1 Three loooong minutes on interval estimation,

with a bit on hypothesis testing
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In a previous section, we discussed point estimation: coming up with a
specific estimate for a parameter or parameters. Here we discuss estimating
an interval that is likely to include the true value of the parameter: interval
estimation.

Our main concern will be estimating intervals for an unknown parameter or
parameters.

As you might suspect the estimated intervals can be used to test hypotheses,
so hypothesis testing and interval estimation are highly related topics. In fact,
when we identified the likelihood ratio test in the max lik section, we identified
a confidence interval.

Rather that starting by investigating the estimation an interval for an un-
known parameter, I will, for simplicity, introduce intervals on a random variable
where the distribution of that rv is known completely, including the parameter
values, a case where there is no need to estimate an interval on any parameter,
but one might still want to test a hypothesis

1.1  The interval on the rv X, or a statistic on X, when
the distribution of X is known completely

Assume that the rv X has some known distribution, fx (z;u,,02), and that we
know p, and o2. (Or more generally, we know fx (x : ) and 6)

1.1.1 A confidence interval on X

2

2) and know p, and o2,

Given the above assumption that we know fx (z;p,, o
one can determine

Pl(p, —w) <X < (py +w)]

Hgtw
= / fX(u§/1'm70:2x)du
n
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which can, without loss of generality, be written

Py tmoy
- / fX(u;MmaO—Z)du
I

2~ MOy

Given fx (u; p,,02), this is a function of only m: it is not statistic or rv.

Now choose m such that

Hptmoy
/ Fx (u; pgy 03 )du = .95
%

2= MOy

and call the resulting m, m g5



In which case
P [(/I’m - m.950r) <X< (,U@ + m_9501)]

Hgtm 950
= / fx(u; py, 02)du = .95
I

2T M.950

X is arv but the interval (p, —m g504) to (i, +m 950;) is not random: no
data or estimation was involved in determining this interval; it is not a statistic
and it is not an estimated interval.

How would one interpret the interval (u, — m . g50;) to (p, + mgs0,)? If X
is randomly drawn from fx (x;p,,02), before it is drawn it has a 95% chance
of being in this fixed interval - once drawn it either is, or is not, in the interval.

The interval, (p, — mosoz) < X < (u, +mgs04), is called a confidence
interval - it gives one confidence about where z will lie, but differs from many
of the confidence intervals that you will encounter because this interval is not a
random-it does not vary.

Note that by construction I constrained the interval to be centered on pu,.
We choose the critical level of m, say m. g5 or m.gg.

Note a few things before we proceed One could rearrange the above
interval to get

95 = P [(py —m.o502) < X < (p, +m.9505)]
= Pr[-mgs <Q < mgs]

where @ = XU_“* is a statistic, rv, with some density, fo(q).

To figure out the appropriate value for m g5, one can calculate m g5 using
one’s knowledge of fx (x; p,,02), u, and, o2, like we did above.

Or one can determine it given knowledge of fo(g) - it might be difficult to
determine fg(g). In terms of fo(q), m.gs is that m for which f:’in folq)dg =
.95.1

IBoth ways can be useful. Note that if one knows fx (x;py,02), p,,02 and Q = )(0_75

one can, in theory, determine fg(q) — it is a derived distribution. And, if one knows fqg(q),
Uy,02 and Q = Xy (= X =0,Q + p,), one can, in theory, determine fx (; u,,02).
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Note that, by construction I constrained the interval to be centered

on p,: (i, plus and minus the same term I also constrained the interval
to be gapless.

For our X, density known, there are many 95% confidence intervals, only
one of which is centered on p,,

We will mostly want to center our confidence intervals on the expected value
of the variable, or parameter, of interest, but not always.

We will typically want to work with the shortest confidence interval because
it is most informative interval-more on this in a bit.

The shortest confidence interval will often by centered on the expected value
of the variable or parameter. For example if fx(u;pu,,02) is symmetric and
unimodal with the mode equal to p,, like the Normal, then the shortest X
interval that spans 95% of the density is the one centered on p,.

In contrast, consider an asymmetric distribution or a U-shaped distribution.
See the review question about Weird Shirley.?

2Note that the shortest interval might consist of segments that are not contiguous.



What I have said to here is quite general in that I did not assume
a particular density for X or fg(q) where Q = % There is nothing
said above that requires that X is normally distributed.

For "fun", calculate these 95% and 99% confidence intervals for X for a few
different specific specifications of fx (x;p,,02). For example, do it assuming X
has a normal distribution, assuming X has a Poisson distribution with a mean
of 3 (and a mean of 6), and assuming X has some ¢ distribution. (Since the
Poisson is a discrete distribution the range will consist of only a finite number of
points. The fact that the Poisson is not a symmetric distribution brings to light
the possibilty that we might sometimes prefer an interval that is not symmetric
around )

The interval for other statistics Above we have specificed an interval

for X but we could have specified an interval for lots of other things as well. For
example we could have assumed a random sample X7, Xo, ..., X;, and considered

n

an interval for g(Xi, Xa,..., X,,) = X = % Z X, the interval for the mean, this
i=1

being only one of many examples.

Can you identify a confidence interval for X for random samples of size n,
continuing to assume that the density of X is known completely? Doing this is
a special case of some of the things we do below.

a hypothesis test If we randomly draw an z from fx(z;u,,02) we know it
is a member of X.

However, if we observe a value y, where y is maybe a value of X and maybe
not, how likely is it that y is a random draw from the population X?

The answer depends on the value of y.

If y is unlikely to have come from fx (z; ., 02) we might reasonably conclude
that it did not. Two questions arise: how to determine the probability that it
came from fx (z; u,,02)? and how low does this probability have to be to judge
that it did not come from fx (z; u,,02)-reject that it came from fx (z;u,,02)?

You choose the rejection probability. Typicall choices include .10, .05 and
.01.



If, for example, you choose a rejection probability of .05, one tests the hy-
pothesis null hypothesis that y is a draw from X by calculating the shortest
.95 confidence interval for X. If y is in this interval, fails to reject the null
hypothesis that y is a draw from X. If y is not in this interval one rejects the
hypothesis that y is a draw from X.

You should conjecture that specifying an interval and doing a hypothesis
test both require the specification of an interval.

Keep in mind that the calculation of the above interval, and the correspond-
ing test required no estimation: there were no parameters to estimate.
Develope an argument as to why this test makes sense.



1.2 Interval estimation of unknown parameters

Turn now to our main concern: interval estimates for unknown parame-
ters.

Assume that the rv X has some distribution, fx (x;p,,02), and we know its
functional form, but we not know either 1, 02 or both.

The goal is to come up with interval estimates for y and o2.
Assume X, Xs, ..., X,, is a random sample
1.2.1 Consider the case where we know ¢, but only have an estimate

of u,, fi, = X.

Consider some rv R with density function fr(r) where R is a function of p,,
0., X and the sample size, n. We will obtain a confidence interval for R and
then convert it ("pivot it") into a confidence interval for p,.

This process imposes two requirements on R: (1) one must choose a func-
tional form for R such that its density is not a function of the unknown p,, and
(2) it has to be "convertible."

R is what is called a "pivotal quantity." Quoting Wikipedia, "In
statistics, a pivotal quantity or pivot is a function of observations
and unobservable parameters whose probability distribution does
not depend on unknown parameters. Note that a pivot quantity
need not be a statistic—the function and its value can depend on
parameters of the model, but its distribution must not. If it is a
statistic, then it is known as an ancillary statistic.

More formally, given an independent and identically distributed
sample X = (X7, X, ..., X,,) from a distribution with parameter 6,
a function g is a pivotal quantity if the distribution of g(X,6) is
independent of 6.

Assume your chosen R is a pivotal quantity and you have figured out fr(r)-
typically difficult.® In which one you can determine

3This derived density will depend on the the functional form of R, the functional form
of fx(x;1,,02), 02 and often have a parameter that is a function of the sample size, n.
Remember that R was chosen so its density function does not have a parameter that depends
on f,.



95 = Pr [’I“l,95 S R S Tu.95]

where 7;.95 and 7, 95 are the lower and upper bound on the shortest .95 interval
for R. One then coverts this to a confidence interval on .

For example, imagine that R = %, which would be an ideal choice is X

vn
is normally distributed. Here, I simply assume this R meets the above require-
ments. In which case

95 = Pr [7“[,95 S R S Tu.95]

Jn

Note that everything in R is known except for u,. Once you have determine
the value for 795 and 7, g5, this expression can be converted/pivoted as follows,
to get a confidenc interval on p,. "Pivoting" around p,

X —p
Pr lﬁ.gs <——< 7"1;.95]

_ <
95 = Pr|r.os <Tﬂm <Tu_95]
L vn
[ O — O
= P — < X - < Tu95——
T _Tz.gs\/ﬁ Mo T ‘95\/5]
P _ X+ Iz <-X+ Oz
= r|— 7195 —— — — Twu.95 ——
1.95\/ﬁ Mg 95\/5

' Ox Ox

= Pr X—T1495\/ﬁ > fhy >X_Tu.95\//ﬁ:|

- i B >
= Pr|X —7ru95—= < i, <X+7“l,952]

Vi Vi

making the .95 confidence interval

— % — (o
X —ryos—= < < X H4r95——

u.95 N My + 71.95 N
So, what does this mean? The interval X — ru_%% to X + rl_gs"—\/‘% varies from
sample to sample and 95% of these intervals will contain u. For a given sample,
T— 7”“_95% to T+ 7"[_95% is a numerical range (e.g. 2 to 8) and it highly likely
that p will fall in this range, but not for sure.

X — ru,g5% to X + 795 %is our interval (.95) estimate for p,,.

Xk and %and note that both

(As an aside, note the distinction between

v
have a standard normal distribution if X is normally distributed.)



If one is, in addition, willing to assume X is normally distributed If

X is normally distributed then XL has a standard normal distribution, where
N

7 is the standard deviation of X (See MGB page 374 and page 381). So fr(r)

is not a function of u,,, the unknown parameter. And, —1.96 and 1.96 are the

critical values for the 95% confidence interval: 7,95 = —1.96 and 7, 95 = 1.96.
So o
X —
Pr|-1.96 < =" <1.96| = .95
Vn
So, the C.I. is
Iz

— Oy J—
X —-196— X +1.96
< p, <X+ Jn

N



1.2.2 Consider the case where we know 4., but only have an estimate
of 0., ;.

Notationally, let 6, denote an estimate of o, and let &, denote the correspond-
ing estimator of ¢,.*

Find a 95% confidence interval for o2 and interpret it.

Here we are looking for a rv, call it ), such that @ is a function of y,, o4, n,
and the sample (X7, X, ...X,,) but where the parameters of the density function
for @ are not a function of the unknown o,

Assume your chosen () meets the requirements, it is a pivotal quantity, and
you have figured out fg(g). In which case, you can determine

95 =Pr{gos <Q < qu.os]

where q;.95 and q,.95 are the lower and upper bound on the shortest .95
interval for Q.
One then coverts this to a confidence interval on o.

Z(X —p)?

= 25: (X “) which would be

For example, imagine that ) = =

an ideal choice is X is normally distributed. Here, I_surnply assume this () meets
the above requirements. In which case

95 = Prigoes <Q< quos)
5

Z(Xi —p)?

—
= Prigo <5< quos
Jfl:

Once you have determined fg(g), which is not a function 03, determine the
numerical values of ¢; 95 and q,.95. The above expression can be pivoted to
obtain.

4Note that &,is an estimate of o, and that this is not the same thing as the estimated
standard deviation of the sample.
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95 = Pr qr.o5 < 1272 < Qu.95
Uw
1 2 1
= Pr > — T >
q1.95 qu.95
Z(Xi — )
L i=1
1 & 1<
= Pr|— )Y (X;—p?>0> X; — p)?
| 41.95 ;( ) qu.95 ;( )
1 1<
= Pr X; — 2 < O'i < — X; — 2
o 2K <ok <l (Kimi)
making the .95 confidence interval for o2
T 5
X; — )% to X; — p)?
Gu.95 ;( i — M) 95 ;( i — )

This interval is random, varying from sample to sample, and 95% of them

will contain ai.

If one is, in addition, willing to assume X is normally distributed

If X is normally distribution @ has a Chi-squared distribution with parameter
(degrees for freedom) n—see MGB page 243-so is a pivotal quantitiy. Therefore

2 2
95 =Pr | X{4c@=025:m) < 5 < X(4>Q=.025:n)
T

where X(2q<Q:.025:n) is the value of @ such that 2.5% of the distribution is less
than g. And the c.i. for o2 is

5 1 5

K o e 3 (X
X(g>Q=.25:n) =1 X(g<@=.025:n) =1

1

11



For example, with 5 degrees of freedom, 2.5% of the values of @ are less than
.831 and 2.5% are greater than 12.8.

5

Z(Xi —p)?
95=Pr |81 <=L <128

2
0%

and the c.i, is

5

5
078123 (X; — p)® <02 < 1.2034> (X; — p)?
=1 =1

1.2.3 Now consider the case where both y, and 02 are unknown.

First find a 95% confidence interval for p, in terms of X and G, and interpret
this interval.

Here we are looking for a rv, call it H, such that H is a function of p,, X,
n and &, but where the parameters of the density function for H are not a
function of p,, nor o,.

Assume your chosen H meets the requirements and you have figured out
fu(h). In which one you can determine

95 = Pr [hl'95 S H S hu,95}

where h; 95 and h, g5 are the lower and upper bound on the shortest .95
interval for H.
One then coverts/pivots this to a confidence interval on p,.

E (X:i—X)*
. . xX— ~2 - . .
For example, imagine that H = === where 5, = W is an estimate
—z

n
of 02. This would be an ideal choice for H if X is normally distributed. Here,

I simply assume this H meets the above requirements. In which case
95 = Prihigs < H < hyos)

Y_:ua:

o

= Pr|hpg <

S hu.95

S
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Pivoting this around g,

L < .95

- ~ ~

= Pr|hjogs—=< X — < hy.95—
1.95 My .95\/5]

= Pr|—-X+hop—<—pu, <—-X+hyos—
i l.sf T .5f}

= Pr|X gyl X hyos
F_ l.95\/ﬁ>ﬂx> u.95\/ﬁ:|
= Pr|X —hy, 0—””< <X—-h hifl

1"_ .95\/ﬁ Ko 1.95\/5}

And 95% of the intervals, X — hu.95% to X — hl‘95% will contain f,,.

If one is, in addition, willing to assume X is normally distributed
In this case, it can be shown that the statistic H has a t distribution with
parameter (n — 1) — see MGB page 7?7 Since the ¢ distribution is symmetrical
hi.95 = —hu.95 = L(h>H=025:n—1)- SO,

X — T
95 =Pr | ~lh>H=025:m—1) < —=5 a < Uh>H=.025:n—1)

And 95% of the intervals, X — t(h>H:n,1)% to X + t(h>H:‘025:n,1)g—w will

n
contain .

For example, if n = 5, 2.766 is the critical ¢ value for .025 when the parameter
of the t is 4. Making

X —
95 =Pr |—2.766 < = < 2766

S

And 95% of the intervals, X — 2.7669—\/“H to X + 2.766;—\/% will contain .
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Now find a 95% confidence interval for ¢2 in terms of X and 7,

and interpret this interval. Here we are looking for a rv, call it W, such
that W is a function of 02, X, n and 7,, but where the parameters of the
density function for W are not a function of p, nor o,.

Assume your chosen W meets the requirements and you have figured out
fw (w). In which one you can determine

95 = Prwigs <W < wy.95)

where w; g5 and w, g5 are the lower and upper bound on the shortest .95
interval for W.

One then coverts/pivots this to a confidence interval on o2

T

5 5

E (Xi=X)? E (Xi=X)?

: —1)52 ~ i —
Imagine, for example, that W = =2 52 = ;21)% where oi = Fl(nfl)

is an estimate of 2.

If one is willing to assume that X is normally distributed,

W has a Chi-square distribution with parameter (degrees for freedom) n—1-
see MGB page 777-so W is a pivotal quantity.

~2
2 (n—1)o 2
95 = Pr | X{(4<g=.025n-1) < ()’2736 < X<q>c2—.025:n1>1
xr
Pivoting this around o2
r ~2
2 (n—1)o 2
95 = PrX(4<@=.025:n-1) < Tx < X(q>Q—.O25:n1)]
x
[ 1 o2 1
= Pr|— > e > —
| X(g<Q=.025:n—1) (n—=1)0%  X(g>Q=.025:1—1)
1 o 1 Az
= Pr|l4————mn-10,>0,> 5————(n—1)0,
| X(g<Q=.025:n—1) X(q>Q=.025:n—1)
[ 1 SR 1 .
= Prl————n-10, <0, < 57— (n—1)0,
| X(q>Q=.025:n—1) X{(q<Q=.025:n—1)
and the c.i. for 62 is ————(n —1)5> to —L+——(n—1)5>
X(q>Q:.025:n—1) X(q<Q:.025:n—l)

14



If for example there are 5 observations, the parameter of the Chi-squared
distribution is 4, and 2.5% of the values of @ are less than .484 and 2.5% are
greater than 11.1, so

2
T

— 152
95 = Pr l.484 L=Do, 11.1]

- Pr [0.090 09(n — 1)52 < 02 < 2.066 1(n — 1)5>
= Pr[.4504552 < 02 < 10.331572]

and the 95% confidence interval for o2 is 0.450456~ to 10.3315>

15



1.2.4 Consider another estimated interval

B-8

o3

Assume y; = a + Bx; + ¢; where ¢ ~ N(0,02). Consider the rv T = where

~

[ is the least-squares estimate of 5, and &B is the corresponding point estimate

of the standard deviation of 3.5

At issue is the density function of T' = ﬁ&%’g, fr(t). It can be shown that T
B

has a t-distribution with parameter (degrees of freedom) n—2, so T is a pivotal
quantity. Therefore,

B-8
95 =Pr |—tosn-2) < — < Los(n—2)

7B
where the critical ¢ values are chosen from the ¢ Table with parameter n — 2 so
that there is 2.5% of the density left of —t g5(,_2) and 2.5% right of ¢ g5(,,—2).°

Rearranging:
i B-8
95 = Pr|—tosm-2 < —— <tosm-2)
B

= Pri—tosm-203<B-F< t.95(n—2)6ﬁ}

= Pr|-B- Los(n-203 < —B < B+ t.95(n—2)6’f3:|

B
= Pr B +t95(n—2)05 =8 2 = t.95(n72)&3}

8
K 3

= Pr|B—tosm-2035<

<B+ t.95(n—2)63}

The interval B—t.gg)(n_g)a'ﬁ to B+t‘g5(n_2)&/§ has a sampling variation. 95%
of these intervals will contain (.

5Just to make sure we are all clear on the notation, 0'% is the "true" sampling variance of
the estimator of 3, the B And 6\% is our estimate of this sampling variance.
t
6t,95(n,2) is the ¢ such that /fT(t :n —2) = .95 where fr(t : n —2) is the student ¢

—t
density with parameter n — 2. Recollect that the ¢ distribution has a mean of zero.
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1.3 Another method for finding a confidence interval: the

"statistical method" (MGB page 389)

Only an example, but not the one in the book:

Assume the RV X is normally distributed with unknown mean, p,, and o2
known, equal to 1, ¢ (x : p,,1). One has a random sample of size n, and one
wants a c.i. on p,, based on T

One point estimates p, with Z, the numerical sample mean.
Let T denote the numerical sample mean and X the rv.

X has some density f+(Z) which in this case is simply ¢(T : p,, ﬁ) For

example if p,, = 5 and n =9 is NormalDen (u; 5, %)

f(x_bar)

0.75T

0.257

X bar

One can use T, the numerical sample mean, and ¢ (T : p,, ﬁ) to derive a .95
confidence interval for p,,. The method is called the "statistical method".

Put simply, we ask the following question, "What values of p,, would make
it highly unlikely that we would observe our 7"

Specifically what value of p, would make the probability of observing a X

of T or less .025. One determines this by solving .025 = fi)o ot py, %)dt for
My

17



This value of 1, call it T, is one of the limits on the .95 confidence interval
on fi,

Then determine the value of p, would make the probability of observing a
X of T or more .025. One determines this by solving .025 = f;o ot : g, ﬁ)dt
for u,

This value of f,, call it 77 ,,is the other limit on the .95 confidence interval

on 4,

A numerical example: assume T = 3 and n = 9. In which case .025 =
3
J oo Ot g 3)dt

Asking my software to solve this .025 = fi NormalDen (¢; i, .33) dt, Solution
is: {[u = 3.646 8]}
Checking that makes sense, if © = 3.646 8, NormalDen (z; 3.6468, .33)

f(x_bar)

0.75T

0.57T

0.25T

if 1, = 3.6484

And the critical value of X for p = .025 is Normallnv (.025; 3.6468, .33) =
3.0. That is, if 4 = 3.646 8 the chances that X is less than or equal to 3.0 is
2.5%. So, one of the bounds on the c.i. is 3.6468.

For the other bound, .025 = [, ¢(t : ju,, 3)dt

Asking my software to solve this .025 = f36 NormalDen (¢; u, .33) dt, Solution
is: {[uw = 2.3532]}. Are you surprised? Let’s investigate,

18



f(x_bar)

0.75T

0.25T

X bar

if 4, = 2.3532

The other critical value of X for p = .025 is Normallnv (.975;2.3532, .33) =
3.0. That is, if 4 = 2.3532 the chances that X is greater than or equal to 3.0 is
2.5% (97.5% is less than 3)

So, for this numerical example, our estimated 95% confidence interval for p,,
is 2.3532 to 3.6468. Wow.

Note that we got the same answer above using the pivotal method.

The pivotal method identified the c.i. for p, based on X, and assuming
knowledge of 02, as

. Oy — O
X —-1.96— X +1.96—
o < p, <X+ Jn

Plugging X = 3, n = 9 and o2 = 1, one gets, 2.3467 < p, < 3.653, which is
the same, except for rounding errors. WOW.

You should contemplate on the difference(s) between the pivotal method and
the statistical method for finding a c.i.

1.4 Consider the following simulation exercise:

Assume the rv X is normally distributed with parameters p, and o2.

19



Assume specific numerical values for y, and 02, and based on these values

draw a random sample of n values of X—you choose n.
Now pretend you do not know the values of i, and o2 that produced your
sample

For this sample estimate y, and 02 and then use these estimates to get the
estimated .95 confidence interval for wu,.

For the same specific numerical values for p, and o2, draw S additional
random samples of size n. You choose S.

For each of these S additional samples, as above, estimate a .95 confidence
interval for p,,

Graph, all on the same graph, these S + 1 confidence intervals. I might try
a graph with a stack of S + 1 horizontal lines or S + 1 vertical lines. Each line
representing the length and position of a different estimated c.i.

What did you notice and what did you learn from this simulation exercise?
What proportion of your estimated c.i. include your assumed value for u, 7
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