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The 3D Elasticity Problem

Advanced FEM

Volume V

n:  exterior normal to S

x3

x2x1

t n
^S  :  σ  = t

u
^S  : u = u
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Data Fields in Detail

Advanced FEM

n

b

x3

x2x1

^

n
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u
^S  : u = u

û
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���V

body forces b in volume V 
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Governing Equations of Elastostatics

Acr Valid Component
(indicial) form

Compact
tensor form

Matrix
 form

KE in V e = 1
2 (∇ + ∇T ) · u = D · u e = D u ei j = 1

2 (ui, j + uj,i )

CE in V σ = E · e σ = E e σi j = Ei jk� ek�

BE in V ∇ · σ + b = 0 DT σ + b = 0 σi j, j + bi = 0

PBC on Su u = û u = û ui = ûi

FBC on St σ · n = σn = t = t̂ Pn σ = σn = t = t̂ σi j n j = σni = ti = t̂i
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The Tonti Diagram - Generic Form
Advanced FEM

This "dual" part of the Tonti diagram is not used in this course

Specified
flux

variable

Primary
variable

Specified
primary
variable

Interme-
diate

variable

Flux
variable

Source
function

Kinematic
equations

Primary
boundary
conditions

Flux
boundary
conditions

Balance or
equilibrium
equations

Constitutive
equations

FIELD
EQUATIONS
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The Strong Form of the Tonti
Diagram for Elastostatics
(Equations written in indicial form)

Advanced FEM

KE: BE:

PBC:

CE: FBC:
σi j = Ei jk� ek�

in V

σi j, j + bi = 0
in V

eij = 1
2 (ui, j + uj,i )

in V

ui = ûi

on Su

σi j n j = t̂i
on St

t̂

û u

e

b

σ
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Weak Form Departure Point to Derive
the Primal (TPE) Functional of Elastostatics

Advanced FEM

Slave Slave

∫
V

(σu
i j, j + bi ) dV = 0

∫
St

(σu
i j nj − t̂i ) d S = 0

Master

KE: BE:

PBC:

CE: FBC:
σi j = Ei jk� ek�

in V

eij = 1
2 (ui, j + uj,i )

in V

ui = ûi

on Su

t̂

û u

e

b

σuu

λi

δui

Symbol λ used here for the BE-residual 
suggests a Lagrange multiplier.
That is how some authors construct
variational forms by "relaxing"
strong links. Scheme first used by 
Friedrichs (cf. Courant-Hilbert book)
and popularized in mechanics & FEM
by Fraeijs de Veubeke 
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Derivation of the Primal (TPE)
 Functional of Elastostatics: Step 1

Strong : ei j = 1
2 (ui, j + uj,i ) in V, σi j = Ei jk� ek� in V, ui = ûi on Su .

Weak: σi j, j + bi

i

= 0 in V, σi j n j = t̂i on St .

Pick master field: displacements  u

Pick strong and weak links
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Derivation of the Primal (TPE)
 Functional of Elastostatics: Step 2

Write BE as integral statement with 3-vector residual weight

Apply (tensor form of) Divergence Theorem:

in which

∫
V

(σu
i j, j + bi ) λi dV = 0

∫
V
σ u

i j, j λi dV = −
∫

V
σ u

i jλi, j dV +
∫

S
σ u

i j njλi d S

∫
V

σ u
i j, jλi dV = −

∫
V

σ u
i j

1
2 (λ i, j + λj,i ) dV +

∫
S
σ u

i j njλi d S

∫
V

σ u
i j, j δui dV = −

∫
V

σ u
i j δeu

i j dV +
∫

S
σ u

i j nj δui d S

δeu
i j = 1

2 (δui, j + δuj,i )

DT

Advanced FEM

Replace λ  by displacement variationi
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Derivation of the Primal (TPE)
 Functional of Elastostatics: Step 3

Replace previous results into BE integral statement

Split surface integral and enforce strong connection on S

Treat the FBC weak connection with δu   as weight

∫
V

σ u
i j δeu

i j dV −
∫

V
bi δui dV −

∫
S
σ u

i j nj δui d S = 0

∫
S
σ u

i j nj δui d S =
∫

St

σ u
i j nj δui d S +

∫
Su

σ u
i j nj δûi d S =↗0

∫
St

σ u
i j nj δui d S

∫
St

(σu
i j nj − t̂i ) δui d S = 0 whence

∫
St

σ u
i j nj δui

i

d S =
∫

St

t̂i δui d S

u
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Derivation of the Primal (TPE)
 Functional of Elastostatics: Step 4

State as first variation of an (alleged) functional

This is indeed the first variation of

which is the Total Potential Energy functional of elastostatics

δ�TPE =
∫

V
σ u

i j δeu
i j dV −

∫
V

bi δui dV −
∫

S
t̂i δui d S = 0

�TPE[ui ] = 1
2

∫
V

σ u
i j eu

i j dV −
∫

V
bi ui dV −

∫
St

t̂i ui d S
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Split Form of the TPE Functional

�TPE = UTPE − WTPE

UTPE = 1
2

∫
V

σ u
i j e

u
i j dV

WTPE =
∫

V
bi ui dV +

∫
St

t̂i ui d S

Physical interpretation:

in which

U    is the strain energy stored in the body, which for
       elasticity is the internal energy

W    is the work of the applied external forces; which
       is the same as the negated loads potential: W = −V
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