2 = 2 1.0397P L/( E Am) P L/( E Am) 1.0397P L/( E Am)
A1/A2 = 5 1.2071P L/( E Am) P L/( E Am) 1.2071P L/( E Am)

A1
A2

P, u

L

1
2

Errors in stress σ = N/A can be much higher, 
e.g. 200% for area ratio 5

Advanced FEM
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HR for Connector Elements
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1 2

u1, f1 u2, f2 

Flexibility
Box

Flexibility
Box

Connectors

f f

d

d/2 d/2

f
−Tangent      Connector       Internal  force             Zero
Flexibility     matrix  G         increment ∆f                     

Transpose       Null              Connector                Node force
of G                 matrix          DOF incremts           increments
                                              ∆u  , ∆u                    ∆f  , ∆f  

Tangent
flexibility
F =

 1  12 2

=
Τ

Force-displacement
 response of F-box

(a)

(c)

(b)

(d)

∂ f/∂d

Discrete element equations from HR Principle:
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Cable Structure (Proposed 1967) Example
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��������

El 1000'

El 842'
El 800'

El 770'

El 700'

El 480'

El 6'

El 102'

15,364 k     Total vertical load @ El 770'

Tower D. C. 62 k/ft

Sec Properties (Between El. 102' to 800')

Plain
Conc

With reinf. steel  (#18@16 E.F.)
n = 6 transformed properties

Sect properties (below El. 102')

Plain
Conc

Tower D. C. = 117 k/ft

Guy N
o. 3 (12.3 1/2" φ strands)

H
anger N

o. 2 

(8.3" φ strands)

H
an

ger N
o. 1 

(8.3" φ stran
ds)

Guy N
o. 2 (12.3 1/2" φ strands)

A = 778 ft
Ixx = Iyy = 150,000 ft

2
4

With Reinf steel (#18 @ 16" o.c. E.F.)  n=6
transformed properties 
A= 840 ft
Ixx = Iyy = 158,500 ft

2
4

A =407 ft
Ixx = Iyy = 31,500 ft

2

4

A = 431 ft

Ixx = Iyy = 33,800 ft

2

4

TV tower

Restaurant

LagoonPedestrian bridge

39'.0"

17
'.0

" 1'.10"2'
.8

"

18'.0" r
adius

4'.9"

5'
.3

"

9'.6"

Y

X

3'.0"

4'.9"

TOWER CROSS SECTION

Section at supports
A = 54 ft   Wt=8.5 k/ft
Ixx = 1165 ft

20'.0"

10"

6"

6"

6'.8"

8"

18
'.0

"

2

Section at midspan
A = 37 ft   Wt= 6 k/ft
Ixx = 440 ft

6'-4"

10
'.0

"

20'.0"

6"

6"

1'
.6

"

2
4

4

CROSS SECTION of 3 PEDESTRIAN BRIDGES
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Cable Structure FEM Model Advanced FEM
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Curved Cable Element
Advanced FEM

∆c

Q/2

Q/2

H

H

s (sag)

c

2

1
wn

α
Horizontal

C
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