4-15 Solutions to Exercises

Homework Exercisesfor Chapter 4

Solutions

EXERCISE 4.1 Transforming the weak-BE integral by parts as before:

L
(M) sw dx =f M“Ssw” dx — M 80" | —V*sw]| , (E4.5)
0 B B
and adding to the other weak relations we get
L L
/ (M“’5K+M”5w”—M”&c)dx—/ géwdx — Mso”| —Vw| , (E4.6)
0 0 B B

The integral fOL(M“’SK + M*“8w”) dx is the variation of ’ fOL M k dx whereas the integral fOL —M* 8k dx
isthe variation of —% OL M* k dx. Therefore the required functiona is

—Vuw
B

(BE4.7)
B

L L
H[w,x]:f (M“’—%M")xdx—/ quwdx — M6¥
0 0

to which the one given in the Exercise statement can be contracted. |f the PBC is made weak the following
additional boundary term appears:

(W —w)V*| + (@ —6") M~ (E4.8)
A A
EXERCISE 4.2 |Integrating U by parts:
L L L
U:%/ El(w”)zdx:%/ Mw”dx:g/ M"wdx + Mw’ —%M’w‘ (E4.9)
0 0 0 B B
At equilibrium M” = g, M = M|g and V = —M’|s, which substituted in the above gives
L
U= %f qudx + Mw'| +iVw| =3IW. (E4.10)
0 B B

EXERCISE 4.3

To be done. (not assigned so far)

7 Proof: § [ M”icdx =5 [, (M”58 +5M™ )dx = [ (M6 + M< 5 )dx = ["(M"8c + M* sw” )dx. The
tricky partisM¥ k = Elw”x = Elcw” = M* .

4-15



Chapter 4: THE BERNOULLI- EULER BEAM 4-16

EXERCISE 4.4 Transforming the weak-BE integral by parts:

L
(M“)”Swdx:/ M* sw” dx — M* 80" | — V*sw| , (E4.11)
0 B B
and adding to the other weak relations we get
L L L
f (Mw—MK)(SKdX—i—f MKSw”dX—f qéwdx — Mso¥| —Viw| , (E4.12)
0 0 0 B B
Thefirst integral isthe variation of
L
/ (M“k — %M"x)dx, (E4.13)
0

whereas the second is the variation of

L L L L
/ M”w”dx:f EIKw”dX:/ El w”KdX:/ M™ k dX. (E4.14)
0 0 0 0

Therefore the required functional is

L L L
n[w,K]:gf MKde+/ (M"’—MK)de—/ quwdx —Mo*| —Vuw| , (E4.15)
0 0 0 B B
as in the Exercise statement. This may be further contracted to
L L ~ ~
H[w,x]:/ (Mw—%MK)KdX—/ gwdx—-M6*| —Vuw| . (E4.16)
If the PBC is made weak the following additional boundary term appears:
(@ —w) V| 4@ —6") M~ (E4.17)
A A
The derivation is very similar to that of Exercise 4.1 and gives
L L . R
H[w, x, M] = / [EM“k + M(x” — )] dx — f qwdx — M@¥| —Vuw (E4.18)
0 0 B B

Note: thereis an infinite number of three-field functionals and associated weak forms. The one shown above
leadsto the historically important Hu-Washizu functional. If you start from adifferent diagram you may arrive
at another three-field functional.
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