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Advanced FEM

The 3D Elasticity Problem

n: exterior normal to S

N
S On=

VolumeV
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Advanced FEM

body forcesb in volume V
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Advanced FEM

Governing Equations of Elastostatics

Acr  Valid Compact Matrix Component
tensor form form (indicial) form
KE inV e=3V+V').u=D-u e=Du 8 = 3(uj +u,)
CE inV o=E-e oc=Ee 0ij = Eijke e
BE inV V-o+b=0 D'o+b=0 oijj+bi =0
PBC onS§ u=~0 u==a Ui = U
FBC on$§ g-n:an:t:f Pho=o,=t=t aijnj:ani:ti:fi
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Advanced FEM
The Tonti Diagram - Generic Form

Primary
o L boundary
S??rcr:gred conditions | Primary Source
\eariablg variable FIELD function
EQUATIONS
N T
Kinematic Balance or
equations equilibrium
equations
Flux
sonnmERnnEsg Congtitutive boundary e
. : Interme- equations Flux conditions Spﬁﬂ;'ed
. immm diate variable ;
i . variable variable

- |
This"dual" part of the Tonti diagram is not used in this course
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Advanced FEM

The Strong Form of the Tonti
Diagram for Elastostatics

(Equationswritten in indicial form)

- PBC;
( Ui =5 u b
on S,
| | E—
KE: & = 3(uij +uj,) BE:| oijj +bi =0
inV inV
CE: FBC:
Oij = Eiij SW) oijnj =1 A
e . (0] t
inV onS
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Advanced FEM

Weak Form Departure Point to Derive
the Primal (TPE) Functional of Elastostatics

Master

L PBC:
U = l:li

on S,

>

-

Symbol A used here for the BE-residual
suggests a Lagrange multiplier.

That is how some authors construct
variational forms by "relaxing"

strong links. Scheme first used by
Friedrichs (cf. Courant-Hilbert book)
and popularized in mechanics & FEM
by Fragijs de Veubeke

1
KE: &j = 3(Ui,j + Uj, BE: =
j = 3] ii) /v(oilf’j+bi))q dv =0

inV

Slave CE: Slave

R 01 = Eijke & G
E ' inV E

FBC:
]

f (gin; — ) du; dS=0
s
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Advanced FEM

Derivation of the Primal (TPE)
Functional of Elastostatics. Step 1

Pick master field: displacements u
Pick strong and weak links

Strong: &) = %(Ui,j +u;i) inV, oij =Ejjwe IV, u =0 on§,.

Weak: gij,j +bi =0 inV, oijnj =f onS§S.
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Advanced FEM

Derivation of the Primal (TPE)
Functional of Elastostatics. Step 2

Write BE asintegral statement with 3-vector residual weight
/(Oitf,j +b)rdv =0
\%
Apply (tensor form of) Divergence Theorem:
‘/\‘/ ij,j A dv [)—T—/\\/Gilf)»i’j dv +/;O'ilf njAi dS
/\/GIJJA'dV__L ;] Z(A,J+KJ|)dV+LUi?njkidS

Replace A by displacement variation

/ ,‘jj8u,dv_—/ai‘j 8e,ujdv+/<ri‘fnj8uid8
\% \% S

in which sl = 3(du; j + & i)
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Advanced FEM

Derivation of the Primal (TPE)
Functional of Elastostatics: Step 3

Replace previousresultsinto BE integral statement

/ O’iljJ 5quj dVv —/ b Su; dV —/O’ilf nj dui dS=0
\% \% S
Split surfaceintegral and enfor ce strong connection on S,

0
fSO'ilf n; 3UidS:/;0’ilj' n; 5UidS—|—LO’ilf n; MdS: Lgﬁ nj su; dS

Treat the FBC weak connection with du; asweight

f(cilfnj —f)du;dS=0  whence fai‘jnj (SuidS:/ﬁauidS
S S S
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_ _ _ Advanced FEM
Derivation of the Primal (TPE)
Functional of Elastostatics. Step 4
State asfirst variation of an (alleged) functional

(SHTPE:/Uile 5Qu] dV—/ b| dU; dV—f ﬁ 8U|dS:0
\Y \Y S

Thisisindeed thefirst variation of

I‘[TpE[ui]=%fvoi‘fe,”jdV—/vbiuidV—fsfiuidS

which isthe of elastostatics
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Advanced FEM

Split Form of the TPE Functional

[Trpe = Utpe — Whpe

Uree = %/ O’IlJJQuJ dVv
in which Y
WTPE:f b; u; dV—l—/ fiuids
\Y S

Physical interpretation:

U isthestrain energy stored in the body, which for
elasticity isthe internal energy

W isthework of the applied external forces; which
iIsthe same asthe negated loads potential: W= -V
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