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Abstract

This article presents a unified theoretical framework for the corotational (CR) formulation of finite el-
ements in geometrically nonlinear structural analysis. The key assumptions behind CR are: (i) strains
from a corotated configuration are small while (ii) the magnitude of rotations from a base configuration is
not restricted. Following a historical outline the basic steps of the Element Independent CR formulation
are presented. The element internal force and consistent tangent stiffness matrix are derived by taking
variations of the internal energy with respect to nodal freedoms. It is shown that this framework permits
the derivation of a set of CR variants through selective simplifications. This set includes some previously
used by other investigators. The different variants are compared with respect to a set of desirable quali-
ties, including self-equilibrium in the deformed configuration, tangent stiffness consistency, invariance,
symmetrizability, and element independence. We discuss the main benefits of the CR formulation as
well as its modeling limitations.
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§1. Introduction

Three Lagrangian kinematic descriptions are in present use for finite element analysis of geometrically
nonlinear structures: (1) Total Lagrangian (TL), (2) Updated Lagrangian (UL), and (3) Corotational
(CR). The CR description is the most recent of the three and the least developed one. Unlike the others,
its domain of application is limited ba priori kinematic assumptions:

Displacements and rotations may be arbitrarily large, but deformations must be small.(1)

Because of this restriction, CR has not penetrated the major general-purpose FEM codes that cater to
nonlinear analysis. A historical sketch of its development is provided in Section 2.

As typical of Lagrangian kinematics, all descriptions: TL, UL and CR, follow the body (or element) as
it moves. Thedeformedconfiguration is any one taken during the analysis process and need not be in
equilibrium during a solution process. It is also known asdineent, strainedor spatial configuration

in the literature, and is denoted here®y. The new ingredient in the CR description is the “splitting”

or decomposition of the motion tracking into two components, as illustrated in Figure 1.

1. Thebaseconfiguration?® serves as the ori-
gin of displacements. If this happens to be
one actually taken by the body at the start

A e Corotated®R
of the analysis, it is also callewitial or Deformed (current, %,
undeformed The namematerial configu- spatial) € =
ration is used primarily in the continuum -

" Deformational

mechanics literature. Motion splitsinto !
. . R . deformational and rigid motion
2. ThecorotatedconfigurationC™ varies from
elemgnt to element (gnd also from noc_le t_o Base (initial, undeformed,
node in some CR variants). For each indi- material) configuratio®®
vidual element, its CR configuration is ob- - _
tained through aigid body motionof the Rigid body motion

element base configuration. The associated | g|gbal
coordinate system is Cartesian and follows | frame
the element like a “shadow” or “ghost,”

prompting names such aBadowandphan- FiGURre 1. The CR kinematic description. Deformation
tomin the Scandinavian literature. Element from corotated to deformed (current) configuration
deformations are measured with respect to grossly exaggerated for visibility

the corotated configuration.

In static problems the base configuration usually remains fixed throughout the analysis. In dynamic
analysis the base and corotated configurations are sometimes calledrtteé anddynamicreference
configurations, respectively. Inthis case the base configuration may move at uniform velocity (a Galilean
inertial system) following the mean trajectory of an airplane or satellite.

From a mathematical standpoint the explicit presence of a corotated configuration as intermediary be-
tween base and current is unnecessary. The motion split may be exhibited in principle as a multiplicative
decomposition of the displacement field. The device is nonetheless useful to teach not only the physical
meaning but to visualize the strengths and limitations of the CR description.



§2. TheEmergence of CR

The CR formulation represents a confluence of developments in continuum mechanics, treatment of
finite rotations, nonlinear finite element analysis and body-shadowing methods.

82.1. Continuum M echanics Sour ces

In continuum mechanics the term “corotational” (often spelled “co-rotational”) appears to be first men-
tioned in Truesdell and Toupin’s influential exposition of field theories [81, Sec. 148]. It is used there
to identify Jaumann’s stress flux rate, introduced in 1903 by Zaremba. By 1955 this rate had been in-
corporated in hypoelasticity [82] along with other invariant flux measures. Analogous differential forms
have been used to model endochronic plasticity [85]. Models labeled “co-rotational” have been used in
rheology of non-Newtonian fluids; cf. [17,78]. These continuum models place no major restrictions on
strain magnitude. Constraints of that form, however, have been essential to make the idea practical in
nonlinear structural FEA, as discussed below.

The problem of handling three-dimensional finite rotations in continuum mechanics is important in all
Lagrangian kinematic descriptions. The challenge has spawned numerous publications, for example
[1,4,5,34,42,43,62,71,72]. For use of finite rotations in mathematical models, particularly shells, see
[60,70,77]. There has been an Euromech Colloquium devoted entirely to that topic [61].

The term “corotational” in a FEM paper title was apparently first used by Belytschko and Glaum [8].
The survey article by Belystchko [9] discusses the concept from the standpoint of continuum mechanics.

82.2. FEM Sources

In the Introduction of a key contribution, Nour-Omid and Rankin [54] attribute the original concept of
corotational procedures in FEM to Wempner [86] and Belytschko and Hsieh [7].

The idea of a CR frame attached to individual elements was introduced by Horrigmoe and Bergan [39,40].
This activity continued briskly under Bergan at NTH-Trondheim with contributions @ak&lend [46],

Nygard [15,56,57], Mathisen [48,49], Levold [47] and Bjeerum [18]. It was summarized in a 1989 review
article [56]. Throughout this work the CR configuration is labeled as either “shadow element” or “ghost-
reference.” As previously noted the device is not mathematically necessary but provides a convenient
visualization tool to explain CR. The shadow element functions as intermediary that separates rigid and
deformational motions, the latter being used to determine the element energy and internal force. However
the variation of the forces in a rotating frame was not directly used in the formation of the tangent stiffness,
leading to a loss of consistency. Crisfield [22—24] developed the concept of “consistent CR formulation”
where the stiffness matrix appears as the true variation of the internal force. An approach blending the
TL, UL and CR descriptions was investigated in the mid-1980s at Chalmers [50-52].

In 1986 Rankin and Brogan at Lockheed introduced [63] the concept of “element independent CR
formulation” or EICR, which is further discussed below. The formulation relies heavily on the use of
projection operators, without any explicit use of “shadow” configurations. It was further refined by
Rankin, Nour-Omid and coworkers [54,64—67], and became essential part of the nonlinear shell analysis
program STAGS [68].

The thesis of Haugen on nonlinear thin shell analysis [37] resulted in the development of the formulation
discussed in this article. This framework is able to generate a set of hierarchical CR formulations. The
work combines tools from the EICR (projectors and spins) with the shadow element concept and assumed
strain element formulations. Spins (instead of rotations) are used as incremental nodal freedoms. This
simplifies the EICR “front end” and facilitates attaining consistency.

Battini and Pacoste at KTH-Stockholm [2,3,58] have recently used the CR approach, focusing on stability
applications. The work by Teigen [79] should be cited for the careful use of offset nodes linked to element
nodes by eccentricity vectors in the CR modeling of prestressed reinforced-concrete members.
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Corotated (a.k.a.
dynamic reference) fra
PR \ C;R/

Corotated (shadow)
configuration €®

__2
"I Deformed configuration GP

(Shown separate from R for
visualization convenience)

PO
\ fib\Base (a.k.a. inertial) frame

Cl=— Base (initial) configuration @°

FIGURE 2. The concept of separation of base (a.k.a. inertial) and CR (a.k.a. dynamic) configurations
in aircraft dynamics. Deformed configuration (with deformations grossly exaggerated) shown
separate from CR configuration for visibility. In reality points C angl&incide.

82.3. Shadows of the Past

The CR approach has also roots on an old idea that preceeds FEM by over a century: the separation of
rigid body and purely deformational motions in continuum mechanics. The topic arose in theories of
small strains superposed on large rigid motions. Truesdell [80, Sec. 55] traces the subject back to Cauchy
in 1827. In the late 1930s Biot advocated the use of incremental deformations on an initially stressed
body by using a truncated polar decomposition. However this work, collected in a 1965 monograph [16],
was largely ignored as it was written in an episodic manner, using full notation by then out of fashion.

A rigurous outline of the subject is given in [83, Sec. 68] but without application examples.

Technological applications of this idea surged after WWII from a totally different quarter: the aerospace
industry. The rigid-plus-deformational decomposition idea fogiatire structurevas originally used by
aerospace designers in the 1950s and 1960s in the context of dynamics and control of orbiting spacecraft
as well as aircraft structures. The primary motivation was to trace the mean motion.

The approach was systematized by Fraeijs de Veubeke [25], in a paper that essentially closed the subject
as regards handling of a complete structure. The motivation was clearly stated in the Introduction of that
article, which appeared shortly before the author’s untimely death:

“The formulation of the motion of a flexible body as a continuum through inertial space is unsatisfactory from
several viewpoints. One is usually not interested in the details of this motion but in its main characteristics
such as the motion of the center of mass and, under the assumptions that the deformations remain small, the
history of the average orientation of the body. The last information is of course essential to pilots, real and
artificial, in order to implement guidance corrections. We therefore try to define a set of Cartesian mean
axes accompanying the body, or dynamic reference frame, with respect to which the relative displacements,
velocities or accelerations of material points due to the deformations are minimum in some global sense.
If the body does not deform, any set of axes fixed into the body is of course a natural dynamic reference
frame.”

Clearly the focus of this article was on a whole structure, as illustrated in Figure 2 for an airplane. This
will be called theshadowing problemA body moves to another position in space: find its mean rigid
body motion and use this information to locate and orient a corotated Cartesian frame.

Posing the shadowing problem in three dimensions requires fairly advanced mathematics. Using two
“best fit” criteria Fraeijs de Veubeke showed that the origin of the dynamic frame must remain at the
center of mass of the displaced structur& iCFigure 2. However, the orientation of this frame leads to

3



Deformed (membrane) Deformed (shell)

N Defy W
\
Base Base

FIGURE 3. Geometric tracking of CR frame: (a) Bar or beam element
in 2D; (b) Membrane or shell element in 3D.

an eigenvalue problem that may exhibit multiple solutions due to symmetries, leading to non uniqueness.
(This is obvious by thinking of the polar and singular-value decompositions, which were not used in that
article.) That this is not a rare occurrence is demonstrated by considering rockets, satellites or antennas,
which often have axisymmetric shape.

Remark 1. Only @° (shown in darker shade in Figure 2) is actual configuration taken by the pictured aircraft
structure. Both reference conﬁguratio@i%and@R arevirtual in the sense that they are not generally occupied by
the body at any instance. This is in contrast to the FEM version of this idea.

§2.4. Linking FEM and CR

The practical extension of Fraeijs de Veubeke’s idea to geometrically nonlinear structural analysis by
FEM relies on two modifications:

1. Multiple Frames Instead of one CR frame for the whole structure, there is one per element. This
is renamed th€R element frame

2. Geometric-Based RBM Separatiohe rigid body motion is separated directly from the total
element motion using elementary geometric methods. For example in a 2-node bar or beam one
axis is defined by the displaced nodes, while for a 3-node triangle two axes are defined by the plane
passing through the points. See Figure 3.

The first modification is essential to success. It helps to fulfill assumption (1): the element deformational
displacements and rotations remaimall with respect to the CR frame. If this assumption is violated

for a coarse discretization, break it into more elements. Small deformations are theskayémt reuse

in the EICR discussed below. If intrinsically large strains occur, however, the breakdown prescription
fails. In that case CR offers no advantages over TL or UL.

The second modification is inessential. Its purpose is to speed up the implementation of geometrically
simple elements. The CR frame determination may be refined later, using more advanced tools such as
polar decomposition and best-fit criteria, if warranted.

Remark 2. CR is ocassionally confused with tltenvected-coordinatdescription of motion, which is used in
branches of fluid mechanics and rheology. Both may be subsumed within the atagsing coordinaté&inematic
descriptions. The CR description, howeveraintains orthogonalityof the moving frame(s) thus achieving an

exact decomposition of rigid-body and deformational motions. This property enhances computational efficiency as
transformation inverses become transposes. On the other hand, convected coordinates form a curvilinear system
that “fits” the change of metric as the body deforms. The difference tends to disappear as the discretization becomes
progressively finer, but the fact remains that the convected metric must encompass deformations. Such deformations
are more important in solid than in fluid mechanics (because classical fluid models “forget” displacements). The
idea finds more use in UL descriptions, in which the individual element metric is updated as the motion progresses.

4



Deformational
Global element element

equations Incorporate equations Form element
Assemblef« rigidbody [ 9 mass, stiffness
motions & forces

K
System equations

of motion
A
Extract Evaluate
Solver » |deformational - »|  element
_ Total motions Deformational Stresses
displacements displacements

. Finite Element
CR "Filters' Library

FIGURE 4. The EICR as a modular interface to a linear FEM library. The flowchart
is mainly conceptual. For computational efficiency the interface logic
may be embedded with each element through inlining techniques.

§2.5. Element Independent CR

As previously noted, one of the sources of the present work is the element-independent corotational
(EICR) description developed by Rankin and coworkers [54,63—-67]. Here is a summary description
taken from the Introduction to [54]:

“In the co-rotation approach, the deformational part of the displacement is extracted by purging the rigid
body components before any element computation is performed. This pre-processing of the displacements
may be performed outside the standard element routines and thus is independent of element type (except
for slight distinctions between beams, triangular and quadrilateral elements).”

Why is the EICR worth study? The question fits in a wider topic: why CR? That is, what can CR do
that TL or UL cannot? The topic is elaborated in the Conclusions section, but we advance a practical
reason:reuse of small-strain elementscluding possiblymaterially nonlinearelements.

The qualifierelement independedbes not imply that the CR equations are independent of the FEM
discretization. Rather it emphasizes that the key operations of adding and removing rigid body motions
can be visualized asfeont end filterthat lies between the assembler/solver and the element library, as
sketched in Figure 4. The filter is purely geometric. For example, suppose that a program has four
different triangular shell elements with the same node and degree-of-freedom configuration. Then the
front end operations are identical for all four. Adding a fifth small-strain element of this type incurs
relatively little extra work to “make it geometrically nonlinear.”

This modular organization is of interest because it implies that the element library of an existing FEM
program being converted to the CR description need not be drastically modgitahg as the analysis

is confined to small deformationSince that library is typically the most voluminous and expensive part
of a production FEM codeslement reusis a key advantage because it protects a significant investment.
For a large-scale commercial code, the investment may be thousands of man-years.

Of course modularity and computational efficiency can be conflicting attributes. Thus in practice the
front end logic may be embedded with each element through techniques such as code inlining. If so the
flowchart of Figure 4 should be interpreted as conceptual.

§3. Corotational Kinematics

This section outlines CR kinematics of finite elements, collecting the most important relations. Mathe-
matical derivations pertaining to finite rotations are consigned to Appendix A. The presentation assumes
static analysis, with deviations for dynamics briefly noted where appropriate.

5



Table 1  Configurations in Nonlinear Static Analysis
by Incremental-lterative Methods

Name Alias Explanation Equilibrium Identification
Required?
Generic Admissible A kinematically admissible configuration No e
Perturbed Kinematically admissible variation No C+4C
of a generic configuration.
Deformed Current Actual configuration taken during No eP
Spatial the analysis process. Contains
others as special cases.
Base Initial The configuration defined as the Yes c°
Undeformed origin of displacements.
Material
Reference Configuration to which TL,UL: Yes. T€% uL: €™,
computations are referred CB¥no,C’yes CR:CR andC’
Iteratedt Configuration taken at tk@ No Cr
iteration of then'™ increment step
Targett Equilibrium configuration accepted Yes e"
at then'" increment step
Corotatedt Shadow Body or element-attached configuration No er
Ghost obtained fron@’ through a rigid
body motion (CR description only)
Globally- Connector  Corotated configuration forced to align No e°
aligned with the global axes. Used as “connector”

in explaining the CR description.

* % s often the same as tmatural statein which body (or element) is undeformed and stress-free.

T Used only in Part 11 [38] in the description of solution procedures.

¥ In dynamic analysié?0 andC® are called the inertial and dynamic-reference configurations,
respectively, when they apply to the entire structure.

83.1. Configurations

To describe Lagrangian kinematics it is convenient to introduce a rich nomenclature for configurations.
For the reader’s convenience those used in geometrically nonlinear static analysis using the TL, UL
or CR descriptions are collected in Table 1. Three: base, corotated and deformed, have already been
introduced. Two more: iterated and target, are connected to the incremental-iterative solution process
coveredin Part 11 [38]. The generic configuration is used as placeholder for any kinematically admissible
one. The perturbed configuration is used in variational derivations of FEM equations.

Two remain: reference and globally-aligned. Tie¢éerence configuratioms that to which element
computations are referred. This depends on the description chosen. For Total Lagrangian (TL) the
reference is base configuration. For Updated Lagrangian (UL) it is the converged or accepted solution
of the previous increment. For corotational (CR) the reference splits into CR and base configurations.

Theglobally-aligned configuratioms a special corotated configuration: a rigid motion of the base that
makes the body or element align with the global axes introduced below. This is used as a “connector”

6



Base Cis element centroid in statics,Deformed (current)
(initial but center of mass in dynamics. Ugp

undeformed)

X4 '
<. X]_,)ﬁ_ Vv
element X2 global frame . X1
with material &  rigid body element
baseframe s(patial coalesced) rotation CR frame

FIGURE 5. CR element kinematics, focusing on the motion of generic @int
Two-dimensional kinematics pictured for visualization convenience.

deformational
rotation
(@ drilling
rotation" in 2D)
=C

element
base frame

FIGURE 6. CR element kinematics, focusing on rotational transformation between frames.

device to teach the CR description, and does not imply the body ever occupies that configuration.

The separation of rigid and deformational components of motion is done at the element level. As noted
previously, techniques for doing this have varied according to the taste and background of the investigators
that developed those formulations. The approach covered here uses shadowing and projectors.

§3.2. Coordinate Systems

A typical finite element, undergoing 2D motion to help visualization, is shown in Figure 5. This diagram
as well as that of Figure 6 introduces kinematic quantities. For the most part the notation follows that
used by Haugen [37], with subscripting changes.

Configurations taken by the element during the response analysis are linked by a Cgltdsibiname

to which all computations are ultimately referred. There are actually two such framematkeal

global framewith axes{X;} and position vectoX, and thespatial global framewith axes{x;} and
position vectorx. The material frame tracks the base configuration whereas the spatial frame tracks
the CR and deformed (current) configurations. The distinction agrees with the usual conventions of
dual-tensor continuum mechanics [81, Sec. 13]. Here both frames are takerdentieal since for

small strains nothing is gained by separating them (as is the case, for example, in the TL description).
Thus only one set of global axes, with dual labels, is drawn in Figures 5 and 6.

Lower case coordinate symbols suchxaare used throughout most of the paper. Occasionally it is
convenient for clarity to use upper case coordinates for the base configuration, as in Appendix C.

The global frame is the same for all elements. By contrast, each elensaagsigned two local Cartesian
frames, one fixed and one moving:

{Xi} The elemenbase framgblue in Figure 5). It is oriented by three unit base vectﬁrsvhich are

7



(@) < (b) (©)
1 @R @P
X2 o0 (moving) eo b R o~
(fixed) X X . _ e° \
R
%, % a 5 b CR=
G L—» X1 C° A G A—»
(fixed) X, %

FIGURE 7. Further distillation to essentials of Figure 5. A bar moving in 2D is shown: (a) Rigid motion
from globally-aligned to base and corotated configurations; (b) key geometric quantities that
define rigid motions in 2D; (c) as in (a) but followed by a stretch from corotated to deformed.
The globally-aligned configuration is fictitious: only a convenient link up device.

rows of a 3x 3 orthogonal rotation matrix (rotatof)o, or equivalently columns ofF | .

{%} The elementorotated or CR framéred in Figure 5). It is oriented by three unit base vectfs
which are rows of a X 3 orthogonal rotation matrix (rotatof)g, or equivalently columns ng.

Note that the element indexhas been suppressed to reduced clutter. That convention will be followed
throughout unless identification with elements is important. In thate&splaced as supercript.

The base framgX; } is chosen according to usual FEM practices. For example, in a 2-node spatial beam
elementX; is defined by the two end nodes wher&asndXs lie along principal inertia directions. An
important convention, however, is that the origin is always placed at the element c&ftrdidr each
deformed (current) element configuration, a fitting of the base element defines its CR configuration, also
known as the element “shadow.” Centroid§ andC = CP coincide. The CR fram¢x;} originates

atCR. Its orientation results from matching a rigid motion of the base frame, as discussed later. When
the current element configuration reduces to the base at the start of the analysis, the base and CR frames
coalesce{X = Xj}. Atthat moment there are only two different frames: global and local, which agrees
with linear FEM analysis.

Notational conventions: use @, 0, R and D as superscripts or subscripts indicate pertinence to the
globally-aligned, base, corotated and deformed configurations, respectively. Symbols with a overtilde
or overbar are measured to the base frgmg or the CR framgX; }, respectively. Vectors without a
superposed symbol are referred to global coordinaies x;}. ExamplesxR denote global coordinates

of a point in@R whereas<® denote base coordinates of a pointif. Symbolsa, b andc = b — a

are abbreviations for the centroidal translations depicted in Figure 5, and more clearly in Figure 7(b). A
generic, coordinate-free vector is denoted by a superposed arrow, for exarbptesuch entities rarely
appear in this work.

Therotatorg o andT g are the well known local-to-global displacement transformations of FEM analysis.
Given a global displacement G = Tou andt = Tgu.
83.3. Coordinate Transfor mations

Figures 5 and 6, although purposedly restricted to 2D, are still too busy. Figure 7, which pictures the 2D
motion of a bar in 3 frames, displays essentials better. The (fictitious) globally-aligned config@ation
is explicitly shown. This helps to follow the ensuing sequence of geometric relations.

Begin with a generic point® in €°. This point is mapped to global coordinatdsandxR in the base
and corotated configuratio®d andGR, respectively, through

X =T{x®+a xR=TLx®+b, )



in which rotatorsT o andT g were introduced in the previous subsection. To facilitate code checking, for
the 2D motion pictured in Figure 7(b) the global rotators are

Co S O cR SR O
To= |:—So Co O:| , Tpr= |:—SR Cr 0i| ., Co = COSpo, So = Singp, etc. 3
0O 0 1 0 0 1

When (2) are transformed to the base and corotated frames, the positionxfentast repeatk® = x¢
andxR = x®, because the motion pictured in Figure 7(a) is rigid. This condition requires

LL=Tox’—a), xR =Tr xR =b). (4
These may be checked by insertixfgandxR from (2) and noting that® repeats.

83.4. Rigid Displacements

The rigid displacement is a vector joining corresponding poin® iandCR. This may be referred to the
global, base or corotated frames. For convenience caltheCR rotatorRy = TE To. Also introduce
¢ = Tj candc = T c. Some useful expressions are
U =xR—x0=TE-THx®+c=(Ro—DTIxC+c=(Ro— T’ +¢
= (Ro—DTgxR+c=Ro-H(x’—a)+c= (1 -RHXX-Db) +c,
0 =Tou = To(Ro— DT X%+ &= (Ro— DX + &,
O = TrU = TR(I = RDTRXR + = (I — Ry)KR+C.

)

Herel is the 3x 3 identity matrix, wherea®y = ToRoT§ andRy = TrRoT denote the2®—CR
rotator referred to the base and corotated frames, respectively.

83.5. Rotator Formulas

Traversing the links pictured in Figure 8 shows that any rotator can

be expressed in terms of the other two: Rg
T T T T dlement element
To=TrRo, TR=ToR}, Ro=TLTo, Ry =T, Tr. (6) |baseframe CR frame

_ X /R?‘ X

In the CR frameRy = Tr Ry T §, Whence ‘(
— - T TT TR
Ro=ToTk Ry, =TrT}. (7) To\ °Y gioba Tg

frame
Notice thafT o is fixed since2® andC® are fixed throughout the anal- X, X

ysis, wheread g andRy change. Their variations of these rotators

are subjected to the following constraints: FiGure 8. Rotator frame links.

8To=06Ty =0, 8TrR=TodR}, S8TR=08RoT,, 8Ro=8TLTo,

8
SRy =T 8Tr, TROTR+6TLTR=0, R} SR+ 8RRy =0.

The last two come com the orthogonality conditi@isT r = | andR} Ro = I, respectively, and provide
8Ro = —Ro8R}Ro, SR} = —R} SRo R}, etc.

We denote by and@ the axial vectors oRq andRy, respectively, using the exponential map form of
the rotator described in Section A.10. The variatidasandéw are used to form the skew-symmetric

9



Table 2. Degree of Freedom and Conjugate Force Notation

Notation Frame Level Description
O = [0...0:]" Global Structure  Total displacements and rotations at structure nodes.
with ¢, = [ Ua ] Translationsu,, rotations:R,, fora=1, ... N.
Ra
8V = [8vy...8vN]" Global Structure Incremental displacements and spins at structure
. dUq nodes used in incremental-iterative solution procedurg.
with dv, = . . :
Swa Translationssu,, spins:Sw,; conjugate forcesn, and

m,, respectively, fom =1, ... N.

8V® = [8VS ... 8V8.]" Local CR Element Localization of above to elemeirt CR frame. Trans-
with §7¢ — [ sug ] lations: 8U¢, spins:éwg; conjugate forcesng andmg,
a ~,e P — e
Swg respectively, foa =1, ... N€.

Ve =[V, ...V8e]" LocalCR Element Deformational displacements and rotations at elemgent
€ . _ . . At . .
with V&, = [uda] nodes. Translationstg,, rotations: 6,,; conjugate

_d _
da forces:ny andmy, respectively, foa = 1, ... N€

N = number of nodes in structurdt® = number of nodes in elemeata, b : node indices.

spin matricesSpin(8w) = 8Ro R} = —Spin(sw)" andSpin(s&) = 5Ro Rg = —Spin(6@)T. These
matrices are connected by congruential transformations:

Spin(dw) = T§ Spin(8@) To,  Spin(8w) = To Spin(sw) Tj. 9)

Using these relations the following catalog of rotator variation formulas can be assembled:

8TrR=To8R) = —TrSRoR} = —Tr Spin(sw) = —R{ Spin(8w) To,

STE=08Ro T = —RoSR} TL = Spin(sw) TL = T4 Spin(8@) Ro.

8Ro = 8TL To = —Ro SR} Ro = Spin(8w) Ry = T} Spin(8w) Ro To,

SR} =TI §Tr = —R] 6RoRI = —RI Spin(sw) = —T¢ Ry Spin(8@) T,

8Ro=To8Ro T = —ToRo8R, Tk = To Spin(w) T, = Spin(8w) R,

SRy = TodR] T] = —TrSRoRy T] = —Tr Spin(dw) T§ = —R} Spin(8@).

(10

83.6. Degreesof Freedom

For simplicity it will be assumed that @4®-node CR element hasx degrees of freedom (DOF) per node

three translations and three rotations. This assumption covers the shell and beam elements evaluated in
Part Il [38]. The geometry of the element is defined byitfecoordinates, a = 1, ... N¢in the base

(initial) configuration, whera is a node index.

The notation used for DOFs at the structure and element level is collected in Table 2. If the structure has
N nodes, the s€fu,, Ry} fora = 1, ... N collectively defines the structure node displacement vector

v. Note, however, that is not a vector in the usual sense because the rotRto® not transform as
vectors when finite rotations are considered. The interpretation as an array of numbers that defines the
deformed configuration of elements is more appropriate.

The element total node displacemewtsare taken fronv in the usual manner. Giverf, the key CR
operation is to extract the deformational components of the translations and rotations for each node.

10



Table 3. Forming the Defor mational Displacement Vector.

Step Operation for each elemea#nd nodea =1, ...a

1. From the initial global nodal coordinat&® compute centroid positioa® =
Xgo = (1/N°®) Z:‘; x¢. Form rotatorTg as per element type convention,

Compute node coordinates in the element base frafne: Tg (xS — a°).

2. Compute node coordinates in deformed (current) configuratie: xS + ug
and the centroid position vectdf = x& = (1/N°®) Z::l x¢. Establish the
deformed local CR systefif by a best-fit procedure, af§ = T¢(Tg)T. Form

local-CR node coordinates of CR configuratioafi, = T° (x¢ — b®).

3. Compute the deformational tr_a}enslaticﬂag = X; — XRar Ry = TnRaTg Com-
pute the deformational rotatét,, = T°RS(Tg)". Extract the deformational
angles$, from the axial vector oﬁia.

That sequence of operations is collected in Table 3. Note that the computation of the centroid is done

by simply averaging the coordinates of the element nodes. For 2-node beams and 3-node triangles this
is appropriate. For 4-node quadrilaterals this average does not generally coincides with the centroid, but
this has made little difference in actual computations.

83.7. EICR Matrices

Before studying element deformations, it is convenient to introduce several auxiliary matfices:

P, — P,, S, G, H andL that appear in expressions of the EICR front-end. As noted, elements treated
here possesd® nodes and six degrees of freedom (DOF) per node. The notation and arrangement used
for DOFs at different levels is defined in Table 2. Subscrgpéndb denote node indices that run from

1 to N€. All EICR matrices are built node-by-node from node-level blocks. Figure 9(a) illustrates the
concept of perturbed configurati@? + §C, whereas Figure 9(b) is used for examples. The CR and
deformed configuration are “frozen”; the latter being varied in the sense of variational calculus.

Thetranslational projector matriXP, or simply T-projectoris dimensioned B¢ x 6N€. It is built from

3 x 3 numerical submatricdd,, = (8ap — 1/N€) 1, in which| is the 3x 3 identity matrix and,, the
Kronecker delta. Collecting blocks for &ll® nodes and completing with:3 3 zero and identity blocks
as placeholders for the spins and rotations givesl&% 6N€ matrix P,. Its configuration is illustrated
below forN€ = 2 (e.g., bar, beam, spar and shaft elements\fhe: 3 (e.g., triangular shell elements):

"2 0 —31 0 -1 07

310 -3l 0 O I 0 0 0 O

O I 0 0 -3 0 %2 0 -3 0
Ne=2: P, = , Ne=3:P,=| 3 3 3 .11
¢ -3 o 4o © : O 0 0 I 0 O (4

1 1 2
0 0 0 | -3 0 -3 0 2 o0
L 0 0 0 0 0 ]

ForanyN® > litiseasyto verifytthﬁ = Py, with 5N€ unit eigenvalues and € zero eigenvalues. Thus
Py is an orthogonal projector. Physically, it extracts the deformational part from the total translational
displacements.

Matrix S is called thespin-leveror moment-arnor matrix. It is dimensioned 8¢ x 3 and has the
configuration (written in transposed form to save space):

S=[-S | - | ... =Sl 11", (12)

11



€) Instantaneous
rotation axis—¥3

Corotated GR

Deformed CD
6c
»

6va(|ncludes

displacements
Perturbed €P+ &€ ;n% spins)

(b)
7('3 Perturbed C°+ &C

Ot (+U|0) L

FIGURE 9. Concept of perturbed configuration to illustrate derivation of EICR matrices: (a) facet
triangular shell element moving in 3D space; (b) 2-node bar element also in 3D
but depicted in thé¢xy, X2} plane of its CR frame. Deformations grossly exaggerated
for visualization convenience; strains and local rotations are in fact infinitesimal.

in which | is the 3x 3 identity matrix andS, are node spin-level83 x 3 submatrices. Lek, =

[ X1a X2a X3a]' generically denote the 3-vector of coordinates of r@deferred to the element centroid
ThenS. = Spin(xa). The coordinates, however, may be those of three different configuratdng®
andeP, referred to two frame types: global or local. Accordingly superscripts and overbars (or tildes)
are used to identify one of six combinations. For example

0 0 R 7R 7D - D
0 X33 Xy~ R 0 - Xza  Xoa 0 - X3a X2a
_ 0 0 Q™ R R QY oD gD
Sg - X3a—a3 0 —Xp—a&1 |, Sa - X3a 0 - Xia | > Sa - X3a 0 - X1a | >
0 0 v R 7R 7D 7D
—XoaTA Xjp—a&1 0 —Xoa Xia 0 —Xoa Xna 0 (13

are node spin-lever matrices for base-in-global-frame, CR-in-local-frame and deformed-in-local-frame,

respectively. The element matrix (12) inherits the notation; in this E‘ésféR andéD, respectively. For
instance S matrices for the 2-node space- | bar element pictured in Figure 9(b) are 423. If the
length of the bar ire® is L, the deformed bar spin-lever matrix referred to the local CR frame is

i 0 0 O 000O O 0O Q'
S:%L|:O 0 1 0 00O0-10 0 0. (14)
0 -1 0 0001 0 00O

O oo

The first row is identically zero because the torque about the bakaxenishes in straight bar models.

Matrix G, introduced by Haugen [37], is dimensioned 8N €, and will be called thepin-fittermatrix. It
links variations in the element spin (instantaneous rotations) atthiteoid of the deformed configuration
in response to variations in the nodal DOFs. See Figure {@pmes in two flavors, global and local:

bw € Gove =) Gaov so L Gove=) G.ovs with Y =Y . @y

Here the spin axial vector variatiahw® denotes the instantaneous rotation at the centroid, measured
in the global frame, when the deformed configuration is varied by the@mponents ofve. When
referred to the local CR frame, these becai@é andsve, respectively. For construction, bahandG

may be split into node-by-node contributions using the 8 submatrice§, andG, shown above. As

an exampleG matrices for the space bar element shown in Figure 9(bxid 3. The spin-lever matrix
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in CP referred to the local CR frame is

5 1 0O 0 000 OOO O OO
G :E|:O 0O 100 0O O-1 0 0 Of. (16)
0O -1 000001 O OO

The first row is conventionally set to zero as the spin about the bakaxssnot defined by the nodal
freedoms. This “torsion spin” is defined, however, in 3D beam models by the end torsional rotations.

Unlike S, the entries ofc depend not only on the element geometry, but on a developer’s decision: how
the CR configuratio®® is fitted to@P. For the triangular shell element this matrix is given in Appendix
B. For quadrilateral shells and space beam elements it is given in Part 1l [38].

MatricesS® andG" satisfy the biorthogonality property
GS=D. (17)

whereD is a 3x 3 diagonal matrix of zeros and ones. A diagonal enti &f zero if a spin component is

undefined by the element freedoms. For instance in the case of the space bar, thefbtr)&?uof (14)

and (16) igdiag(0, 1, 1). Aside from these special elements (e.qg., bar, spars, shaft elenierid), This
property results from the fact that the three columnS afe simply the displacement vectors associated
with the rigid body rotationgdw; = 1. When premultiplied bys one merely recovers the amplitudes of
those three modes.

Therotational projectoror simplyR-projectoris generically defined &3, = SG. Unlike the T-projector
Py such as those in (11), the R-projector depends on configuration and frame of reference. Those are

identified in the usual manner; e.é’; = SS Gz. This 6N€ x 6N€ matrix is an orthogonal projector of
rank equal to thatdd = G S. If GS =1, P, has rank 3. The complefgojector matrixof the element
is defined as

P=P,—P,. (18)

This is shown to be a projector, that?é = P, in Section 4.2.

Two additional 68N® x 6N€ matrices, denoted by andL, appear in the EICRH is a block diagonal
matrix built of 2N¢ 3 x 3 blocks:

H =diag[l Hy | Ho ...1 Hne], Ha=H(03), H(O) =09d0/iw. (19
HereH, denotes the Jacobian derivative of the rotational axial vector with respect to the spin axial vector
evaluated at noda. An explicit expression off (0) is given in (101) of Appendix A. The local version
in the CR frame is
H =diag[l Hg1 | Haz ...1 Hgne]l, Hga=H(@ga), H(Og) = 3604/00q. (20)
L is a block diagonal matrix built ofI2¢ 3 x 3 blocks:
L=diag[0L; OL,...0Lne], La=L(Os,my). (21
wherem, is the 3-vector of moments (conjugate d@,) at nodea. The expression ok (6, m) is
provided in (102) of Appendix A. The local forin has the same block organization with replaced

by La = L(gda’ ma)-
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83.8. Deformational Translations

Consider a generic poi° of the base element of Figure 5, with global position vegtar PO rigidly
moves toPR in R with position vectox® = x% + ul = x + ¢ + xR.. Next the element deforms to
occupyCP. PR displaces tdP, with global position vectorp = x$ + up = X% + ¢+ XB. + Ugp.

The global vector fronC® to P is x% — a, which in the base frame becon&h = To(x% — a). The
global vector fromCR = C to Pris xR — b, which in the element CR frame becon¥s= Tr(x3. —b).
But >"<(,’D = >‘<,F§ since theC’— @R motion is rigid. The global vector fronPg to P is ugp = Xp — xR,
which represents a deformational displacement. In the CR frame this beGgmesT r(Xp — x'§,).

The total displacement vector is the sum of rigid and deformational pasts: u,p + ugp. The rigid
displacement is given by expressions collected in (5), of whigh= (Ro — 1) (X% — @) + ¢ is the most
useful. The deformational partis extractedigs = up — Urp = Up —C+ (I — Rp) (x% —a). Dropping
P to reduce clutter this becomes

Ug=U—c+ (I —Rp) (xX° — a). (22)

The element centroid position is calculated by averaging its node coordinates. Consequently

c = (1/N®) Zb Up, Uy —C= Zb UapUp, With Zb = Z::el (23)

in which Ugp = (8ap — 1/N®) | is a building block of the T-projector introduced in the foregoing
subsection. Evaluate (22) at nagl@nsert (23), take variations using (10) to handlRy, use(2) to map
Ro(x® — a) = xR — b, and employ the cross-product skew-symmetric property (56) to extact

SUda = 8(Ua—C) — 8Ro (X3—a) = ) Uap8Up — Spin(sw) Ro (x3—a)
= Zb Uap 8Up — Spin(sw) (xR} — b) = Zb Uab 8Up + Spin(x} — b) sw (24)
= Zb UapSUp + Zb SaR Gyp dVp.

Here matriceSandG have been introducedin (12)—(15). The deformational displacementin the element
CR frame isliy = TrUg. From the last of (5) we gély = G — ¢ — (I — Iig)S(R, whereRg = TR RoT g
Proceeding as above one gets

_ _ =D = _
6Uga = Zb UapdUp + Zb S, Gpévp. (25

The node lever matrig? of (24) changes in (25) téaD, which uses the node coordinates of leéormed
element configuration.

83.9. Deformational Rotations

Denote byRp the rotator associated with the motion of the material particle originallp%tsee

Figure 6. Proceeding as in the translational analysis this is decomposed into the rigid rBi@ation
and a deformational rotatiorRp = Rqp Rg. The sequence matters becatke Ro # RoRgp. The
orderRqyp Ro: rigid rotation follows by deformation, is consistent with those used by Bergan, Rankin and
coworkers; e.g. [54,56]. (From the standpoint of continuum mechanics based on the polar decomposition
theorem [81, Sec. 37] the left stretch measure is used.) Rgps= Rp R}, which can be mapped to

the local CR system &®y = TrRgq TE. Dropping the labeP for brevity we get

Ri=RR) =RTjTr, Ry=TrRqTR=TrRT]. (26)
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The deformational rotation (26) is taken to be small but finite. Thus a procedure to extract a rotation
axial vectordy from a given rotator is needed. Formally thisgis = axiaI[Loge(Iid)], but this can be
prone to numerical instabilities. A robust procedure is presented in Section A.11. The axial vector is
evaluated at the nodes and identified with the rotational DOF.

Evaluating (26) at a node taking variations and going through an analysis similar to that carried out in
the foregoing section yields

20 9
80aa= 23 Ty = Ha Y, (3ab[0 1]~ Gp) s,

dwy dwp
aéda dig @n
Ve a ag- 5 = _
804a = T Zb 9n dwp = Ha Zb (Sab [ 0 1 ] — Gb) SVp.

whereGy is defined in (15) anél, in (19).

84. Internal Forces

The element internal force vectotand tangent stiffness mati are computed in the CR configuration
based on small deformational displacements and rotations. Variations of the element DOF, collected in
vg as indicated in Table 2, must be linked to variations in the global frame to flesh out the EICR interface
of Figure 4. This section develops the necessary relations.

84.1. Force Transformations

Consider an individual elemeatwith N€ nodes with six DOF (three translations and three rotations) at
each. Assume the element to be linearly elastic, undergoing only small deformations. Its internal energy
is assumed to be a function of the deformational displacemeifts: U €(v§), with arrayv§ organized

as shown in Table 2U¢ is a frame independent scalar. The element internal force vetiarthe CR

frame is given byp® = 0U®/9vg. For each noda=1,... N

au®

e 8U€ or F_)ﬁa i auda (28)
mTa ek )T
da

where the second form separates the translational and rotational (moment) forces. To refer these to the
global frame we need to relate local-to-global kinematic variations:

—e oe
Uy, 0Ugp

0e N e Ut 3t

|:6l:|ga:| = ZJab |:§U%:| s Jab = -ea —ea . (29)
8644 b1 Wa 36gp 004,
E)uaE 8wae

From virtual work invariance(p®) " su§ + (;‘)S)T(Séz = (p®)Tsu® + (p5) T sw®, whence

[psa]zfsz[?ga}, a=1 .. N (30
pga b=1 a an

It is convenient to split the Jacobian in (29)&g = HpPapTa andJ), = T} ﬁZng. These matrices are
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provided from three transformation stages, flowcharted in Figure 10:

50,7 1 0 J[sce - 36,
Ydo | _ B U | th B — [ Oab ] ,
|:30§b_ [O Hdb] [Swg " ® dwyp

aug,  0Ug,
sug ] 5 [eu o= | o0y ddg
aug 9wy

E=1i b I A ]
Scg | Sws 0 Tgr||68ut|”

The 3x 3 matrixL is the Jacobian derivative already encountered in (19). An explicit expression in
terms of@ is given in (101) of Appendix A. To express compactly the transformations for the entire
element it is convenient to assemble ti¢°6<x 6N°€ matrices

i

E’ll E’lz E’lNe

_ Po1 Poo ... Popne CR deformational APT global total
P= s displac & rotations|«€ displac & spins
e e e (32 30y, 08y 6u, 6w
Pner Pneo ... Prene A
T=diag[Te Tr ... Trl. — | rotation-to- global-to-CR
g[Tr Tr r] H spin Jacobian frame rotator
andH is defined in (20). Then the element transforma- . Y
. . CR deformational Projector CR total
tions can be written displac & spins  |g— displac & spins
3y, 50y P=R+R, 3T, 5%

- = =T ~T _
SV§=HPTSv, p*=T'P H p° (33 .
FIcure 10. Staged transformation sequence
from deformed to global DOFs.

The 6x 6 matrixPyp in (31) extracts the deformational part of the displacement at hdmléerms of the
total displacement at node both referred to the CR frame. At the element levgf, = P §V° extracts
the deformational part by “projecting out” the rigid body modes. For this reBdsizalled gprojector.

As noted in Section 3.3 may be decomposed into a translational projector or T-projétand a
rotational projector or R-projectd,,, so that® = P, + P,. Each has a rank of 3. The T-projector is a
purely numeric matrix exemplified by (11). The R-projector can be expresdegl asSG, whereSis
defined in (12) an@ in (15). Additional properties are studied below.

Remark 3. Rankin and coworkers [54,63—67] use an internal force transformation in which the incremental nodal
rotations are used instead of the spins. This results in an extra nﬁt_rlmappearing in the sequence (33). The
projector derived in those papers differs from the one constructed here in two ways: (1) only the R-projector is
considered, and (2) the origin of the CR frame is not placed at the element centroid but at an element node defined
by local node numbering. Omitting the T-projection is inconsequential if the element is “clean” with respect to
translational rigid body motions [30, Sec. 5].

84.2. Projector Properties

In this section the bar oveé?, etc is omitted for brevity, since the properties described below are frame
independent. In Section 3.5 it was stated without proof that (18) verifies the orthogonal projector property
P> = P. SinceP? = (P, — P,)? = P2 — 2P,P,, + P2, satisfaction requireB> = P,, P> = P, and

P.P, = 0. Verification ofPﬁ = Py is trivial. Recalling thaP, = SG we get

P2=S(GS)G=SIG=SG=P,. (34)
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This assumeB = | in (17); verification for non-identity is immediate upon removal of zero rows and
columns. The orthogonality properB, P, = P, SG = 0 follows by observing thagpin(xc) = 0,
wherexc are the coordinates of the element centroid in any frame with origth at

In the derivation of the consistent tangent stiffness, the variati®t afontracted with a force vectdy
wheref is not varied, is required. The variation of the projector can be expressed as
8P =8P, — 8P, = —8P, = —86SG — SéG. (35

For the tangent stiffness one neetlR’ f. This vector can be decomposed into a balanced (self-
equilibrated) forcd, = Pf and an unbalanced (out of equilibrium) forfge= (I — P)f. Then
SPTf=—(G"6S" +6G" S") (fp +fy) = —G' 6S" PTf — (G" 6S" 4 86G' SN,

36
= _—G'§S"PTf+ 8P 1, (36

whereS' f, = 0 was used. This comes from the fact that the columrSare the three rotational rigid
body motions, which do not produce work on an self-equilibrated force vector.

The termsP" f,, will be small if element configuratior®® and@P are close because in this cdgavill
approach zero. 16 has the factorizable form shown below, however, we can showstaf, =
identically, regardless of how clog andCP are, as long akis in translational equilibrium. Assume
thatG can be factored as

=ET, with §G=3ET. (37)

whereE is a coordinate dependent invertible<33 matrix, andl’ is a constant & 6N°€ matrix. Since
GS=lasper(17)2 1 =TS andsGS+Gs§S=S8=ET S+ G8§S= 0, whencé= = —G§SE. Then

P fu=—(G"8S" +I"s2"SNHf, = —(G"8S" —TTETsST,GT S)f,
= —(G"8S" —GT8STP) ) fy = —(GT8ST(1 —P))fy = —-GT8S"(1 —P))f, (38)
=-G'sST(I —PH(I -PHf=0,

if f is in translational equilibriumf = P! f. This is always satisfied for any element that represents rigid
body translations correctly [30, Sec. 5].

85. Tangent Stiffness

We consider here only the stiffness derived from the internal energy. The load stiffness due to noncon-
servative forces, such as aerodynamic pressures, has to be treated separately.

§5.1. Definition

The consistent tangent stiffness matix of elemente is defined as the variation of the internal forces
with respect to element global freedoms:

a e
sp°¢ def K€sve, whence K€ = i. (39
ove

Taking the variation op® in (33) gives rise to four terms:
5p°=8T P A p°+T 6P A p°+ T P sHTpe+TT P A’ 6p°
= (KGr+ Kgp + Kgy + K§y) 8V
The four terms identified in (40) receive the following namé&sy is thematerial stiffnessK gy the
moment-correction geometric stiffneks; p theequilibrium projection geometric stiffnesndK g g the

rotational geometric stiffnesdf nodal eccentricities treated by rigid links are considered, one more term
appears, called theccentricity geometric stiffnes$his term is studied in great detail in [37].

(40)
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85.2. Material Stiffness

The material stiffness is generated by the variation of the element internal fiftces
KE ove =TLP A’ 8pc. (41)

The linear stiffness matrix in terms of the deformational freedon?§ is defined as the Hessian of the
internal energy:

. a2ue  9p°
Re= 2- P (42)
oVgovg  0Vy

Using the transformation @€ in (33) gives
K&, =T P H K°APT. 43

Thus the material stiffness is given by a congruential transformation of the local stiffiésshe global
frame. This is formally the same as in linear analysis but here the transformation terms depend on the
state. The expression (43) is valid onlyif is independent of the deformation#] freedoms.

85.3. Geometric Stiffness

To express compactly the geometric stiffness components it is convenient to introduce the arrays

AS Spin(ii9) Spin(n)
me 0 Spin(M3)
pe=P A p°=| : |, Fn= : . Emn= : : (44)
NS Spin(nye) Spin(nge)
MSe 0 Spin(mg.)

These are filled with therojection node force%. Only the final form of the geometric stiffness
components is given below, omitting the detail derivations of [37]. The rotational geometric stiffness is

generated by the variation & K& 8ve = 8TTP' H' p®and can be expressed as
Ker=-T' FamGT, (45)

KRe is the gradient of the internal force vector with respect to the rigid rotation of the element. This
interpretation is physically intuitive because a rigid rotation of a stressed element necessarily reorients
the stress vectors by that amount. Consequently the internal element forces must rigidly rotate to preserve
equilibrium.
The moment-correction geometric stiffness is generated by the variation of the jatbbidhsve =
T5T o537 =e . .
TgrP 8H p°. Itis given by :
em=TTP LPT. (46)
whereL is defined in Section 3.5.

The equilibrium projection geometric stiffness arises from the variation of the projestith respect
to the deformed element geometiyS ,6v¢ = TL8PT H' p°. As in Section 4.2, decompog€ into a

balanced (self-equilibrated) for@g = P p® and an unbalanced for@& = p® —py. If 5P' Py is either
identically zero or may be neglected as discussed in SectioiK4.2ijs given by

Kep=-TTG E,PT, (47)
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in which the balanced forggf is used in (44) to geft,.

If TT sP" po cannot be neglected, as may happen in highly warped shell elements in a coarse mesh, the
following correction term may be added K, :

- _ 3G -
AKGP:_TT (GT FnuP+WSpﬁ) T, (48)

whereFp, is Fp of (44) whenp;, is inserted instead @#°. In the computations reported in Part Il [38]
this term was not included.

K&g expresses the variation of the projection of the internal force vextas the element geometry
changes. This can be interpreted mathematically as follows: In the vector space of element force vectors
the subspace of self-equilibrium force vectors changes as the element geometry changes. The projected
force vector thus has a gradient with respect to the changing self-equilibrium subspace, even though the
element forcd, does not change.

The complete form of the element tangent stiffness, excluding correction terms (48) for highly warped
elements, is

Ke=TT(P'A'K°AP+P LP—FmG—G' F)P)T=TTK,T, (49

in which R;, which is thelocal tangent stiffness matrifthe tangent stiffness matrix in the local CR
frame of the element) is given by the parenthesized expression.

85.4. Consistency Verification

The local tangent stiffness matn&; given in (49) has some properties that may be exploited to verify
the computer implementation [54,37]:

KiS=—Fum S Kp=—F'

n?

KGPS= 0, STKM=O, éT (RGR+RGP)=_I_:

KmS=0, KgrS=—Fnm
T
N

(50)

In addition, rigid-body-mode tests on the linear stiffness ma’Zr'lexusing linearized projectors are
discussed in [30]. The set (50) tests the programming of the nonlinear prdpesitare it checks the null

space of. It also indicates whether the projector matrix is used correctly in the stiffness formulation.
However, satisfaction does not fully guarantee consistency between the internal force and the tangent
stiffness becausid andL are left unchecked. Full verification of consistency can be numerically done
through finite difference techniques.

86. Three Consistent CR For mulations

From the foregoing unified forms of the internal force and tangent stiffness, three CR consistent for-
mulations can be obtained by making simplifying assumptions at the internal force level. These satisfy
self-equilibrium and symmetry to varying degree. The following subsections describe the three versions
in order of increasing complexity. For all formulations one can take in account DOFs at eccentric nodes
as described in [37].

86.1. Consistent CR formulation (C)

This variant is that developed by Bergan and coworkers in the 1980s at Trondheim and summarized in
the review article [56]. The internal force (33) is simplified by takithg= | andP = |, while retaining
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8§ = H P sv® for recovery of deformational DOFs. SingB = §H = 0, the expression for the tangent
stiffness of (40) simplifies to the material and rotational geometric stiffness terms:

pPe=TTK®, Ke=T'(K°AP-FmG)T. (51)

Here Fnm is computed according to (44) wifif = KVg. The internal force is in equilibrium with
respect to the CR configurati@®. For a shell structure, the material stiffness approaches symmetry as
the element mesh is refined if the membrane strains are small. As the mesh is refined, the deformational
rotation axial vectordly, become smaller and approach vector properties that in turn iaRg,
approach the identity matrix. With small membrane strdlnisis indifferent with respect to post-
multiplication withP because th&R andC configurations will be close arki°P — K°. The consistent
geometric stiffness is always unsymmetric, even at equilibrium. Because of this fact one cannot expect
guadratic convergence for this formulation if a symmetric solver is used.

This formulation may be unsatisfactory for warped quadrilateral shell elements sin€& ted C°
reference configurations may be far apart. Only in the limit of a highly refined element mesh will the
eR andeP references in general be close, and satisfactory equilibrium ensured.

86.2. Consistent Equilibrated CR Formulation (CE)

The internal force (33) is simplified by takirtg = | sosH = 0, but the projectoP is retained. This
gives
pPP=TTP K°¥, Ke=T'(P K°HP-FmG—-G F PT. (52

whereF,m andF, are computed according to (44) wiih = I5TKe\7§.

Due to the presence Bfon both sides, the material stiffness of the CE formulation approaches symmetry

as the mesh is refined regardless of strain magnitude. The geometric stiffness at the element level is non-
symmetric, but the assembled global geometric stiffness will become symmetric as global equilibrium is
approached, provided that there are no applied nodal moments and that displacement boundary conditions
are conserving. A symmetrized global tangent stiffness maintains quadratic convergence for refined
element meshes with this formulation.

86.3. Consistent Symmetrizable Equilibrated CR Formulation (CSE)

All terms in (33) are retained, giving
pPP=TP A K°¥, Ke=T'(P H KAP+P LP-FmG-G F PT. (53

whereF,m andF, are computed according to (44) witk= P' H K° V. The assembled global geometric
stiffness for this formulation becomes symmetric as global equilibriumis approached, asinthe CE case, as
long as there are no applied nodal moments and the loads as well as boundary conditions are conserving.
Since the material stiffness is always symmetric, quadratic convergence with a symmetrized tangent
stiffness can be exppected without the refined-mesh-limit assumption of the CE formulation.

Remark 4. The relative importance of including th&matrix, which is neglected by most authors, and the physical
significance of this Jacobian term are discussed in Part Il [38].

86.4. Formulation Requirements

It is convenient to set forward a set of requirements for geometrically nonlinear analysis with respect
to which different CR formulations can be evaluated. They are listed below in order of decreasing
importance.
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Table 4. Attributes of Corotated Formulations C, CE and CSE.

Formulation Self-equi{l) Consistern?) Invariant3) Symmetri{4) Elem.Indef5)

c J J J
CE J J J J
CSE J J J J J

(1) checked if elementis in self-equilibrium in deformed configuraﬁf8m

(2) checked if tangent stiffness is thigyradient of the element internal force.

(3) checked if the formulation is insensitive to choice of node numbering.

(4) checked if formulation maintains quadratic convergence of a true Newton solution
algorithm with a symmetrized tangent stiffness matrix.

(5) checked if the matrix and vector operations that account for geometrically nonlinear
effects are the same for all elements with the same node and DOF configuration.

Equilibrium. By this requirement is meant: to what extent the finite element internal force yeistor
self-equilibrium with respect to the deformed configurat®t? This is a fundamental requirement for
tracing the correct equilibrium path in an incremental-iterative solution procedure.

ConsistencyA formulation is called consistent if the tangent stiffness is the gradient of the internal forces
with respect to the global DOF. This requirement determines the convergence rate of an incremental-
iterative solution algorithm. An inconsistent tangent stiffness may give poor convergence, but does not
alter the equilibrium path since this is entirely prescribed by the foregoing equilibrium requirement.
However, lack of consistency may affect the location of bifurcation (buckling) points and the branch
switching mechanism for post-buckling analysis. In other words, an inconsistent tangent stiffness matrix
may detect (“see”) a bifurcation where equilibrium is not satisfied from the residual equation. Subsequent
traversal by branch-switching will then be difficult because the corrector iterations need to jump to the
secondary path as seen by the residual equation.

Invariance This requirement refers to whether the solution is insensitive to internal choices that may
depend on node numbering. For example, does a local element-node reordering give an altered equi-
librium path or change the convergence characteristics for the analysis for an otherwise identical mesh?
The main contributor to lack of invariance is the way the deformational displacement vector is extracted
from the total displacements, if the extraction is affected by the choice of the local CR frame. If lack of
invariance is observed, it may be usually traced to the m&riwhich links the variation of the rigid

body rotation to that of the nodal DOF degrees of freedom.

Symmetrizability This means that a symmetriz&dcan be used without loss of quadratic convergence
rate in a true Newton solver even when the consistent tangent stiffness away from equilibrium is not
symmetric. In the examples studied in Part Il [38] this requirement was met when the material stiffness
of the formulation was rendered symmetric.

Element Independencdhis is used in the sense of the EICR discussed in Section 2.5. It means that
the matrix and vector operations that account for geometrically nonlinear effects are the same for all
elements that possess the same node and DOF configuration.

Attributes of the C, CE and CSE formulations in light of the foregoing requirements are summarized in
Table 4.

86.5. Limitationsof the EICR For mulation

The present CR framework, whether used in the C, CE or CSE formulation variants, is element inde-
pendent in the EICR sense discussed in Section 2.5 since it does not contain gradients of intrinsically
element dependent quantities such as the strain-displacement relationship. This treatment is appropriate
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for elements where the restriction to small strains automatically implies that the CR and deformed ele-
ment configurations are close. This holds automatically for low order models such as two-node straight
bars and beams, and three-node facet shell elements.

The main reason for limiting element independence to low-order elements is the softening effect of the
nonlinear projectoP. The use oP to restore the correct rigid body motions, and hence equilibrium with
respect to the deformed element geometry, effectively reduces the eigenvalues of the material stiffness
relative to the CR material stiffness. before projection. This softening effect becomes significant if
the @R andCP geometries are far apart.

Such softening effects are noticeable in four-node initially-warped shell elements. Assume that the
element is initially warped with “positive” warping, and consider only the effedP.ofThe element
material stiffness of this initial positive warping is th&n. = PIKePJr = Ke. Apply displacements

that switch this warping to the opposite of the initial one; that is, a “negative” warping. The new
element material stiffness then becores= PTK.P_ # K. One will intuitively want the two element
configurations to have the same rigidity in the sense of the dominant nonzero eigenvalues of the tangent
stiffness matrix. But it can be shown that the eigenvalues of the projected material stiffnesskmatrix

can be significantly lower than those of the initial stiffness matrix If the element stiffnes&e is

referred to the flat element projection, one can restore symmelty aihdK _ with respect to dominant
nonzero eigenvalues, but it is not possible to remove the softening effect.

This argument also carries over to higher order bar, arch and shell elements that are curved in the initial
reference configuration. It follows that the EICRpsmarily useful for low-order elements of simple
geometry

§7. Conclusions

This article presents a unified formulation for geometrically nonlinear analysis using the CR kinematic
description, assuming small deformations. Although linear elastic material behavior has been assumed
for brevity, extension to materially nonlinear behavior such as elastoplasticity and fracture within the
confines of small deformations, is feasible as further discussed below. All terms in the internal force and
tangent stiffness expressions are accounted for. It is shown how dropping selected terms in the former
produces simpler CR versions used by previous investigators.

These versions have been tested on thin shell and flexible-mechanism structures, as reported in Part ||
[38]. Shells are modeled by triangle and quadrilateral elements. The linear stiffness of these elements
is obtained with the ANDES (Assumed Natural DEviatoric Strains) formulation of high performance
elements [27-32,53]. Test problems include benchmarks in buckling, nonlinear bifurcation and collapse.

Does the unified formulation close the book on CR? Hardly. Several topics either deserve further
development or have been barely addressed:

(A) Relaxing the small-strain assumption to allow moderate deformations.

(B) Robust handling of extremely large rotations involving multiple revolutions.

(C) Integrating CR elements with rigid links and joint elements for flexible multibody dynamics.

(D) Using substructuring concepts for CR modeling of structural members with continuum elements.
(E) Achieving a unified form for CR dynamics, including nonconservative effects and multiphysics.

Topic (A) means the use of CR for problems where strains may locally reach moderate levels, say 1-10%,
as in elastoplasticity and fracture, using appropriate strain and stress measures in the local frame. The
challenge is that change of metric of the CR configuration should be accounted for, even if it means
dropping the EICR property. Can CR compete against the more established TL and UL descriptions?
It seems unreasonable to expect that CR can be of use in overall large strain problems such as metal
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forming, in which UL reigns supreme. But it may be competitivdocalized failureproblems, where
most of the structure remain elastic although undergoing finite rotations.

Some data points are available: previous large-deformation work presented in [46,47,50,51,57]. More
recently Skallerud et al. reported [75] that a submerged-pipeline failure shell code using the ANDES
CR guadrilateral of [37] plus elastoplasticity [74] and fracture mechanics [21] was able to beat a well

known commercial TL-based code by a factor of 600 in CPU time. This speedup is of obvious interest
in influencing both design cycle and deployment planning.

Topic (B) isimportant in applications where a floating (free-free) structure undergoes several revolutions,
as in combat airplane maneuvers, payload separation or orbital structure deployment. The technical
difficulty is that expressions presented in the Appendix cannot handle finite rotations kegendnd

thus require occasional resetting of the base configuration. While this can be handled via restarts for
structures such as full airplanes, it can be more difficult whemelagive rotation between components
exceedst2r, as in separation, fragmentation or deployment problems.

Topics (C) and (D) have been addressed in the FEDEM program developed by SINTEF at Trondheim,
Norway. This program combines CR shell and beam elements of [37], grouped into substructures, with
kinematic objects typical of rigid-body dynamics: eccentric links and joints. Basic tools used in FEDEM
for combining joint models with flexible continuum elements are covered in a recent book [73].

Finally, topic (E) is fertile ground for research. The handling of model components such as mass,
damping and nonconservative effects in fluid-structure interaction and aeroelasticity is an active ongoing
research topic. For example a recent paper [26] describes flight maneuver simulations of a complete
F-16 fighter using CR elements to model the aircraft. As in statics, a key motivation for CR in dynamics
is reuse of linear FEM force-stiffness libraries. Can that reuse extend to mass and damping libraries?
And how do standard time integration methods perform when confronted with unsymmetric matrices?
These topics have barely been addressed.
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Appendix A. THE MATHEMATICS OF FINITE ROTATIONS

This Appendix collects formulas and results for the mathematical treatment of finite rotations in 3D space. Em-
phasis is placed on representations useful in the CR description of FEM. Several of the results are either new or
simplifications of published results. Some statements in the literature concerning the exponential and Cayley maps
are shown to be erroneous.

One difficulty for investigators and students learning the CR description is that different normalizations have been
used by different authors. This topic is reviewed in some detail, and summary help provided in the form of Table 5.

A.1 Spatial Rotations

Plane rotations are easy. A rotation in, say, {tke X,} plane, is defined by just a scalar: the rotation afgout
X3. Plane rotations commuté; + 6, = 6, + 04, because thés are numbers.

The study of spatial (3D) rotations is more difficult. The subject is dominated by a fundamental theorem of Euler:

The general displacement of a rigid body with one point fixed is|a (54
rotation about some axis which passes through that point.

Thus spatial rotations have both magnitude: the angle of rotation, and direction: the axis of rotation. These are
nominally the same two attributes that categorize vectors. Not coincidentally, rotations are sometimes pictured
as vectors but with a double arrow in Mechanics books. Finite 3D rotations, however, do not obey the laws of
vector calculus, although infinitesimal rotations do. Most striking is commutation failure: switching two successive
rotations does not yield the same answer unless the rotation axis is kept fixed. Within the framework of matrix
algebra, finite rotations can be represented in two ways:

(a) As 3x 3 real orthogonal matricd? calledrotators (An abbreviation forotation tensoy.
(b) As 3 x 3 real skew-symmetric matric€3 calledspinors (An abbreviation fospin tensoy.
The spinor representation is important in theory and

modeling because the matrix entries are closely re-  Not unique: adjustable Unique
lated to the ingredients of Euler’s theorem (54). by a scale factoy

. . . H ON
The rotator representation is convenient for num/axial vector OM Spinor Rot(Q) | E—
ical work, as well as being naturally related to tl pseudovector 0
polar factorization of a transformation matrix. The w axial(Q) Skew(R)

two representations are connected as illustrated ir% 1. R ati f finit tial rotati
Figure 11, which also includes the axial vector in- V" = N e:p_ressen a 'Or:s © w_;épa |:Lro a::nfs.
troduced below. Ofth€ — R links, the Rodrigues- ote: Some authors write”" andL oge(R) for
Cavl ion is historically the first di d Rot(£2) andSkew(R), respectively. This is

) ayley version 1s historically . e first, as discusse correct for a particular scale factgr cf. Table 5.
in [20], although not the most important one.

A 3 x 3 skew-symmetric matrix such &3 is defined by three scalar parameters. These three numbers can be
arranged as components of axial vectorw. Althoughw looks like a 3-vector, it violates certain properties of
classical vectors such as the composition rule. Therefore thepseodovectois sometimes used fas.

In the EICR formulation presented here, axial vectors of rotations and spins function as incremental quantities
directly connected to variations. Rotator matrices are used to record the global structure motions. See Table 2.

This Appendix intends to convey that finite 3D rotations can appear in alternative mathematical representations, as
diagramed in Figure 11. The following exposition expands on this topic, and studies the links shown there.

A.2 Spinors

Figure 12(a) depicts a 3D rotation in spdee, X», X3} by an angled about an axis of rotatio@. For convenience
the origin of coordinate® is placed ony. The rotation axis is defined by three directais; w,, ws, at least one
of which must be nonzero. These components may be scaled by an nonzerg féctmrgh which the vector may
be normalized in various ways discussed later. The rotation takes an arbitraryPgejntocated by its position
vectorx, into Q(X, #), located by its position vectog. The center of rotatiof is defined by projecting® on the
rotation axis. The plane of rotatiddPQis normal to that axis at.
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The radius of rotation is vectorof magnitude from C to P. As illustrated in Figure 12(b) the distance between
PandQis 2 sin6.

The positive sense 6fobeys the RHS screw rule: pos-
itive counterclockwise if observed from the tip of the
rotation axis. The angle shown in Figure 12 is positive.

Rotation axis defined
by axial vectorw
Can be normalized
in various ways

A.3 Spin Tensor and Axial Vector

®  Qxe)

Given the three directors;, w,, andws of the axisw,
we can associate with it ax33 skew-symmetric matrix
1, called aspin tensorspin matrixor briefly spinor,
by the rule

Xy

0 —w3 w2
Q=Spin(w) =| ws 0 —w |=-Q. FIGURE 12. The rotation anglé is positive as shown, obeying
—w2 W3 0 the right-hand screw rule about the rotation axis.
(59

The space of alf?’s form the Lie algebrao(3). Premultiplication of an arbitrary 3-vectorby € is equivalent to
the cross product ab andv:

wXV=Q0V=pin(w)v=-pin(V) w = -V x w. (56)

In particularQ w = 0, andv' Qv = 0, as may be directly verified. The operation converse to (55) extracts the
3-vectorw, calledaxial vectoror pseudovectgifrom a given spin tensor:

w1
w=axia(2) = | w (57)
w3
The length of this vector is denoted by
w=|w =+ a)f—l—a)g—i—wg. (58)

As general notational rule, we will use corresponding upper and lower case symbols for the spinor and its axial
vector, respectively, if possible. For examp¥eandn, ® and6, V andv. Exceptions are made in case of notational
conflicts; for example the spinor built from the quaternion vegiors not denoted aP because that symbol is
reserved for projectors.

A.3 Spinor Normalizations

As noted,w and{2 can be multiplied by a nonzero scalar factoto obtain variousiormalizations In generaly

has the forng()/w, whereg(.) is a function of the rotation angle The goal of normalization is to simplify the
connectiongRkot and Skew to the rotator, to avoid singularities for special angles, and to connect the components
w1, wp andws closely to the rotation amplitude. This section overviews some normalizations that have practical or
historical importance.

Choosingy = 1/ we obtain the unit axial-vector and unit spinor, which are denoted dnydN, respectively:

|:n1i| |:a)1/a)i| w Q |: 0 —N3 Ny :|
N=|n|=|w/o|=—, N=Spinn)=—=| n3 0 —-n|. (59
N3 0)3/6() @ @ —Ny N3 0

Takingy = tan%@/w is equivalent to multiplying the; by tan%@. We thus obtain the parametdss= n; tan%@,
i =1, 2, 3attributed to Rodrigues [69] by Cheng and Gupta [20]. These are collected in the Rodrigues axial-vector
b with associated spina¥:

b=tanion= (tanlf/w)w, X = Spin(b)=tanioN = (tanif/w) . (60)
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This representation permits an elegant formulation of the rotator via the Cayley transform studied later. However,
it collapses a8 nearst+180 since tar%@ — +o00. One way to circumvent the singularity is through the use of the
four Euler-Rodrigues parameters, also catiedternion coefficients

Po=cosi0, p =n;sinif=w/wsinid, =123 (61)

under the constraim? + p? + p3 + p2 = 1. This set is often used in multibody dynamics, robotics and control. It
comes at the cost of carrying along an extra parameter and an additional constraint.

A related singularity-free normalization introduced by Fraeijs de Veubeke [25] takesin %e/a) and is equivalent
to using only the last three parameters of (61):

p=sinion=(sin}f/v) w, £, =Spin(p)=sin30N = (sinl6/w) Q. (62)

Fraeijs de Veubeke calls this representation “Rodrigues-Hamilton” without explanatory references.

Finally, an important normalization that preserves three parameters while avoiding singularities is that associated
with the exponential map. Introduce@ation vectorf defined as

0=6n=O/o)w, © =Spin®) =0N=0/w)N. (63)

For this normalization the angle is the length of the rotation ve&es: |6 =
sign of6 is a matter of convention.

07 + 02 + 62. The selection of the

A.4  Spectral Properties

The study of the spinor eigensystéiz; = A,z is of interest for various developments. Begin by forming the
characteristic equation

detQ — i) = -A°— 0?2 =0 (64)
wherel denotes the identity matrix of order 3. It follows that the eigenvalueQ areir; = 0, A3 = Fwi.
Consequently? is singular with rank 2 ito # 0, whereas itv = 0, €2 is null.

The eigenvalues are collected in the diagonal matrix diag(0, wi, —wi) and the corresponding right eigenvec-
torsz in columns ofZ = [z, z, z3], sothat©2?Z = ZA. A cyclic-symmetric expression &, obtained through
Mathematicais

w1 01S— & +i(wy —w3)w @S —w® —i(wy — w3)w
Z=|w wS—a?+ilws—w)o wS—w®>—ilw;—w)w (65)
w3 @3S— @ +i(w1—w)w w3S— w? —i(w —w)w
wheres = w; + wy + w3. Its inverse is
w 1 ) + w3 1 wf + w3
1 -3 . -3 i
2018 — @? — i (wp — w3)@ 218 — 0° + i (wp — w3)@
2 2 2 2
Z*l — i > 1 a)3+w1 1 CU3+CL)1 (66)
w? 2128 — w? — i (w3 — w1 2 08 — W + i (w3 — w1)w
1 w]t+ow 1 w]t+ow
wg —1 1 2 -1 1 2

W3S — w° — i (w1 — W)W

@3S — w° + 1 (w1 — w)w

The real and imaginary part of the eigenvectarsand z; are orthogonal. This is a general property of skew-
symmetric matrices; cf. Bellman [6, p. 64]. Because the eigenvalu@sasé distinct ifw # 0, an arbitrary matrix

functionF(€2) can be explicitly obtained as

fO O 0
FQ) =2 [ 0 f(wi) 0 } z (67)
0 0 f(—wi)

wheref (.) denotes the scalar versionkf.). One important application of (67) is the matrix exponential, for which

f()— eV,
The square 0f2, computed through direct multiplication, is

03+ wi  —ww,  —wiw3
Q= —| —wiw a)g + wf —wowz | = ww' —?l = w?(nn" —1). (68
—w1w3 —wow3 wf + a)g
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This is a symmetric matrix of trace2»? whose eigenvalues are-8p? and—w?. By the Cayley-Hamilton theorem,
Q satisfies its own characteristic equation (64):

Q%= —0?Q, Q*=-0?0% ... andgenerally Q"= —»’Q" 2 n=> 3 (69)

Hence ifn = 3,5, ... the odd power$§2" are skew-symmetric with distinct purely imaginary eigenvalues, whereas
if n=4,6...,the even power&" are symmetric with repeated real eigenvalues.

The eigenvalues df+yQ andl — y 2, are(1, 1+ ywi) and(—1, 1+ ywi), respectively. Hence those two matrices
are guaranteed to be nonsingular. This has implications in the Cayley transform (82).

Example. Consider the pseudo-vector=[6 2 3], for whichw = +/62 + 22 + 32 = 7. The associated spin
matrix and its square are

0 -3 2 13 —12 -18
Q=| 3 0 -6, Q®=—-|-12 45 -6|, Q*=-49Q,... (70)

2 6 0 -18 -6 40

The eigenvalues df? are (0, 7i, —7i) while those ofQ? are(0, —7, —7).
A.5 From SpinorsTo Rotators

Referring to Figure 12, a rotator is a linear operator that maps a genericReinto Q(xy) given the rotation axis
@ and the anglé. We consider only rotator representations in the form ef 3rotation matricesk, defined by

X = RX, x=RTx,. (7

The rotation matrix igproper orthogonalthat is,R'TR = | and detR) = +1. It must reduce td if the rotation
vanishes. The space of &k form the rotation group SO(3).

Remark 5. The definition (71) is taken to agree with the convention for positive rotation @hiestrated in

Figure 12 and the definition @pin(w) given in (55). Several books, e.g. Goldstein [35], define as spin n&@trix

the transpose of ours. The definition used here agrees with that of the historical review article by Cheng and Gupta
[20]. Readers consulting the literature or implementing finite rotation analysis are advised to check sign conventions
carefully. A recommended verification is to work out the 2D case by hand, since the specialization to plane rotation
should produce well known coordinate transformations.

A.6 Rotator Parametrizations

A key attribute ofR is thetrace property
trace(R) = 1+ 2 co9, (72)

proofs of which may be found for example in Goldstein [35, p. 123] or Hammermesh [36, p. 326]. (It follows from
the fact that the eigenvalues Bfare 1,6’ ande " and their sum is (72).) The problem considered here is the
construction oR from rotation data. The inverse problem: giM@nextract spin and/or rotation angles, is treated
later. Now ifR is assumed to be analytic §@ it must have the Taylor expansi®= | + ¢, + Q2 +c3 Q3 +. . .,
where allc, must vanish i = 0. But because of the Cayley-Hamilton theorem (69), all powers of order 3 or higher
may be eliminated. Thug must be a linear function df Q andQ?. For convenience this will be written

R=1+alyQ) + B2 (73
Herey is the spinor normalization factor whereasind 8 are scalar functions af and of invariants of2 or w.
Since the only invariant of the latter is we may anticipate that = (0, w) andg = B(0, w), both vanishing if

6 = 0. Two techniques to determine those coefficientsfoe 1 are discussed in the next subsections. Table 5
collects several representations of a rotator in terms of the s€hleded by different authors.
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Table5. Rotator Formsfor Several Spinor Nor malizations

Parametrization y o B Spinor RotatoR
i 2sirt 16 i 2sirf 16
None (unscaled) 1 Sing 2 9) | 4 SN0 22 272
w w

Unit axial-vector % siné 2sif20 N=yQ | +sindN+ 2sirf 36 N,

. tanio
Rodrigues-Cayley —2— 2co$10 2cogifd X =yQ |+2c08i0(X+3%)=(1+D)(1-)"

y sinp
Fraeijs de Veubeke—2—  2cos}6 2 Qp,=yQ | +2cos309Q,+ 20

- 0 sing  2sirf 36 sing 2sif 30 ., @ N

Exponential map & o 922 O=yQ |1+3570+ 922 e°=e" =¢

A.6.1 Rotator From Algebra

It is possible to findv andg for y = 1 (the unscaled spinor) directly from algebraic conditions. Taking the trace of
(73) fory = 1 and applying the property (72) requires

1—cosy 2sirf 36
2 2

(74

3—-2Bw?=1+2cos, whence 8=

w w

The orthogonality conditioh = RTR = (I — a2 + Q) + a2 + BQ?) = | + (28 — aD)Q? + 20" =
| + (28 — a? — B2w?)? leads to

sing
2B —a?— B%w? =0, whence o = —. (75)
w
Therefore Py
sing 1 - cosh sing 2sirt 26
R=1I+ Q-+ — =1+ Q-+ 207, (76)
w w w w

From a numerical standpoint the sine-squared form should be preferred to avoid the cancellation in computing
1 — cosd for smallg. Replacing the components 8 andQ? gives the explicit rotator form

a)f + (w% + a)é) cost  2wiws Sirt %9 — w3wSING 2wy w3 SIN? %9 + wow SinG
R = — 2wyws Sinf %9 + wzwsing w3+ (a)§ + w?)costd  2wow3 sir? %9 —wiwsing | . 77
20103 SIF 30 — wowSING 2wz SIF 360 + w1wsSING w3 + (w? + w3) COSH

If ¥ # 1 but nonzero, the answers are= sinf/(yw) andg = (1 — cosd)/(y?w?). It follows that (76) and (77)
are independent gf, as was to be expected.

A.6.2 Rotator from Geometry

The vector representation of the rigid motion depicted in Figure 12 is
KXo = X€0s + (fi x X) sinf + Afi - X)(1 — cosh) = X+ (A x X)sind + [A x (A xX)] (1 —cosh). (78

whereii is @ normalized to unit length as per (63). This can be recast in matrix form by substifigindg— Nx =
Qx/w andx, = RXx. On cancellingk we get back (76).

A.7 Rotatorsfor All Seasons

If w is unit-length-normalized ta as per (59)y = 1/w andR = | + sind N + (1 — cosf) N2. This is the matrix
form of (78). Becaus®&l> = nn™ — I, an ocassionally useful variant is

R=R*+ (1—cos9)nn", R* = cosd | + sind N. (79
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In terms of the three Rodrigues-Cayley parametgritroduced in (60)a = 8 = 2cog %9 andR = | +
2 cog %9 (X + X?). This can be explicitly worked out to be

RZIIEI@?% 2(b1b; +by)  1—b24+D02—b%  2(bybs — by) (80

1 [1 +b2—b2—bZ 2(bibp—bs)  2(bibs+by) }
2(b1bs — by) 2(bobs +by)  1—Dbf—b3+b3

This form was first derived by Rodrigues [69] and used by Cayley [19, p. 332—-336] to study rigid body motions.

It has the advantage of being obtainable through an algebraic matrix expression: the Cayley transform, presented

below. It becomes indeterminate, howeverpas> 1807, since all terms approacly@. This indeterminacy is

avoided by using the four Euler-Rodrigues parameters, which are also the quaternion coefficients, defined in (61).

In terms of these we get

1

PiP2+ PoPs PG+ P5—3 P2Ps— PoPr
P1Ps — PoP2  P2P3 + PoP1 p(2)+p§_%

This expression cannot become singular. This is paid, however, at the cost of carrying along an extra parameter in
addition to the constraim? + pZ + p3 + p5 = 1.

P2+ Pp?2—3% piP2— Pobs  PiPs+ Pop2
R=2 (81)

The normalization of Fraeijs de Veubeke [25] introduced in (62)= (wi /) sin%@, leads tox = 2cos%9 and
B = 2. HenceR = | + 2cosif Q, + 202, with 2, = (sin36/»)Q.

A.8 The Cayley Transform

Given any skew-symmetric real matr® = — X", we can apply the transformation
Q=(01+X(1-2" (82

[Note: this mapping can be written in many different ways; some authord us&) (I + X)~%, some switch and

X, while others prefer the involutory foriti + X)~1(I — X).] Q is a proper orthogonal matrix, that@' Q = |

and deQ = +1. This is stated in several texts, e.g., Gantmacher [33, p. 288] and Turnbull [84, p. 156] but none
gives a proof for general order. Here is the orthogonality préa@fQ = (I + X)1(l — 2)( + 2)(I — X) 1 =
14+ + 321 -2 —-%)t=1%2=1 becausé + X andl — X commute. The property dé& = +1 can

be shown to hold from the spectral properties of skew-symmetric matrices. The inverse transformation

T=Q+DH1tQ-D, (83

produces skew-symmetric matrices from a source proper-orthogonal iQatExjuations (82) and (83) are called
theCayley transformafter Cayley [20]. These formulas are sometimes useful in the construction of approximations
for moderate rotations.

An interesting question is: givef2 andf, can (82) be used to produce the exa@t The answer is: yes, {2 is
scaled by a specifig = y (0, w). We thus investigate whethd® = (I + yQ)(I — y )~ exactly for somey.
Premultiplying both sides bly— y € and representing by (73) we require

=y +ayQ+ By =1 +y@—y + v+ Y’ (B— ) =1 +yQ (84
Identifying coefficients and assuming # 0 we get the conditiong = o anda — 1 + Bw?y? = 1, from

whicha = g = 2/(1+ y%w?. Equating tof = 2sir? 26/(y%«?) and solving fory o gives as only solutions
y = :I:tan%@/a). Adopting the+ sign, this becomes the normalization (60). Consequently

B . _ tan36
R=(01+X01-%"7, XY=

Q. (85

The explicit calculation oR in terms of theb; leads to (80).
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A.9 Exponential Map

This is a final representation Bfthat has theoretical and practical importance. Given a skew-symmetric real matrix
W, the matrix exponential

Q=eV = Exp(w) (86)

is proper orthogonal. Here is the simple proof of Gantmacher [33, p 287]. Gitst Exp(W') = Exp(—W") =
QL. Next, if the eigenvalues diV are A, Zi A = trace(W) = 0. The eigenvalues dD areu; = exp(ii);
thus detQ) = IT;u; = exp(Zi Ai) = exp(0) = +1. The transformation (86) is called arponential map The
converse is of coursé&/ = Log,(Q) with the principal value taken.

As in the case of the Cayley transform, one may pose the question of whether we can get th&ret&wp(y 2)
exactly for some factoy = v (6, w). To study this question we need an explicit form of the exponential. This can
be obtained from the spectral form (67) in which the spin functidixg so that the diagonal matrix entries are 1
and exg+ywi) = cosyw * i sinyw. The following approach is more instructive and leads directly to the final
result. Start from the definition of the matrix exponential

y? y®
Exp(yﬂ)=|+yﬂ+5ﬂz+593+... (87)

and use the Cayley-Hamilton theorem (69) to eliminate all powers of order 3 or higherdentify the coefficient
series of2 and2? with those of the sine and cosine, to obtain

sin -
(y w) Q4 1 - cogyw)
yw y2w2

Exp(yQ) =1 + Q2. (89
Comparing thisto (76) requiresy = 6, ory = 6/w. Introducingd; = fw; /w and® = Spin(B) = ON = (6 /w)S2
asin (63), we find

sing 1— cosf

sing 25sirf 20
R =Exp(®) = | C) e’ = C) g
PO =1+——0+—73 t— 0+ —p

On substituting® = 6N this recover®k = | + sind N + (1 — cosd) N?, as it should.

This representation has several advantages: it is singularity free, the parafnaterexactly proportional to the
angle, and the differentiation & is simplified. Because of these favorable attributes the exponential map has
become a favorite of implementations where very large rotations may occur, as in orbiting structures and robotics.

o2, (89)

Remark 6. Some authors state that the exponential map is exact whereas the Cayley transform is a €1,1) Pad”
approximation to it. The foregoing treatment shows that the statement is incorrect. Both are exact for specific but
different spinor normalizations, and inexact otherwise.

A.10 Skew-Symmetric Matrix Relations

The following relations involving spinors are useful in some derivations. dhdw are two 3-vectors, and =
Spin(v) andW = Spin(w) the associated spinofgW — WV is skew-symmetric and

axial (VW — WV) = Vw = —W\v. (90)

Let Q be an arbitrary nonsingulars3 3 matrix wherea¥V = Spin(w) is skew-symmetric. It can be easily verified
thatQ"WQ is skew-symmetric. Then

detQ) Q7'w = axial(Q'WQ),  detQ)Q 'w = axial(QWQ"). 9
If Q is proper orthogona ! = Q" and detQ) = 1, in which case
Q'w = axia(Q"WQ), Qw = axia(QWQ"). (92
The inverse of) = | + oW + BW?, in whichW = Spin(w) is skew-symmetric, is

o a? 4 ,3(,3w2 -1
a?w? + (Bw? — 1)2 a?w? + (Bw? — 1)2

Ql=1I+ W2, with w? = [|w|> = w? + w? +w3. (93
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A.11 From Rotatorsto Spinors

If R(n, 6) is given, the extraction of the rotation angland the unit pseudo-vector= w/w is often required. The
former is easy using the trace property (72):

cosh = %(trace(R) — 1) (99

Recovery of is straightforward from the unit-axial-vector foi= | 4+ sind N + (1 — cos#)N? sinceR —R" =

2sind N, whence
R_RT n1
N = = = axial(N 9

2sing ’ : 22 axial(N) ©9

One issue is the sign efsince (94) is satisfied by6. If the sign is reversed, sois Thus it is possible to select
6 > 0if no constraints are placed on the direction of the rotation axis.

The foregoing formulas are prone to numerical instability for angles riearXB0, etc., because sthvanishes. A
robust algorithm is that given by Spurrier [76] in the language of quaternions. Choose the algebraically largest of

trace(R) andR;j,i =1, 2, 3. If trace(R) is the largest, compute
Po = cosif = 1 /1+trace(R), p =n;sin3d =31(Rg— Ry)/po. =123, (96)

wherej andk are the cyclic permutations of Otherwise letR; be the algebraically largest diagonal entry, and
again denote by, j, k its cyclic permutation. Then use

p=nisin0 = /1R + 11~ trace(R)). o= costt = 2(Rg — Ryo/p:

97
Pm = 7(Rni + Rim)/Pi. m=j.k
From po, p1, P2, Ps it is easy to pass t6, ny, n,, N3 once the sign of is chosen as discussed above.
The theoretical formula for the logarithm of a33 orthogonal matrix is
arcsinr T w (S}
©® =Log.(R) = R-R"), 9=-0, N=—, (98
2t ) 0

wherer = %||axiaJ(R—RT)||2. The formulafails, however, outside the ranger]/2 < 6 < w/2]andis numerically
unstable nea® = 0.

A.12 Spinor and Rotator Transformations

Suppos«? is a spinor andR = Rot(Q2) the associated rotator, referred to a Cartesian framgXx; }. It is required
to transformR to another Cartesian framie= {X;} related byT;; = 9% /dx;, whereT;; are entries of a & 3
orthogonal matrixl = dx/dx. Application of (71) yields

R=TRT", R'=TR'TT, R=T'RT., R=T'R'T. (99)

More details may be found in Chapter 4 of [35]. Pre and post-multiplying (99) &ydT ", respectively, yields the

transformed spinoN = TNTT, which is also skew-symmetric because = TNT TT = —N. Likewise for the
other spinors listed in Table 5. Relations (92) wh—T show how axial vectors transform.

A.13 Axial Vector Jacobian

The Jacobian matrik (8) = 90/9dw of the rotational axial vectd® with respect to the spin axial vectar, and its
inverseH (0) ! = dw/d0, appear in the EICR. The latter was first derived by Simo [71] and Szwabowicz [77], and
rederived by Nour-Omid and Rankin [54, p. 377]:

dw  Sin@ 1— cosh 6 — sing 1— cosh 6 — sind
HO) = —= = | ) 00" = | ) o2 10
@) 50 7 + 2 + 3 + o2 + 3 (100
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The last expression in (100), not given by the cited authors, is obtained on repdécing 62 + ©2. Use of the
inversion formula (93) gives

20 .

— 1pcotie
H©O) = -— = © +17®* with n= —*2—_—2" &9 _
w

1 1 p2 1 pa 1 6
62 —1_2"‘%9 +T240@ +12096009 +... (10D

The n given in (101) results by simplifying the valug = [sind — 6(1 + cos6)]/[6? sind] given by previous
investigators. Care must be taken on evaluatirigr small angle®? because it approacheg@ if |6 < 1/20, say,
the series given above may be used, with eerdr0-16 when 4 terms are retained.dfis a multiple of 2r, n blows
up since cc(t%@) — 00, and a modulo-2 reduction is required.

In the formulation of the tangent stiffness matrix the spin derivativé@h " contracted with a nodal moment vector
m is required:

-T2

AHO)T 0 .
L@, m) = a( ) m= %[H(H)Tm] H@©) = {n[(@"m)I +O6m" —2m "] + O M O™ — 1Spin(m)} H(H).
w
(102
in which
dn/d6 6%+ 4cosh + 6sind — 4
= = = 3_é0 + %6092 + 201160094 + 5981752096 t.. 103

0 494 sirf (30)
This expression oft was obtained by simplifying results given in [54, p. 378].
A.14 Spinor and Rotator Differentiation

Derivatives, differentials and variations of axial vectors, spinors and rotators with respect to various choices of
independent variables appear in applications of finite rotations to mechanics. In this section we present only
expressions that are useful in the CR description. They are initially derived for dynamics and then specialized to
variations. Several of the formulas are new.

A.14.1 Angular Velocities

We assume that the rotation an@l¢) = 6(t)n(t) is a given function of time, which is taken as the independent
variable. The time derivative @& (t) is 0= axial(6). To express rotator differentials in a symmetric manner we
introduce an axial vectap and a spino® = Spin(¢), related to® congruentially through the rotator:

. . 0 —0s 6, . . . 0 —¢s ¢, .
©=Sin@) =| 65 0 —6; [=RER", @=Spin(¢p)=| ¢3 0 —¢ [=R'OR. (104
-6, 60 O —¢2 ¢1 O
From (92) it follows that the axial vectors are linked by
¢=R"0, 0 = Ro. (105

Corresponding relation between variations or differentials, suéieas- R 5@ R ord® =Rd® RT are incorrect
as shown in below. In CR dynamidéjs the vector ofnertial angular velocitiesvhereasp is the vector oflynamic
angular velocities

Repeated temporal differentiation Rf= Exp(®) gives the rotator time derivatives
R=OR, R=©+60)R, R=(O+200+0606+6°R, ... (106
R=R® R=R@®+®), R=R@®+20d+dd+d°), ... (107)

The following four groupings appear ofteR R’ ,RR™,RT R andR' R. From the identitie®R™ = | andR'R =
| it can be shown that they are skew-symmetric, and may be associated to axial vectors with physical meaning. For

example, taking time derivatives BR" = | yieldsR R' + RR" = 0, whenceRR' = ~RR" = —(RR)". Pre
and postmultiplication oR in (106) and (107) bR andR" furnishes

RRT=-RR' =® R R=-R'R=d. (109

Note that the general integral Bf= © R aside from a constant, B = Exp(®), from whiché (t) can be extracted.
On the other hand there is no integral relation defirgiig); only the differential equatioR = R .
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A.14.2 Angular Accelerations
Postmultiplying the second of (106) IR/ yields

U 0 —fs 0 —0; 05 6162 6.6
RR'=0+0"=0+00 0% =| 6 0 —61 [+| 616, —6Z—67 6265 |, (109
—6, 6, 0 6165 0205 —02 — 62
inwhich (9)? = §24-624-62. When applied to a vector (©4+0©0)r = §xr+6 ' r—(6)2r. This operator appears
in the expression of particle accelerations in a moving frame. The second and third term give rise to the Coriolis

and centrifugal forces, respectively. Premultiplying the second derivative in (10fyBldsRR = & + &&, and
so on.

A.14.3 Variations

Some of the foregoing expressions can be directly transformed to variational and differential forms while others
cannot. For example, varyirig = Exp(®) gives

SR =8OR, SRT = —RT5O. (110

This matchekR = ©R andR" = —R"®© from (106) on replacing) by 5. On the other hand, the counterparts

of (107): R = R® andR' = —® R arenotsR = R§® andsR™ = —s®R", a point that has tripped authors
unfamiliar with moving frame dynamics. Correct handling requires the introduction of a third axial wector

0 —8y3 oy
SR=RsW, SR' =—§WR, inwhich 6% =Spin(e) =| sys 0 —oyn (111
=8y Sy O

Axial vectorsty and ¢ can be linked as follows. Start frodR = R$W andR = R®. Time differentiate the
former:6R = Ré¥ + R §¥, and vary the lattersR = R ® + R §®, equate the two right-hand sides, premultiply
by R, replaceR"R andR" §R by & ands ¥, respectively, and rearrange to obtain

§D =W +PSW — TP, or §p=35+ PSP =351 —T . (112
The last transformation is obtained by taking the axial vectors of both sides, and using (90). It is sé@nahdt

8 match if and only if® ands® commute.

Higher variations and differentials can be obtained through similar techniques. The general rule is: if there is a
rotator integral such &R = Exp(®), time derivatives can be directly converted to variations. If no integral exists,
utmost care must be exerted. Physically quantities sueh @sd are related to a moving frame, which makes
differential relations rheonomic.
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Appendix B. CR MATRICESFOR TRIANGULAR SHELL ELEMENT

The element types tested in Part I [38] are shown in Figure 13. Each element has 6 degrees of freedom (DOF) per
node: three translations and three rotations. Shells include the drilling DOF. The linear internal force and stiffness
matrix of the shell elements are constructed with the Assumed Natural Deviatoric Strain (ANDES) formulation [27—
32,53] in terms of the deformational displacements and rotations. ANDES is a direct descendent of the Assumed
Natural Strain (ANS) formulation of Park and Stanley [59] and the Free Formulation of Bergan and coworkers
[11-14]. The derivation of the linear models is outlined in Part Il [38].

The matrices required to implement the EICR &ré®, S, G, H andL. None of these depend on how the internal
element forces® and stiffness matrix ° of the small-strain linear element are formed. In terms of implementation
the EICR matrices can be classified into two groups:

(i) T, H andL, as well as the T-projector compond#t of P, are block diagonal matrices built up with-33
node blocks. These blocks can be formed by standard modules whittdependent of the element typs
long as the element has the standard 6 DOFs per node. The only difference is the number of nodes.

(i) The R-projector component &, which isP,, = SG, does depend on element type, geometry and choice of
CR frame through matri. These must be recoded for evry change in those attributes.

In this Appendix we give th& andS matrices that appear in the “front end” of the EICR for the triangular shell
element, as that illustrates the effect of CR frame selection. Matrices for the beam and quadrilateral element are
given in Part Il

Inthe following sections, element axes labels are changed{fxamn,, X3} to{X, ¥, z} to unclutter nodal subscripting.
Likewise the displacement componefis, 0., Us} are relabeledy, Gy, G,}.

FIGURE 13. Elements tested in Part Il

B.1 MatrixS
This 18x 3 lever matrix is given by (written in transposed form to save space)
S=[-Spin(x) | —Spin(xz) | —Spin(xe) 11" (113

wherel is the 3x 3 identity matrix, ank, = [ Xa, Va, Za]", the position vector of nodein the deformed (current)
configuration, measured in the element CR frame.

B.2 Matrix G

This 3x 18 matrix connects the variation in rigid element spin to the incremental translations and spins at the nodes,
both with respect to the CR fram& decomposes into threex36 submatrices, one for each node:

A N
Swy =GV, G=[G; G, Gs], 5\7=[5\72] avaz[gga}, a=123. (114
A a

Submatricess, depend on how the element CR frame is chosen. The origin of the frame is always placed at the

element centroid. But various methods have been used to direct théxaxeShree methods used in the present
research are described.
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B.2.1 G by Side Alignment

This procedure is similar to that used by Rankin and coworkers [54,63—-66]. They select side Z-&fdnode 1
as frame origin. The approach used here alignsith side 1-2 and picks the centroid as origin. Then

40 0 %000 4 [0 0 %3000 4 [00%000
Gi=55[0 0 72000|, Go=2-10 0 $3000|, Gs=5-/00y:000].
0-hs 0 000 0 hy 0000 000000
11

wherehs; = 2A/L 3 is the distance of corner 3 to the opposite sifl¢ghe triangle area, and; the length of side 12.

This choice satisfies the decomposition property (37) that guards against unbalanced force effects while iterating
for equilibrium. On the other hand it violates invariance: the choice of CR frame depends on node numbering, and
different results may be obtained if the mesh is renumbered.

B.2.2 G by Least Square Angular Fit

Nygard [57] and Bjaerum [18] pla(ﬁR in the plane of the de-
formed element with origin at node 1. The inplane orientation
of the CR element is determined by a least square fit of the
side angular errors. Referring to Figure 14 the squared error is
d? = ¢? + ¢3 + ¢°. Rotating by an additional angjethis be- @,
comesl®(x) = (14 x)*+(d2+ x)*+(@+x)>. Miniminiza- 14
tion respect tg;: 9d?/9x = 0vyieldsy = —(¢1+¢o+¢3)/3.
Consequently the optimal in-plane position according to this ~ FIGURE 14. Side angular error measure
criterion is given by the mean of the side angular errors. for triangular shell element.

This condition yields for the nodal submatrices

L 0 0 X% 0 0 0
Gi=— 0 0 Y 0 0 O, (116)
2A | 2A,_Siy | Sy 2A Six _ Sx

whereL,; is the side length opposite cornerand {S«. S«y} the projections of that side on tH&, y} axes. An
advantage of this fitting method is that it satisfies invariance with respect to node numbering. On the other hand, the
rotator gradient matrix cannot be decomposed as in (37) leading to an approximate projector away from equilibrium.
This disadvantage is not serious for a flat triangular element, however, since the CR and deformed configurations
remain close on the assumption of small membrane strains.

A more serious shortcoming is that the procedure

reintroduces the problem of spurious normal-to-the- 84 ___Jgg
plane rotations when an element with drilling free- ?‘“"' m
doms is subjected to pure stretch. The difficulty is ' ,"/,""'Gd
illustrated in Figure 15, where a two triangle patch Y y i
is subject to uniform stretch in thgdirection. Un- 0
der this state all rotations should vanish. The ele- qu A
ments do rotate, however, because of the in-plane X e;‘ """ 64

skewing of the diagonal. A deformational rotation uUndeformed (base) Deformed and
is picked up since a predictor step gives no drilling  configuration CR configurations
ro.ta.tlons at.the. nodes, Whgreas the. d_eformatlonﬂGURE 15. Finite stretch patch test for two triangle
drilling rotation is the total minus the rigid body ro-
tation: 64 = 0 — 6, .

The problem is analogous to that discussed by Irons and Ahmad [45, p. 289] when defining node drilling freedoms
as the mean of rotations of element sides meeting at that node; such elements grossly violate the patch test. This
difficulty was overcome by Bergan and Felippa[14] by defining the node drilling freedom as the continuum mechanics
rotationf, = %(auy/ax — 00y /0Y) at the node. It is seen that the problem of spurious drilling rotations has been
reintroduced for the nonlinear case by the choice of CR frame positioning. In fact this problem becomes even more
serious with the side alignment procedure described in the foregoing subsection.

elements equipped with corner drilling freedoms.
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B.2.3 Fit Accordingto CST Rotation

The infinitesimal drilling rotation of a plane stress CST element (Turner triangle, linear triangle), is given by [27,32]

Gon, =1 duy _ 9 = 1 (>_(23L_1x1 + Xa1Uyo 4 X12Ux3 + YasUy1 + Ya1lyo + )712L_Jy3) . (117
2\ ax 9y 4A

inwhichXj = X — X;, ¥ij = X — ¥j, etc. The extension of this result to finite rotations can be achieved through a
mean finite strain rotation introduced by Novozhilov [55, p. 31]; cf. also [81, Sec. 36]:

_ glin
tanfcst = cST (118
I+ &)L+ &y — 272,

in which exx = 9lix/9X, €y, = dUy/dy andyy, = dly/9X + dly/dYy are the infinitesimal strains (constant over

the triangle) computed from the CST displacements. Novozhilov proves that this rotation measure is invariant with
respect to the choice of CR axgg y} since it is obtained as a rotational mean taken over aReep abouz. If

this result is applied to the finite stretch path test of Figure 15 it is found that the CR frames of both elements do not
rotate, and the test is passed. The rotation gradient submatrices are

5 1 0 0 X% 0 0 O

G = A 0 0 Y% 0 0 O (119
~1xg 3% 0 0 0 O

where j, k denote cyclic permutations of= 1, 2, 3. The resultings matrix satisfies the geometric separabilty

condition.

B.2.4 Best Fit by Minimum L S Deformation

The best fit solution by least-squares minimization of relative displacements given in Appendix C as equation (127)
was obtained in 2000 [29]. Unlike the previous ones it has not been tested as part of a CR shell program. The
measure is invariant, but it is not presently known whether it passes the stretch patch test, or if the asSociated
satisfies the geometric separability condition (37).

Appendix C. BEST FIT CR FRAME

To define the CR frame of an individual elememwe must findc andR, from the following information. (In what
follows the element indeg is suppressed for brevity.)

(i) The geometry of the base element. This is defined throtig¥hich is kept fixed.
(i) The motion, as defined by the total displacement figlkh recorded in the global frame as stated in Table 2.
In dynamic analysis there is a third source of data:

(iii) Mass distribution. Associated with eashin C° there is a volume elemedt and a mass densigy giving a
mass elemerdm = p dV. This mass may include nonstructural components. The case of time-varying mass
because of fuel consumption or store drop is not excluded.

Findingc andR, as functions ok andv, plus the mass distribution in case of dynamics, isstedowing problem
introduced previously. What criterion should be used to determar@lR,? Clearly some nonnegative functional
of the motion (but not the motion history) should be minimized. Desirable properties of the functional are:

Versatility. It must work for statics, dynamics, rigid bodies and nonstructural bodies (e.g., a fuel tank). These
requirements immediately rule out any criterion that involves the strain energy, because it cannot be used for a
nonstructural or rigid body.

Invariance Should be insensitive to element node numbering. It would be disconcerting for a user to get different
answers depending on how mesh nodes are numbered.

Rigid Bodies For arigid body, it should give the same results as a body-attached frame. This simplifies the coupling
of FEM-CR and multibody dynamics codes.
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Finite Stretch Patch Test Satisfactioif a group of elements is subjected to a uniform stretch, no spurious de-
formational rotations should appear. This test is particularly useful when considering shell elements with drilling
freedoms, as discussed in Section B.2 for the triangle.

Fraeijs de Veubeke [25] proposed two criteria applicable to flexible and rigid bodies: minimum kinetic energy of
relative motion, and minimum Euclidean norm of the deformational displacement field. As both lead to similar
results for dynamics and the first one is not applicable to statics, the second criterion is used here.

An open research question is whether a universal best fit criterion based on the polar decomposition of the element
motion could be developed.

C.1 Minimization Conditions

In statics the density may be set to unity and mass integrals become volume integrals. These are taken over the
base configuration, Whentfe. ..dv meansfeo ...dV. Furthermore the element global frame is made to coincide

with the base frame to simplify notation. Thys= X, u = G anda = 0. Coordinatex® andx® of the base are
relabeledX andx = X + u, respectively, to avoid supercripts clashing with transpose signs. Be€Aaliseby
definition at the base element centroid

/ X dV = 0. (120

The centroidC of C® is located by the conditioff xdV = [(X+u)dV = [udV =cV, whereV = [ dV is
the element volume. From (22) with= 0 andx® — X, the best-fit functional is

J[c,Ro]zg/ugud dV=%/[u—c+(l —Ro)X] [u—c+( —Ro)X]dV (121

Minimizing Dgﬂd leads to the same result, singgandiy only differ by a rotator.

C.2 Best Origin

Denote byAc the distance betweddg andC. Taking the variation ofl with respect ta yields

2—iac=—/(5cfud dV:—Sch[u—c+(I —Ro)x]dvz—ach(u—c)dV=o,
(122

= C/dV:CV:/UdV:(C—{—AC)V.

where (120) has been used. Consequefitty= 0. That is, the centroids @@" and @ must coincideCg = C.
C.3 Best Rotator

The variation with respect B, gives the condition

EN
—8Ro = | XT8Ro[u—c+ (I —Rp)X]dV =0. (123
R0

ReplacingsR = 8© R, and noting thak™ s@ X = 0 and [ X" §@ RocdV = 0 yields

/xT SO Ry(X +u)dV = /xT(aa x R(X +u) dV = 0. (124

Applying (124) to each angular variatiot, §6, andsdz of @ in turn, provides three nonlinear scalar equations
to determine the three parameters that defipieFor the two-dimensional case, in which o is varied andRg
depends only o = 63, the following equation is obtained:

/ [(X]_ + Up) (X2 COSH3 — X1 Sin93) — (X5 4+ Up) (X1 coshz + X, Sineg)] dVv =0, (125)
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whence
f(XZUI — XyUp) dv _ f(XZUZI. — XyUp) dv

J[XaXa + up) + Xa(Xz +up) | dV [ (Xaxa + Yoxo) dV

For the three-dimensional case a closed form solution is not available. This is an open research topic. Fraeijs de
Veubeke [25] reduces (124) to an eigenvalue problem in the axial vecRy;, @fith a subsidiary condition handled

by a Lagrange multiplier. Rankin [67] derives a system equivalent to (124) for an individual finite element by
lumping the mass equally at the nodes whereupon the integral over the body is reduced to a sum over nodes. The
nonlinear system is solved by Newton-Raphson iteration.

tanb; = (126

C.4 Linear Triangle Best Fit

Consider a constant thickness three-node linear plane stress triangle (also known as Turner triangle and CST),
displacing in two dimensions as illustrated in Figure 16. To facilitate node subscripting, rehiameX, X, — Y,

X1 = X, X2 = Y, U1— Uy, Up—Uy. Using triangular coordinat€$:, ¢», {3} position coordinates and displacements

are intel’polated IinearIyX = X]_é']_ + X2§2 + X3§3, Y = Y]_é']_ + Yzé'z + Y3§3, X = X181 + X282 + X383, Y =

Y181 + Y282 + Yals, Ux = Uy1l1 + Uxalo + Uyagz anduy = Uy1¢1 + Uyl + Uysls, in which numerical subscripts

now denote node numbers. Insert into (126) and introduce side condiiomsX, + X3 =0,Y; + Yo+ Y3 = 0,

Ux1 + Ux2 + Uy = X1 + X2 + X3 anduy; + Uy + Uyz = Y1 + Yo + Y5 for centroid positioningMathematicafound

for the best fit angle

X1Y1 + XYz + X3Y3 — Y1 X1 — Y2 Xo — Y3 X3
X1 X1+ XX + Xs Xz + ViY1 + VoY + V3 Y3

wherex, = Xa + Uxa, Ya = Ya + Uya, @ = 1, 2, 3. The same result can be obtained with any 3-point integration
rule where the Gauss points are placed on the medians. In particular, Rankin’s idea of using the three corners as
integration points [67] gives the same answer.

tang; =

(127)

Y.V ¥y
2 (X2 1Y2)

global frame=
element base frame

FIGURE 16. Best CR frame fit to 3-node linear triangle in 2D.
Axes relabeled as explained in the text.

This solution is interesting in that it can be used as an approximation for any 3-node triangle undergoing three
dimensional motion (for example, a thin shell facet element) as long agsisipreset normal to the plane passing
through the three deformed corners. The assumption is that the best fit is done only for the in-plane displacements.

C.5 Rigid Body Motion Verification

Suppose the element motion= u; is rigid (ug = 0) with rotatorR;. If sou, = ¢ — (I — R;)X. Inserting into
(121) yields

J=3 f XT(R, = Ro)T(Ry — Rp)X dV. (128

in which X = x® — a. This is clearly minimized byR, = R;, so the body attached frame is a best fit CR frame.
(There may be additional solutions(iR; — Rg)X = 0 for someR, # R;, for example by relabeling axes.) This
check verifies that the functional (121) also works as expected for rigid body components of a structural model.
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Appendix D. NOMENCLATURE
The notation used by different investigators working in CR formulations has not coalesced, since the topic is in flux.
This Appendix identifies the symbols used in the present article. General scheme of notation is

Non-bold letters: scalars. Uppercase bold letters (roman and greek): matrices and tensors. Lowercase bold letters
(roman and greek): column vectors, but there are occasional exceptions stieindy .

Symbol Meaning

a As subscript: generic nodal index

b As subscript: generic nodal index

b Components of Rodrigues-Cayley axial vector.

G Generic coefficients. Components of veator

d As subscript: deformational

e Base of natural logarithms. As superscript: element index.
& Strains.

fi Components of force vectér

h; Triangle heights.

i As subscript: generic index. Imaginary unit in complex numbers.
i As subscript: generic index

k As superscript: iteration count

I As subscript: generic index

m As subscript: generic index

n As subscript: incremental step number

n; Components of vectar.

pi Quaternion components.

r As subscript: rigid

Scxr Sky Projections of triangle side, on {x, y} axes.

t Time.

u Displacement magnitude

ui, Gi, G Displacement components ¥, X;, X, axes, respectively.

Ugi, Ugi, Ogi Deformational displacement componentxinX, X; axes, respectively.
Ui, Gii, Gii Rigid displacement componentsyin X;, X; axes, respectively.
X X1 axis when usingx, y, z} notation

Xi Components of global-frame position vector

Xi Components of element base-frame position vextor

Xi Components of element CR-frame position ve&tor

y X axis when usingx, y, z} notation

z X axis when usingx, y, z} notation

A Area.

C Generic centroid of body or element in statics. Center of mass in dynamics.
CoCRC Body or element centroid in base, CR and deformed configurations, respectively.
L Length of 2-node element. Generic length.

Lk Length of triangle side opposite nole

N Number of structure nodes.

Ne€ Number of nodes of elemeat

@] Origin of global frame.

T Kinetic energy

U Internal energy, strain energy.

W External work.

X1 axis when usingX, Y, Z} notation

Material global Cartesian axes

% axis when usingX, Y, Z} notation

X3 axis when usingX, Y, Z} notation

Position vector ofc° from origin of global frame. Generic vector.
Position vector of£R = C from origin of global frame. Generic vector.

T®N<X X
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Displacement of base element centrGitito CR = C.

Deformational displacement. Array of nodal DOF, collecting translations and rotations.

Array of nodal deformational DOF, collecting translations and rotations.
Strains arranged as vector.

Generic force vector. External force vector.

External force vector in element CR frame.

Balance (self-equilibrated) force vector.

Unbalanced (out of equilibrium) force vector.

Base unit vector

Generic nodal moment vector.

Nodal moment components at hoale

Unit normal. Direction of rotation vector in 3D.

Translational force components at nade

Null matrix or vector.

Internal force vector of structure.

Element internal force vector in global frame.

Element internal force vector in CR frame.

Not used

Force residual vector.

Displacement vector. Also generic vector: meaning from context.
Denotes vector collecting nodal displacements and rotations,
displacements and spins, or displacements and rotators. See Table 2.
Also generic vector: meaning from context.

Generic vector: meaning from context.

Global DOF vector for complete structure.

Global-frame spatial position vector.

Element base-frame position vector.

Element CR-frame position vector.

Frame independent position vector.

Alternative notation for position vector. Generic vector.
Frame independent position vector.

Spinor eigenvector.

Generic matrix.

Matrix relating strains to deformational displacements. Generic matrix.
Strain-stress (compliance) matrix

Diagonal matrix of zeros and ones. Generic diagonal matrix, size from context.
Stress-strain (elasticity) matrix

Generic matrix function

Auxiliary matrices in tangent stiffness derivations.

Element spin-fitter matrix linkingwy to §v°.

Component of5 associated with nodza

Block diagonal matrix built wititH, andl blocks.

Evaluation ofH (0) at nodea.

Jacobian of) with respect taw.

Identity matrix, size from context.

Jacobian matrix in general.

Jacobian matrix relating quantities at nodesndb.

Tangent stiffness matrix of structure.

Element tangent stiffness matrix in global frame.

Linear element stiffness matrix in local CR frame.

Element tangent stiffness matrix in local CR frame.

Moment correction geometric stiffness matrix.

Equilibrium projection geometric stiffness matrix.

Rotational geometric stiffness matrix.
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Km Material stiffness matrix.

L Block diagonal built withL , and0 blocks.

La Evaluation ofL (6, m) at nodea.

L(8, m) Contraction ofdH(0)" /dw) with vectorm

M Mass matrix.

N Spinor for vecton.

P Projector matrix.

Py Translational projector matrix, a.k.a. T-projector.

P, Rotational projector matrix, a.k.a. R-projector.

Q Generic orthogonal matrix.

R Orthogonal rotation matrix: the matrix representation of a rotator.
Ro Transformation rotator between element base frame and CR frame.
Ro, Ro RotatorR, referred to element base and CR frames, respectively.
S Spin-lever (a.k.a. moment-arm) matrix built up®fblocks. Generic skew-symmetric matrix.
S Spin-lever matrix for node.

T Element CR-to-global transformation matrix built frohg blocks.
To Transformation rotator from element base frame to global frame.
Tr Transformation rotator from element CR frame to global frame.
Uab Building block of translational projectd?,.

Y Generic skew-symmetric matrix.

W Generic skew-symmetric matrix.

X Global position vector withX; as components.

X Coordinate free material position vector.

X Element base position vector wihas components.

X Element CR position vector withh as components.

Y Position vector collecting; as components.

Z Matrix of right eigenvectors of spinor.

o Coefficient in parametrized rotator representation.

B Coefficient in parametrized rotator representation.

y Spinor normalization factor.

8 Variation symbol.

Sab Kronecker delta.

€ Small scalar

Id Triangular coordinates

n Coefficient inH ().

0 Rotation angle in general. Magnitude of rotation ve@&or

K Curvature

A Lagrange multiplier

n Coefficient inL (6, m).

% Poisson’s ratio

0 Mass density.

0ij Stresses.

T Coefficient inL og.(R) formula.

X000 Generic angle symbols.

v Generic angle.

1) Magnitude of spin vectaw.

)y Summation symbol.

Y., Tp Abbreviations forZ‘;\':el andzgjl.

(7] Rotation axial vector (a.k.a. rotation pseudovector).

o) Axial vector built frome¢; angles.

P Axial vector built from; angles.

o Stresses arranged as vector.

oo Initial stresses (in the base configuration) arranged as vector.
w Spin axial vector (a.k.a. spin pseudovector).
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p

CIIoMEesl >0

CR
DOF
EICR
Rotator
Spinor

TL

uL

)

()0 or (o
()P or()p
(% or (e
(Ror()r
()d

()¢

(r

0"

0t
axial(.)
Exp(.)
Loge(.)
Rot(.)
Skew(.)
Spin(.)

trace(.)

Auxiliary matrix used in the decomposition &

Spinor built from rotation axial vector.

Diagonal matrix of eigenvalues 6.

Auxiliary matrix used in the decomposition Gf.

Spinor built from axial vectotp.

Spinor built from axial vectotp.

Spinor built from the Rodrigues-Cayley parametgrs

Spinor built from spin axial vectap.

Spinor build from quaternion parametess

Configuration: see Table 1 for further identification by superscripts.
Abbreviation for corotational (a.k.a. corotated) kinematic description.
Abbreviation for degree of freedom.

Abbreviation for Element Independent Corotational formulation.
Abbreviation for rotation tensor (or33 rotation matrix).
Abbreviation for spin tensor (or3 3 spin matrix).

Abbreviation for Total Lagrangian kinematic description.
Abbreviation for Updated Lagrangian kinematic description.
Abbreviation ford(.)/dt

(.) pertains to base (initial) configuratitﬁ??.

(.) pertains to deformed configurati@]?.

(.) pertains to globally aligned configurati@?.

(.) pertains to corotated configuratiﬁﬁ.

(.) is deformational.

(.) pertains to elemerg

(.) isrigid.

Matrix or vector transposition.

Matrix inverse.

Extraction of axial vector from skew-symmetric matrix argument
Matrix exponential if (.) is a square matrix

Alternative form for matrix exponential

Matrix natural logarithm

Construction of rotator from spinor argument

Extraction of spinor from rotator argument

Construction of spinor from axial vector argument

Sum of diagonal entries of matrix argument
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