IV

JOINT AND CONDITIONAL DISTRIBUTIONS,
STOCHASTIC INDEPENDENCE,
MORE EXPECTATION

1 INTRODUCTION AND SUMMARY

The purpose of this chapter is to introduce the concepts of k-dimensional
distribution functions, conditional distributions, joint and conditional expecta-
tion, and independence of random variables. It, like Chap. II, is primarily a
* definitions-and-their-understanding > chapter.

The chapter is divided into four main sections in addition to the present
one. In Sec. 2, joint distributions, both in cumulative and density-function
form, are introduced. The important k-dimensional discrete distribution,
called the multinomial, is included as an example. Conditional distributionsand
independence of random variables are the subject of Sec. 3. Section 4 deals
with expectation with respect to k-variate distributions. Definitions of covari-
ance, the correlation coefficient, and joint moment generating functions, all
of which are special expectations, are given. The important concept of condi-
tional expectation is discussed in Subsec. 4.3. Results relating independence
and expectation are presented in Subsec. 4.5, and the famous Cauchy-Schwarz
inequality is proved in Subsec. 4.6. The last main section, Sec. 5, is devoted
to the important bivariate normal distribution, which gives one unified example
of many of the terms defined in the preceding sections.
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This chapter is the multidimensional analog of Chap. II. It provides
definitions needed to understand distributional-theory results of Chap. V.

2 JOINT DISTRIBUTION FUNCTIONS

In the study of many random experiments, there are, or can be, more than one
random variable of interest; hence we are compelled to extend our definitions
of the distribution and density function of one random variable to those of
several random variables. Such definitions are the essence of this section,
which is the multivariate counterpart of Secs. 2 and 3 of Chap. 1. As in the
univariate case we will first define, in Subsec. 2.1, the cumulative distribution
function. Although it is not as convenient to work with as density functions,
it does exist for any set of k random variables. Density functions for jointly
discrete and jointly continuous random variables will be given in Subsecs. 2.2
and 2.3, respectively.

2.1 Cumulative Distribution Function

Definition 1 Joint cumulative distribution function Let X, X,, ..., X,
be k random variables all defined on the same probability space
Q, &, P[']). The joint cumulative distribution function of Xy, ..., X,
denoted by Fy,,... x,(*s ..., *), is defined as P[X; < x,;...; X, < x,] for
all (xg, X5, ..., Xp). 1

Thus a joint cumulative distribution function is a function with domain
euclidean k& space and counterdomain the interval [0, 1]. If k& =2, the joint
cumulative distribution function is a function of two variables, and so its
domain is just the xy plane.

EXAMPLE 1 Consider the experiment of tossing two tetrahedra (regular
four-sided polyhedron) each with sides labeled 1 to 4. Let X denote the
number on the downturned face of the first tetrahedron and Y the larger
of the downturned numbers. The goal is to find Fy (¢, *), the joint cu-
mulative distribution function of X and Y. Observe first that the random
variables X and Y jointly take on only the values

(1L, 1, (1,2),(1,3),(1,4),
2,2),(2,3),2,9,
(3,3, 6,9,
4, 4).
(The first component is the value of X, and the second the value of Y.)
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Sample space for experiment of tossing
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The sample space for this experiment is displayed in Fig. 1. The 16
sample points are assumed to be equally likely. Our objective is to find
Fy, y(x, y) for each point (x, y). As an example let (x, y) = (2, 3), and
find Fy, y(2, 3)=P[X<2; Y<3]. Now the event {X<2 and Y <3}
corresponds to the encircled sample points in Fig. 1; hence Fy, y(2, 3) =
% Similarly, Fy y(x, y) can be found for other values of x and y.
Fy, y(x, y) is tabled in Fig. 2.

I

We saw that the cumulative distribution function of a unidimensional
random variable had certain properties; the same is true of a joint cumulative.
We shall list these properties for the joint cumulative distribution function of
two random variables; the generalization to k dimensions is straightforward.

TABLE OF VALUES OF Fx,y (x,5)

4<y 0 4 fa 1 1
I<y<s4 0 s R ] ]
2<y<3 0 fs i T T
1<y<2 0 Ts s 5 Ts
y<l1 0 0 0 0 0
x<l1 1<x<2 2<x<3 3<x<4 4<x

FIGURE 2
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Properties of bivariate cumulative distribution function F(-, )

(i) F(—o0,y)= lim F(x,y) = (5forally, F(x, —0)= lim F(x,y)=0

X— = 0 y=>—®

forall x, and lim F(x, y) = F(c0, o) = 1.
X— 00
Y-

(i) Ifx, <x;andy; <y,,then Plx; < X< x,; 5, < Y<y,]
= F(x3, y2) = F(x3, 1) — F(xy, 3) + F(x1, ) 2 0.
(iii) F(x, y) is right continuous in each argument; that is,
lim F(x + h,y)= lim F(x,y + h) = F(x, y).
0<h=0 0<h=0

We will not prove these properties. Property (ii) is a monotonicity
property of sorts; it is not equivalent to F(x;, y,) < F(x,, y,) for x; <x,
and y; <y,. Consider, for example, the bivariate function G(x, y) defined
as in Fig. 3. Note that G(x;, y,) < G(x;, y,) for x; <x, and y, <y,,
yet G(l+el+e)—G(l+el—e—Gl—-¢gl+e)+G(l—gl—-g)=1-
(1—¢e)—(1—¢e)=2e—1<0fore<i;so G(x, y) does not satisfy property
(ii) and consequently is not a bivariate cumulative distribution function.

Definition 2 Bivariate cumulative distribution function Any function
satisfying properties (i) to (iii) is defined to be a bivariate cumulative
distribution function without reference to any random variables. I

Definition 3 Marginal cumulative distribution function If Fy (-, ) is
the joint cumulative distribution function of X and Y, then the cumulative
distribution functions Fx(:) and Fy(:) are called marginal cumulative
distribution functions. /1]

TABLE OF G(x, y)

1<y 0 x 1

0<y<l1 0 0 y

y<o0 0 0 0
x<0 0<x<1 1<x

FIGURE 3
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Remark Fy(x) = Fy, y(x, o), and F,(y) = Fy y(0, y); that is, knowl-
edge of the joint cumulative distribution function of X and Y implies
knowledge of the two marginal cumulative distribution functions. i

The converse of the above remark is not generally true; in fact, an example
(Example 8) will be given in Subsec. 2.3 below that gives an entire family of
joint cumulative distribution functions, and each member of the family has the
same marginal distributions.

We will conclude this section with a remark that gives an inequality
involving the joint cumulative distribution and marginal distributions. The
proof is left as an exercise.

Remark Fy(x) + Fy(y) — | < Fy, y(x, ) < /Fx(x)Fy(y) for all x, y.
1

2.2 Joint Density Functions for Discrete Random Variables

If X,, X,, ..., X, are random variables defined on the same probability space,
then (X, X,, ..., X}) is called a k-dimensional random variable.

Definition 4 Joint discrete random variables The k-dimensional ran-
dom variable (X;, X,, ..., X,) is defined to be a k-dimensional discrete
random variable if it can assume values only at a countable number of
points (x, Xz, ..., X;) in k-dimensional real space. We also say that
the random variables X,, X,, ..., X, are joint discrete random variables.

i

Definition 5 Joint discrete density function If (X;, X,,..., X,) is
a k-dimensional discrete random variable, then the joint discrete density
JSunction of (X, X, ..., Xy), denoted by fx, x,... x.(*s *s -+, *), is defined
to be

SxiXaen (X1 X2 ooy ) = P[X; = x3X, = X35 ... X, = x]

for (x;, x5, ..., x;), a value of (X;, X,, ..., X,) and is defined to be 0
otherwise. /1]

Remark fo,',,_,x,‘(xl, ..., X3) =1, where the summation is over all
possible values of (X, ..., X,). i
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FIGURE 4 «x

EXAMPLE 2 Let X denote the number on the downturned face of the first
tetrahedronand Y'thelarger of the downturned numbers in the experiment
of tossing two tetrahedra. The values that (X, Y) can take on are (1, 1),
(1,2),(1,3),(1,4),(2,2),(2,3),(2,4), (3, 3),(3,4), and (4, 4); hence X and
Y are jointly discrete. The joint discrete density function of X and Y
is given in Fig. 4.
In tabular form it is given as

(9 [WD[1LD]1LI[1LH]@D)|EH]2H]C.I|GH[4H
Feroeon | s | s | | s | o | s | 2 | 5| & | &

or in another tabular form as

4 | % | % | s | 1%
30 7% | % | 1%
2 | % | %
1| 7%
v 2] e i

Theorem 1 If X and Y are jointly discrete random variables, then
knowledge of Fx y(*, *) is equivalent to knowledge of fx y(-, ). Also,
the statement extends to k-dimensional discrete random variables.
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PROOF Let (x1, 1), (x3, ¥,), ... be the possible values of X, V).
If fx,¥(*, *) is given, then Fy y(x, ) =Y fy y(x;, y,), where the summa-
tion is over all / for which x; < x and y; < y. Conversely, if Fx y(-, *) is
given, then for (x;, y;), a possible value of (X, Y),

Se(xi, y) = Fy y(xi, ;) = lim Fy,y(x;=h, y))
0<h—0

= lim Fy y(x;, y;—h)
0<h-0

+ 0':;!1 OFX.Y(xi —h, y;—h). i
Definition 6 Marginal discrete density If X and Y are jointly discrete
random variables, then fy(-) and f,(-) are called marginal discrete
density functions. More generally, let Xi,s ..., X;, be any subset of the
jointly discrete random variables X, ..., X,; then Txigs s X0, Kty -0 X5
is also called a marginal density. "

Remark If X, ..., X, are jointly discrete random variables, then any
marginal discrete density can be found from the joint density, but not
conversely. For example, if X and Y are jointly discrete with values
(X1 ¥1)s (X2, ¥2) ..., then

fx(x) = Z Sx v (xi, y2) and S = MZ” )fx.y(xn y)- 1

{itxi=xk}

Heretofore we have indexed the values of (X, Y) with a single index,
namely i. That is, we listed values as (x,, y,), (x5, 7,), ..., (x5 ¥)s.... The
values of (X, Y) could also be indexed by using separate indices for the X and Y
values. For instance, we could let i index the possible X values, SAY Xgy oeus
X;,...,and j index the possible Y values, say y,, ..., Yjs --.. Then the values
of (X, Y)would be a subset of the points (xi,ypfori=1,2,...andj=1,2,....
If this latter method of indexing is used, then the marginal density of X is
obtained as follows:

H(x) = Zj:fx, y(x, i

where the summation is over all y; for the fixed x,. The marginal density of Y
is analogously obtained. The following example may help to clarify these two
different methods of indexing the values of (X, Y).

EXAMPLE 3 Return to the experiment of tossing two tetrahedra, and define
X as the number on the downturned face of the first tetrahedron and Y as
the larger of the numbers on the two downturned faces. The joint
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density of X and Y is given in Fig. 4. The values of (X, Y) can be listed
as (1, 1), (1, 2), (1, 3), (1, 4), (2, 2), (2, 3), (2, 4), (3, 3), (3, 4), and (4, 4),
10 points in all. Or, if we note that X has values 1, 2, 3, and 4; Y has
values 1, 2, 3, and 4; and Y is greater than or equal X, the values of
X, V)are {(i,j):i=1,...,4;j=1,...,4;and i <j}. Let us use each
of these methods of indexing to evaluate Fy, y(2, 3) from the joint density.
Under the first method of indexing,

Fy,y(2,3) = > Sxax y)

{ixi<2,y:<3}

= fx,y(1, D+ fx, v(1,2)
+ fi,v(1, D+ fx, v(2, )+ fx, v(2,3) =%
Under the second method of indexing,

2 3
FX.Y(2) 3) = lzl Z{X.Y(i’j) = 'igc"
=
Similarly, all other values of Fy y(*, *) could be obtained. Also

HB= Y 3)fx, v(xi, ¥ =fx, v(1, 3) + fx, ¥(2, 3) + fx, ¥(3, 3)

{i:yi=

=fs+fo + fo =15
Similarly fy(1) = %, fy(2) =+%, and fy(4) = 7%, which together with
fy(3) = 1% give the marginal discrete density function of Y. I

EXAMPLE 4 We mentioned that marginal densities can be obtained from
the joint density, but not conversely. The following is an example of a
family of joint densities that all have the same marginals, and hence we
see that in general the joint density is not uniquely determined from
knowledge of the marginals. Consider altering the joint density given
in the previous examples as follows:

4 T +e 45—t i =

3 Ts—¢ fs+¢ 35

2 | 4 | &

1 Ts

y/ 1 2 3 4
x
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For each 0 < ¢ <%, the above table defines a joint density. Note that
the marginal densities are independent of ¢, and hence each of the joint
densities (there is a different joint density for each 0 <& <4%) has the
same marginals. /1]

We saw that the binomial distribution was associated with independent,
repeated Bernoulli trials; we shall see in the example below that the multinomial
distribution is associated with independent, repeated trials that generalize from
Bernoulli trials with two outcomes to more than two outcomes.

EXAMPLE 5 Suppose that there are k + 1 (distinct) possible outcomes of a

trial. Denote these outcomes by 4y, 4z, ..., 54y, and let p; = P[s],
k+1

i=1,...,k+ 1. Obviously we must have _Zp‘- =l,justasp+qg=1in

i=1
the binomial case. Suppose that we repeat the trial n times. Let X;
denote the number of times outcome u; occurs in the n trials,
i=1,..., k+ 1. If the trials are repeated and independent, then the
discrete density function of the random variables X, ..., X, is

n! k+1
fX.....,Xk(xl""axk)=k—+'1_— l—[ pix" (')

! i=1

k+1 k
where x; =0, ...,nand ) x;=n. Notethat X,,, =n— Y X,.

i=1 i=1
To justify Eq. (1), note that the left-hand side is P[X; = x;; X, = x,;
<.+ Xis41 = Xp41); S0, we want the probability that the n trials result in
exactly x, outcomes ., exactly x, outcomes ., ..., exactly x,, outcomes
k+1
J+1» Where Y x;=n. Any specific ordering of these n outcomes has
1
probability p}' - p3* -« pik*! by the assumption of independent trials,
and there are n!/x;!1x,!++* x; ! such orderings. i

Definition 7 Multinomial distribution The joint discrete density func-
tion given in Eq. (1) is called the multinomial distribution. i

The multinomial distribution is a (k + 1) parameter family of distri-
butions, the parameters being n and py, p,, ..., pi. Pisq is, like ¢ in the
binomial distribution, exactly determined by p, 4, =1 —p, —p, — - —p,. A
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S(xy, %)
.201— 1
: 1
0 I X2
l /

FIGURE 5 x'

particular case of a multinomial distribution is obtained by putting, for example,
n=3,k=2,p, =.2, and p, = .3, to get

3!
1!X2 !(3—)(, - X

Jayx (X1, X2) = f(x1, x2) = = o (:2(3)(.5) 0
This density is plotted in Fig. 5.

We might observe that if X;, X, ..., X, have the multinomial distribu-
tion given in Eq. (1), then the marginal distribution of X; is a binomial distri-
bution with parameters n and p;. This observation can be verified by recalling
the experiment of repeated, independent trials. Each trial can be thought of
as resulting either in outcome 4; or not in outcome s;, in which case the trial is
Bernoulli, implying that X; has a binomial distribution with parameters n and p; .

2.3 Joint Density Functions for Continuous Random Variables

Definition 8 Joint continuous random variables and density function The
k-dimensional random variable (X;, X;...., X,) is defined to be a
k-dimensional continuous random variable if and only if there exists a
function fx,, .., x(*» --+» *) = 0 such that

X1
[ frvmtiny s wd duy o duy ()
=aC

Xk

Fx,,...,xk(xx, ey Xp) = j

coe
o«

for all (x;, ..., ). fx,....x{"> --+» *) is defined to be a joint probability
density function. i
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As in the unidimensional case, a joint probability density function has
two properties:

(l) fX.....,Xg(xl"--»xk)Z().
(i) f: f:fx,,,_,,xk(x,, X)Xy e dx, = 1.

A unidimensional probability density function was used to find proba-
bilities. For example, for X a continuous random variable with probability
density fx(*), Pla< X < b] = [2fx(x) dx; that is, the area under Jfx(*) over the
interval (a, b) gave Pla < X < b]; and, more generally, P[X € B] = [pfx(x) dx;
that is, the area under fx(-) over the set B gave P[X e B]. In the two-dimen-
sional case, volume gives probabilities. For instance, let (X, X,) be jointly
continuous random variables with joint probability density function
Jx,, x.(x1, X2), and let R be some region in the x,x, plane; then P{(X,, X,)eR]
= [ fx..x:(x1» X3) dx, dx,; that is, the probability that (X,, X,) falls in the

R

region R is given by the rolume under fy, x,(-, *) over the region R. In particu-
lar if R ={(x,, x,): @, <x; < b,; a, <x, <b,}, then

b2 by
Pla, <X, <b,;a,<X,<b,] =J. [f Sxi,x:(%15 x2) dx,] dx;.
az ay

A joint probability density function is defined as any nonnegative integrand
satisfying Eq. (2) and hence is not uniquely defined.

EXAMPLE 6 Consider the bivariate function

S ) = K(x + y)o, 1y(¥) 0, 1y(») = K(x + y)Iy(x, y),

where U={(x, y): 0<x<1 and 0<y< 1}, a unit square. Can the
constant K be selected so that f(x, y) will be a joint probability density
function? If K is positive, f(x, y) > 0.

f: f_:Kf("’ y)dxdy = fol folK(x +y)dx dy
1 .1
=K [ [ Gc+pdrdy

=k [G+ndy

=K@E&+d
=1
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fx, 9

(1,0,1)

FIGURE 6 y

for K=1. So f(x, y) = (x + o, 1y(*)]0,1,(») is a joint probability
density function. It is sketched in Fig. 6.
Probabilities of events defined in terms of the random variables can

be obtained by integrating the joint probability density function over the
indicated region; for example

+
Pl0<X<3};0< Y<%]=fo jo(x+y)dxdy

[ (43

=37 +3%
3
— 64
which is the volume under the surface z = x + y over the region {(x, »):
0< x<};0<y<1}in the xy plane. 1

Theorem 2 If X and Y are jointly continuous random variables, then
knowledge of Fx, (*, *) is equivalent to knowledge of an fx y(*, ). The
remark extends to k-dimensional continuous random variables.

PrOOF For a given fx y(*, *), Fx,y(x, y) is obtained for any
(x, y) by

Fyy(x,y)= fiw fjwfx_y(u, v) du dv.
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For given Fy y(*, *), an fx, y(x, ) can be obtained by

0%Fy, y(x, y)

fX.Y(xa }’) = ax ay

for x, y points, where Fy, y(x, y) is differentiable. 11/

Definition 9 Marginal probability density functions If X and Y are
jointly continuous random variables, then fy(+) and f,(-) are called
marginal probability density functions. More generally, let X, , ..., X;_
be any subset of the jointly continuous random variables X, ..., X,.
fx,‘,..., x,m(x,,, ..., X;,) is called a marginal density of the m-dimensional

random variable (X;,, ..., X; ). I

Remark If X, ..., X, are jointly continuous random variables, then
any marginal probability density function can be found. (However,
knowledge of all marginal densities does not, in general, imply knowledge
of the joint density, as Example 8 below shows.) If X and Y are jointly
continuous, then

£0=[" S pdy  and (=] forends ©)
since
i X @ @
0= L ([ ptwnas) au] = [ et
i

EXAMPLE 7 Consider the joint probability density
Sxor(x, ¥) = (x + Mo, (0, 1(¥)-

Y aX
Fy,y(x, y) = Lo, ,(x)(0,1)(¥) fo fo(u +v) du dv
1 x
+ Lo, ()1, )(¥) J.O fo(u + v) du dv

y ol
+ Ity w0y (¥ (0, 1H(¥) fo fo (u +v)dudv

+ I[l-co)(x)l[l,oo)(Y)
=Hxy + xy) 0, ()0, 1,(¥) + (X2 + ) o, 1)1, 0y(¥)
+(+ yz)I[l.co)(x)I(O, DO+ 11, 0y, 0y (D)-
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5= fualor ) dy

=Lo.u(®) [ (x + ) dy

=(x + Plo, 1)(x);
or,
an'y(X, w)
ox

_ OFx(x)
T ox

Sfx(x) =

0 (x*+x
= ’(o,n(x)a (T)

= (x + Pl o, 1y(x). 1

EXAMPLE 8 Let fy(x) and fy(y) be two probability density functions with
corresponding cumulative distribution functions Fy(x) and Fy(y), respec-
tively. For —1 <a <1, define

Jx, v(%, y; @) = fx() frO{1 + a[2Fx(x) — 1][2Fy(») — 1]}. @)

We will show (i) that for each « satisfying —1 <a < 1, fx y(x, y; @) is a
joint probability density function and (ii) that the marginals of fx_y(x, y; &)
are fy(x) and fy(y), respectively. Thus,{fx y(x,y;a): —1 <a < 1} will be
an infinite family of joint probability density functions, each having the
same two given marginals. To verify (i) we must show that fy y(x, y; «)
is nonnegative and, if integrated over the xy plane, integrates to 1.

SxO)LS {1 + a2Fx(x) — 11[2F,(y) — 1]} 2 0
if 1 = —af2Fx(x) — 11[2Fy(y) — 11;

but a, 2Fx(x) — 1, and 2Fy(y) — 1 are all between —1 and 1, and hence
also their product, which implies fy, y(x, y; «) is nonnegative. Since

1= I:Ofx(X) dx = f: (f:o Sx.y(6 y5 ) dy) dx,
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it suffices to show that fy(x) and fy(y) are the marginals o1 fx, y(x, y; @).
J:fx. v(x, y; @) dy

= 7 Jx0RON1 +el2F3() = TU2F40) = 1] dy

9 [ 1) dy + afx(I2F) = 11 2FY0) = 1) dy
S0, notingthat [ [2Fy () = 11,() dy

~ [@u=1ndu=0
(1]

by making the transformation u = Fy(y). I

3 CONDITIONAL DISTRIBUTIONS AND
STOCHASTIC INDEPENDENCE

In the preceding section we defined the joint distribution and joint density
functions of several random variables; in this section we define conditional
distributions and the related concept of stochastic independence. Most defini-
tions will be given first for only two random variables and later extended to k
random variables.

3.1 Conditional Distribution Functions
for Discrete Random Variables

Definition 10 Conditional discrete density function Let X and Y be
jointly discrete random variables with joint discrete density function
fx.v(*, *). The conditional discrete density function of Y given X =X,
denoted by fy x( | x), is defined to be

Sx(x)

if fx(x) >0, where fx(x) is the marginal density of X evaluated at x.
Srix(-1%) is undefined for fx(x) = 0. Similarly,

Srx(|x) = ) ©)]

_ Sx.v(x.¥)
fxly(xl)’) = __fy(y) s 6)

if fy(») >0. I
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Since X and Y are discrete, they have mass points, say x,, x,, ... for X
and y;, y,,... for Y. If fy(x)>0, then x = x; for some i, and fy(x;)
=P[X =x;]. The numerator of the right-hand side of Eq. (5) is Sx, v(xis ¥))
=P[X=x; Y=y];s0

, _fx.y(x-'» }’j)_ P[X=xi;Y=yj] _ _ _
Trix(y;lx) = A T PIX =] =P[Y = y;|X = x]),

for y; a mass point of Y and x; a mass point of X; hence fyx(- |x) is a condi-
tional probability as defined in Subsec. 3.6 of Chap. L. fyx(*]x) is called a
conditional discrete density function and hence should possess the properties
of a discrete density function. To see that it does, consider x as some fixed
mass point of X. Then JSrix(r1x) is a function with argument y, and to be a
discrete density function must be nonnegative and, if summed over the possible
values (mass points) of ¥, must sum to I. Jfrjx(»|x) is nonnegative since
Jx,x(x, y) is nonnegative and fy(x) is positive.

_ Sxv(x, .VJ)____L ; =&((—x.)=
LSO = S = e e ) =TS = L

where the summation is over all the mass points of Y. (We used the fact that
the marginal discrete density of X is obtained by summing the joint density of
X and Y over the possible values of Y.) So Srix(]x) is indeed a density; it
tells us how the values of Y are distributed for a given value x of X.

The conditional cumulative distribution of Y given X = x can be defined
for two jointly discrete random variables by recalling the close relationship
between discrete density functions and cumulative distribution functions.

Definition 11 Conditional discrete cumulative distribution. If X and Y
are jointly discrete random variables, the conditional cumulative distribu-
tion of Y given X = x, denoted by Fyx(+]x), is defined to be Fyix(y]x) =

P[Y < y| X = x] for fy(x) > 0. I
Remark Fylx(J’lx) = g Z )f)’[X(yjIx)' 1"
Jiyisy.

EXAMPLE 9 Return to the experiment of tossing two tetrahedra. Let X
denote the number on the downturned face of the first and Y the larger
of the downturned numbers. What is the density of Y given that X = 22
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fx212) =£X—'f% =§_§=%
fy.xmz)=-ﬁ}%’)9=§=‘11
Fux(412) =f—;,%4—’—:_§=1
Also,
o= B3ZL

Definition 12 Conditional discrete density function Let (Xj,..., X;) be
a k-dimensional discrete random variable, and let X;,...,X; and
X, ..., X;, be two disjoint subsets of the random variables Xi, ..., X.
The conditional density of the r-dimensional random variable (X, ..., X;)

given the value (x;, ..., x;) of (X;, ..., X;,) is defined to be

fX“.....Xi,lx;l.....Xj,(xfl’ et ‘xirlle’ tet xj.')

=fX1|....,Xi,~»Xj|.....st(xil’ e Xips Xjipo ""xjx)

fx,,....,x,-,(xj,v---'xj,) . i

EXAMPLE 10 Let X,, ..., X5 be jointly discrete random variables. Take
r=s=2,(X;, X;,) = (Xy, Xp), and (X, X;,) = (X3, X5); then

S, %2, x5, x5(X1s X240 X34 Xs)

Sxs, x5(X35 X5) . 1

fxx.lexs. Xs(xl’ x2|X3,X5) =

EXAMPLE 11 Suppose 12 cards are drawn without replacement from an
ordinary deck of playing cards. Let X; be the number of aces drawn,
X, be the number of 2s, X; be the number of 3s, and X, be the number
of 4s. The joint density of these four random variables is given by

fX;.Xz.XJ,,\q(xla X2 X35 x4)

OO )
()
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where x; =0, 1,2,3,or4 and i = 1, ..., 4, subject to the restriction that
> x; < 12. There are a large number of conditional densities associated
with this density; an example is

fX:.XAIX;,Xg(XZ » X4] Xy, X3)

) ENE a2 - /()
()N 2/ )

I GO
(12 o)

where x; =0, 1,...,4and x, + x, < 12 — x; — x; i

)

3.2 Conditional Distribution Functions
for Continuous Random Variables

Definition 13 Conditional probability density function Let X and Y
be jointly continuous random variables with joint probability density
function fy, y(x, ¥). The conditional probability density function of Y

gi‘en X = X, de“0ted b) f)lx( |':‘)’ is deﬁ"ed to be
X Y(x9 .)’)
lex(.} |;‘) f -

Jx(x)

if fx(x) >0, where fy(x) is the marginal probability density of X, and is
undefined at points when fy(x) = 0.

o)

Similarly,
_ Fax1y) = f—*f:g—)y’ h0 >0 @)
and is undefined if fy(y) =0 "

Srix(: |x) is called a (conditional) probability density function and hence
should possess the properties of a probability density function. Srx(:|x) is
clearly nonnegative, and

f:fnx(J’Ix)dy=f°° %gi)dy
)f fxy(x,_v)dy_fox)

o

ThG
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The density fy x(- | x) is a density of the random variable Y given that x
is the value of the random variable X. In the conditional density Srix(: [ %),
x is fixed and could be thought of as a parameter. Consider Srix(: | xo), that is,
the density of Y given that X was observed to be x,. Now Jx,v(x, y) plots as a
surface over the xy plane. A plane perpendicular to the xy plane which inter-
sects the xy plane on the line x = x, will intersect the surface in the curve
Jx,v(xo, y). The area under this curve is

J‘:o fx. r(X0, ¥) dy = fx(x,).

Hence, if we divide fx, y(xo, ¥) by fx(x,), we obtain a density which is precisely

Srix(y %o)-
Again, the conditional cumulative distribution can be defined in the

natural way.

Definition 14 Conditional continuous cumulative distribution If X and
Y are jointly continuous, then the conditional cumulative distribution of Y
given X = x is defined as

Fra10) = [ foatelx) dz
for all x such that fy(x) > 0. il

EXAMPLE 12 Suppose fy, y(x, y) = (x + )0, 1)(x)] 0, 1)(¥)-

(x 4+ o, 1y (X0, 1)(¥) _x+y
(x + o, 1H(x) x+13

fnx()’lx) = T, 1)(»)

for0 <x < 1. Note that
y
Fyix(y|x) = f Srix(z|x) dz
-

Yx+z 1 y
=| —dz = —— d:
ox 13 'z x+&fo(x+z) Iz

- 2
_x+%(xy+y/2) for0<y<l. il

Conditional probability density functions can be analogously defined for
k-dimensional continuous random variables. For instance,

Sxi.x2, %3, x4, x(X15 X25 X35 X4 5 X5)
X1y X235 X4]|X3s Xs) = e
fX|.Xz.X4|X3.X5( 19 A2 4' 3 S) thx’(X3, xs)

for fx,, xs(x3, xs) > 0.
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3.3 More on Conditional Distribution Functions

We have defined the conditional cumulative distribution Fyx(y|x) for either
jointly continuous or jointly discrete random variables. If X is discrete and Y
is any random variable, then Fyjx(y|x) can be defined as P[Y < y| X = x] if x
is a mass point of X. We would like to define P[Y < y|X = x] and more
generally P[4} X = x], where 4 is any event, for X either a discrete or continu-
ous random variable. Thus we seek to define the conditional probability of an
event A given a random variable X = x.

We start by assuming that the event 4 and the random variable X are
both defined on the same probability space. We want to define P[4]| X = x].
If X is discrete, either x is a mass point of X, or it is not; and if x is a mass point
of X,

P[AlX=x]=P—EJA[—;{—)—(=—=}—]{1,

which is well defined; on the other hand, if x is not a mass point of X, we are
pot interested in P[4]| X = x]. Now if X is continuous, P[4| X = x] cannot be
analogously defined since P[X = x] = 0; however, if x is such that the events
{x — h < X < x + h} have positive probability for every # > 0, then P[4| X = x]
could be defined as

P[A|X=x]= lim Pl[A|x-h<X<x+Hh] 9)
0<h-0

provided that the limit exists. We will take Eq. (9) as our definition of
P[A4| X = x] if the indicated limit exists, and leave P[4| X = x] undefined other-
wise. (Itis, in fact, possible to give P[4]| X = x] meaning even if P[X = x] =0,
and such is done in advanced probability theory.)

We will seldom be interested in P[4 | X = x] per se, but will be interested
in using it to calculate certain probabilities. We note the following formulas:

@ P[A] = :ZxP[A [ X = x]fx(x) (10)
if X is discrete with mass points xy, X5, ....
.o ®
(i) P[A] = j PLA| X = x]fy(x) dx (11)
-
if X is continuous.

(iii) Pl4;XeB]= 3, B)P[A [ X = x1fx(x:) (12)

{itxie
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if X is discrete with mass points x;, x;, ....

(iv) P[A; XeB] = f PLA] X = x]fy(x) dx (13)
B
if X is continuous.

Although we will not prove the above formulas, we note that Eq. (10) is
just the theorem of total probabilities given in Subsec. 3.6 of Chap. I and the
others are generalizations of the same. Some problems are of such a nature
that it is easy to find P[4| X = x] and difficult to find P[4]. If, however, fx(*)
is known, then P[A] can be easily obtained using the appropriate one of the
above formulas.

Remark Fy, y(x, ) = [X Fyx(y|x") fx(x") dx’ results from Eq. (13) by
taking 4 ={Y < y} and B = (-0, x];and Fy(y) = |2, Fyx(y|x) fx(x) dx
is obtained from Eq. (11) by taking 4 ={Y < y}. I

We add one other formula, whose proof is also omitted. Suppose
A ={h(X, Y) <z}, where A(-, ) is some function of two variables; then

() P[A|X =x]=Pl(X, Y)<z|X=x]=Plh(x, Y) <z| X = x].
(19

The following is a classical example that uses Eq. (11); another example
utilizing Eqs. (14) and (11) appears at the end of the next subsection.

EXAMPLE 13 Three points are selected randomly on the circumference of
acircle. What is the probability that there will be a semicircle on which
all three points will lie? By selecting a point ““randomly,” we mean that
the point is equally likely to be any point on the circumference of the
circle; that is, the point is uniformly distributed over the circumference
of the circle. Let us use the first point to orient the circle; for example,
orient the circle (assumed centered at the origin) so that the first point
falls on the positive x axis. Let X denote the position of the second point,
and let 4 denote the event that all three points lie on the same half circle.
X is uniformly distributed over the interval (0, 27). According to Eq. (11),
P[A] = [ P[4]| X = x]fx(x) dx. Note that for 0 <x <, P[A|X =x] =
(m — x + m)/2n since, given X =x, event A occurs if and only if the
third point falls between x—7n and n. Similarly, P[4|X =x]=
(x+m —m)/2n form < x <2n. Hence P[A] = [3"P[A| X = x](1/2n) dx =
(1/2m){[5[2n — x)/2n] dx + [2*(x'27) dx} = 1. il
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3.4 Independence

When we defined the conditional probability of two events in Chap. I, we also
defined independence of events. We have now defined the conditional distri-
bution of random variables; so we should define independence of random
variables as well.

Definition 15 Stochastic independence Let (X, X,. ..., X)) be a
k-dimensional random variable. X, X,. .... X, are defined to be
stochastically independent if and only if

k
FX:,...,Xk(xlt~--!xk)=‘[-[lF.\’.(xi) (15)
for all x;, x5, .... X;. 1

Definition 16 Stochastic independence Let (X, X,,..., X;) be a
k-dimensional discrete random variable with joint discrete density func-
tion fx, . x (... ") Xi..... X, are stochastically independent if and
only if

k
fx.....,xk(xx' e X)) = ;U‘h‘(x") (16)
for all values (x,...., x;) of (X, ..., X}). I

Definition 17 Stochastic independence Let (X,,..., X;) be a A-dimen-
sional continuous random variable with joint probability density function
Sx oo ooos ) Xia ...y X, are stochastically independent if and only
if

K
Sxvr o (Xps o X)) = Ijlf:\q(xz) an

forall x, ..., x;. 1]
Remark Often the word “stochastically™ will be omitted. /I

We saw that independence of events was closely related to conditional
probability; likewise independence of random variables is closely related to
conditional distributions of random variables. For example, suppose X and
Y are two independent random variables; then fx y(x. y) = fx(x)fy(») by defini-
tion of independence; however, fx y(x, ¥) = fy;x(¥]X)fx(x) by definition of
conditional density, which implies that fy;¢(y|x) = fy(»); that is, the conditional
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density of Y given x is the unconditional density of Y. So to show that two

random variables are nof independent, it suffices to show that Syix(¥]x) depends
on x.

EXAMPLE 14 Let X be the number on the downturned face of the first
tetrahedron and Y the larger of the two downturned numbers in the ex-
periment of tossing two tetrahedra. Are X and Y independent? Ob-
viously not,since fyx(2|3) = P[Y = 2| X = 3] = 0 # fy(2) = P[Y = 2] =%

I

EXAMPLE 15 Let fx y(x, y) = (x + p)o,1)(x)]o, 1(»). Are therefore X
and Y independent? No, since fyx(y|x) = [(x + y)/(x + Do, 1)(y) for
0 < x < 1, fy;x(y| x) depends on x and hence cannot equal f,(y). i

EXAMPLE 16 Let fx y(x, ) =e "I, ()0, «(»). X and Y are
independent since
Tx,v(x, ¥) = [e7"1 (0, ()€’ L0, )] = fx(X)fy(3)
for all (x, y). 1/

It can be proved that if X, ..., X, are jointly continuous random variables,
then Definitions 15 and 17 are equivalent. Similarly, for jointly discrete
random variables, Definitions 15 and 16 are equivalent. It can also be proved

k
that Eq. (15) is equivalent to P[X, € B,; ...; X, € B,] = [ P[X, € B;] for sets
i=1

By, ..., By. The following important result is easily derived using the above
equivalent notions of independence.

Theorem3 If X,, ..., X, are independent random variables and
41(°), ..., gu(*) are k functions such that Y, =gi{X), j=1, ..., k are
random variables, then Y;, ..., Y, are independent.

PROOF Note that if g;'(B)) ={z: gj(z)e B;}, then the events
{Y;€e B;} and { X, ey]'(Bj)} are equivalent; consequsntly, PlY,€eB,;...;

Yie Bl=PlX,eg7'(B); ... 5 Xiegi'(B)]= .]_IIP[X; €g; (Bl
=

k
= j];[lp[ Y;e B)]. 1
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For k =2, the above theorem states that if two random variables, say
X and Y, are independent, then a function of X is independent of a function of
Y. Such a result is certainly intuitively plausible.

We will return to independence of random variables in Subsec. 4.5.

Equation (14) of the previous subsection states that P[h(X, Y) < z| X = x]
= P[h(x, Y)<z|X=x]. Now if X and Y are assumed to be independent,
then P[A(x, Y) <z|X = x] = P[h(x, Y) < z], which is a probability that may
be easy to calculate for certain problems.

EXAMPLE 17 Let a random variable Y represent the diameter of a shaft
and a random variable X represent the inside diameter of the housing
that is intended to support the shaft. By design the shaft is to have
diameter 99.5 units and the housing inside diameter 100 units. If the
manufacturing process of each of the items is imperfect, so that in fact Y
is uniformly distributed over the interval (98.5, 100.5) and X is uniformly
distributed over (99, 101), what is the probability that a particular shaft
can be successfully paired with a particular housing, when * successfully
paired” is taken to mean that X —h < Y < X for some small positive
quantity 4? Assume that X and Y are independent; then

PLX—h<Y<Xl=[ PIX~h<Y<X|X=xlfyx)ds

101
=j Plx—h< Y <x]}dx.
99

Suppose now that 2 = 1; then

X "298'5 for 99 < x < 99.5
1
Plx—-1<Y<x]= 3 for 99.5 < x < 100.5
100.5 — (x —
L?("—l) for 100.5 < x < 101.

Hence,

101

PIX—1< Y<X]=f Plx—1< Y <xl}dx
99

99.5

= f 3(x — 98.5)} dx
99

100.5 101 ,
+ fm 14 dx + fwo.s(%)(loo.s —x+ Dydx =5
i



BIVARIATE NORMAL DISTRIBUTION 165

PROOF Let us again substitute for x and y in terms of v and v to
obtain

m(ty, ;)

= etikxHiany Jw ro goxurtoy L e~ ¥ =)W= 2pu+0?) g, 0
-~ Y-w® 271:\/1——/)—2
(34)
The combined exponents in the integrand may be written
- ﬂl—:l-ﬁ [u? = 2puv + v* — 2(1 — pH)tjoxu — 2(1 — pHty 0y 0],
and on completing the square first on u and then on v, we find this expres-

sion becomes

1
- i(l_—_;_)z—) {lu — pv — (1 — p)t,04)* + (1 — p*)(v — pt,ox — ty 04)*

— (1 = p*)(tiok + 2pt 13050y + 1303)},

which, if we substitute

u—pv—(1—pto
. pv — (1 — p*)tiox and z=v—ptioyx—t,0y,

J1-p?

becomes
—w? — 32% + §(tio} + 2pt 1, 05 0y + 15 0%),
and the integral in Eq. (34) may be written
m(ty, 1) = e"#x* 13y exp[§(tio% + 2pt 1, 0x 0y + 13 07)]
© © 1 -w2/2-22/2
xj_w f-ere dwdz

= exp[t,uy + ty uy + 3(ti0% + 2pt,t;, 040y + t307)]

since the double integral is equal to unity. 11!

Theorem 13 If (X, Y) has bivariate normal distribution, then
J[X] = HUx>
g[ Y] = Hy,
var [X] = o2,
var [Y] = o2,

cov [X, Y]= poyoy,
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and
Px,y = p-

PROOF The moments may be obtained by evaluating the appro-
priate derivative of m(t;, t,) at t, =0, 1, =0. Thus,

om
] atl t1,12=0 g
’m
é’[XZ]=at—2 =_ll§+0'§.
1 |t3,82=0

Hence the variance of X is
E(X — py)*] = 6[X*] — p} = 0.

Similarly, on differentiating with respect to ¢,, one finds the mean and

variance of Y to be yy and 6. We can also obtain joint moments
E[X"Y?

by differentiating m(t,, t,) r times with respect to ¢, and s times with respect

to £, and then putting #; and ¢, equal to 0. The covariance of X and Y is

El(X — ux)(Y — py)] = (XY — Xuy = Yuy + px py]

=E(XY] - pxpy
62
= a m(t st — Uxp
o1, o1, 15 12) fmtam0 x Hy
= PGy Oy.
Hence, the parameter p is the correlation coefficient of X and Y. il

Theorem 14 If (X, Y) has a bivariate normal distribution, then X and ¥
are independent if and only if X and Y are uncorrelated.

PROOF X and Y are uncorrelated if and only if cov [X, Y] =0 or,
equivalently, if and only if py y=p=0. It can be observed that if
p =0, the joint density f(x, y) becomes the product of two univariate
normal distributions; so that p =0 implies X and Y are independent.
We know that, in general, independence of X and Y implies that X and Y
are uncorrelated. I
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5.3 Marginal and Conditional Densities

Theorem 15 If (X, Y) has a bivariate normal distribution, then the mar-
ginal distributions of X and Y are univariate normal distributions; that is,
X is normally distributed with mean uy and variance ¢%, and Y is nor-
mally distributed with mean py and variance 6.

PROOF The marginal density of one of the variables X, for example,
is by definition

£ =] feoydy;
and again substituting

Y — Uy
Oy

and completing the square on v, one finds that

© 1
fux)= - 2nax\/1 — p?

1(52) -z (- 5 |
xexp[ 2( o T s v—p ox dv.

Then the substitutions

W= v — p(x — py)/ox and dw = dv

J1-¢? J1-¢

show at once that

Sfx(x) = 2;_;_0; exp[— % (x ;x”x) z] ,

the univariate normal density. Similarly the marginal density of Y may
be found to be

f,<y)=\/2;;3°xp[-§ =T

Theorem 16 If (X, Y) has a bivariate normal distribution, then the
conditional distribution of X given Y=y is normal with mean
Ux + (pox/oy)(y — py) and variance o%(1 — p?). Also, the conditional
distribution of Y given X = x is normal with mean py + (poy/oy)(x — py)
and variance o2(1 — p?).
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PROOF The conditional distributions are obtained from the joint
and marginal distributions. Thus, the conditional density of X for fixed
values of Yis

S, )
H(») ’

and, after substituting, the expression may be put in the form

fxnr(xl}’)

_ 1 _ 1 . _Pox . 2
_\/Z_nax\/l—pzexp{ orrorr] LTl ) D

which is a univariate normal density with mean puy + (poy/oy)(y — pty)
and with variance 63(1 — p?). The conditional distribution of ¥ may be
obtained by interchanging x and y throughout Eq. (35) to get

Trix(y1%)

_ 1 _ 1 T L 2
- \/ZIG’Y\/I—_—— p2 exp{ 20_)2,(1 il p2) [y Hy ox (x ”X)] }‘ (36)
I

Sar(x|y) =

As we already noted, the mean value of a random variable in a conditional
distribution is called a regression curve when regarded as a function of the fixed
variable in the conditional distribution. Thus the regression for X on Y = y in
Eq. (35) is px + (pox/oy)(y — py), which is a linear function of y in the present
case. For bivariate distributions in general, the mean of X in the conditional
density of X given Y = y will be some function of y, say g(-), and the equation

x=g(y)

when plotted in the xy plane gives the regression curve for X. It is simply a
curve which gives the location of the mean of X for various values of Y in the
conditional density of X given ¥ = y.

For the bivariate normal distribution, the regression curve is the straight
line obtained by plotting

po
X=#x+—x(}"“ﬂr),
Oy

as shown in Fig. 8. The conditional density of X given Y =y, fyy(x|y), is
also plotted in Fig. 8 for two particular values y, and y, of Y.
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i

Yo 7 y

x = pix + pox(y — uy)loy

FIGURE 8

PROBLEMS

1

Prove or disprove:

(a) If P[X> Y]=1, then &[X] > &[Y].

(b) If &[X]1>&LY], then P[X > Y]=1.

() If &[X]1> &[Y], then P[X > Y]>0.

Prove or disprove:

(a) If Fx(z) > Fy(z) for all z, then [ Y] > &[X].

(b) If £[Y]> &LX], then Fx(z) > Fy(z) for all z.

(c) If &[Y]> &[X], then Fx(z) > Fy(z) for some z.

(d) If Fx(z) = Fy(2) for all z, then P[X = Y] =1.

(e) If Fx(z) > Fy(z) for all z, then P[X < Y]>0.

(f) If Y=X+1, then Fx(z) = Fy(z+ 1) for all z.

If X, and X, are independent random variables with distribution given by
P[X,=—1]=P[X,=1]=1} for i =1, 2, then are X, and X, X; independent?

A penny and dime are tossed. Let X denote the number of heads up. Then
the penny is tossed again. Let Y denote the number of heads up on the dime
(from the first toss) and the penny from the second toss.

(a) Find the conditional distribution of Y given X =1.

(b) Find the covariance of X and Y.

If X and Y have joint distribution given by

Sx, v(x, ¥) = 200, 5(X) 0, 1y(¥).
(a) Find cov [X, Y]
(b) Find the conditional distribution of Y given X = x.
Consider a sample of size 2 drawn without replacement from an urn containing
three balls, numbered 1, 2, and 3. Let X be the number on the first ball drawn
and Y the larger of the two numbers drawn.
(a) Find the joint discrete density function of X and Y.
(b)) Find P[IX=1|Y=3].
() Find cov [X, Y]
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7

10

u

12

13

14

15

Consider two random variables X and Y having a joint probability density
function

Sx, v(x, ¥) = 3xpli0,0(Po, 25(%).

(@) Find the marginal distributions of X and Y.

(b) Are X and Y independent?

If X has a Bernoulli distribution with parameter p (that is, P[X=1]=p=1
—P[X=0]), £S[Y|X=0]=1, and £[Y]| X =1] =2, what is §[Y]?

Consider a sample of size 2 drawn without replacement from an urn containing
three balls, numbered 1, 2, and 3. Let X be the smaller of the two numbers
drawn and Y the larger.

(a) Find the joint discrete density function of X and Y.

(b) Find the conditional distribution of Y given X =1.

(¢) Find cov [X, Y].

Let X and Y be independent random variables, each having the same geometric
distribution. Find P[X=Y].

If F(-) is a cumulative distribution function:

(a) Is F(x,y) = F(x) + F(») a joint cumulative distribution function?

) Is F(x,y) = F(x)F(y) a joint cumulative distribution function?

() Is F(x, y) =max [F(x), F(»)] a joint cumulative distribution function?

() Is F(x, y) =min [F(x), F(»)] a joint cumulative distribution function?
Prove

Fx(x) + Fx(»)) — 1 < Fx, o(x, ) <VFxx)Fy(y) forall x, y.

Three fair coins are tossed. Let X denote the number of heads on the first two

coins, and let Y denote the number of tails on the last two coins.

(a) Find the joint distribution of X and Y.

(b) Find the conditional distribution of Y given that X =1.

(¢) Find cov [X, Y].

Let random variable X have a density function f(-), cumulative distribution

function F(-), mean p, and variance 6. Define Y =« + BX, where « and 8 are

constants satisfying — o0 <« < 00 and B> 0.

(a) Select a and B so that Y has mean 0 and variance 1.

(b) What is the correlation coefficient between X and Y?

(¢) Find the cumulative distribution function of Y in terms of «, 8, and F(-).

(d) If X is symmetrically distributed about u, is Y necessarily symmetrically
distributed about its mean? (HINT: Z is symmetrically distributed about
constant C if Z — C and —(Z — C) have the same distribution.)

Suppose that random variable X is uniformly distributed over the interval (0, 1);

that is, fx(x) = L. 1)(x). Assume that the conditional distribution of Y given

X = x has a binomial distribution with parameters » and p = x; i.e.,

P[Y=y]X=x]=(:)x’(l—x)"" fory=0,1,...,n
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Find &[Y).
Find the distribution of Y.

16 Suppose that the joint probability density function of (X, Y ) is given by

S v(ey) =[1—a(l — 2x)(1 = 2p)Meo, 1y(X) o, u»),

where the parameter « satisfies —1 <a <1,

(a)

Prove or disprove: X and Y are independent if and only if X and Y are un-
correlated.

X, Y)

2X

An isosceles triangle is formed as indicated in the sketch.

)
(©

*(d)

If (X, Y) has the joint density given above, pick « to maximize the expected
area of the triangle.

What is the probability that the triangle falls within the unit square with
corners at (0, 0), (1, 0), (1, 1), and (0, 1)?

Find the expected length of the perimeter of the triangle.

17 Consider tossing two tetrahedra with sides numbered 1 to 4. Let Y, denote the
smaller of the two downturned numbers and Y, the larger.

(a)
(b)
(c)
)

(e)

Find the joint density function of ¥, and Y.

Find P[Y, >2, Y, >2).

Find the mean and variance of ¥, and Y,.

Find the conditional distribution of Y, given Y, for each of the possible
values of Y.

Find the correlation coefficient of ¥, and Y,.

18 Let fx, v(x, y) = e~ **[ (o, uy(X)(0, «)(¥)

(a)
(c)
(e)

Find P[X > 1]. () Find P[I< X+ Y<2).
Find P[X < Y| X <2Y]. (d) Find m such that P[X + Y <m] = }.
FindP0< X <1|Y=2]. (f) Find thecorrelation coefficientof Xand Y.

*19  Let fx. v(x, ¥) = e (1 — e~ N0, y(X)Mio, «)(¥) + €51 — e} 10, f(Mto, «)(X).

(a)
(b)
(c)
)
(e)
)

Show that fx, y(+, ) is a probability density function.

Find the marginal distributions of X and Y.

Find 8[Y] X = x] for 0 < x.

Find P[X <2, Y <2].

Find the correlation coefficient of X and Y.

Find another joint probability density function having the same marginals.
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*20 Suppose X and Y are independent and identically distributed random variables

with probability density function f(-) that is symmetrical about 0.

(@) Provethat P[| X+ Y| <2|X|]> 4.

(b) Select some symmetrical probability density function f(-), and evaluate
Pl X+ Y| <2]X]|]

*21 Prove or disprove: If £[Y]| X] = X, £[X]| Y] =Y, and both £[X?] and £[Y?] are

22

23

24

25

26

27

finite, then P[X = Y] =1. (Possible HINT: P[X= Y] =1 if var [X— Y] =0.)
A multivariate Chebyshev inequality: Let (X, ..., X) be jointly distributed with
E1X,]=p,and var [X;] = o? forj=1, ..., m. Define 4, ={| X, — p;| <Vmto,}.
Show that P[ A A1 =1—1¢"2 for t>0.

J=1

Let fx(+) be a probability density function with corresponding cumulative dis-
tribution function Fx(+). In terms of fx(*) and/or Fx(*):

(a) Find P[X > xo + Ax| X >xo].

(b) Find P[Xo <X<xo+ AXIX> XQ].

(¢) Find the limit of the above divided by Ax as Ax goes to 0.

(d) Evaluate the quantities in parts (@) to (c) for fx(x) = Ae~**I (o, »)(x).

Let N equal the number of times a certain device may be used before it breaks.
The probability is p that it will break on any one try given that it did not break
on any of the previous tries.

(@) Express this in terms of conditional probabilities.

(b) Express it in terms of a density function, and find the density function.
Player A tosses a coin with sides numbered 1 and 2. B spins a spinner evenly
graduated from O to 3. B’s spinner is fair, but A’s coin is not; it comes up 1
with a probability p, not necessarily equal to 4. The payoff X of this game is the
difference in their numbers (4’s number minus B’s). Find the cumulative dis-
tribution function of X.

An urn contains four balls; two of the balls are numbered with a 1, and the other
two are numbered with a 2. Two balls are drawn from the urn without replace-
ment. Let X denote the smaller of the numbers on the drawn balls and Y the
larger.

(a) Find the joint density of X and Y.

(b) Find the marginal distribution of Y.

(¢) Find the cov [X, Y]

The joint probability density function of X and Y is given by

Sx, v(x, ¥) = 3(x + Mo, 1x(x + Yo, 15(¥) 0, 1)

(Note the symmetry in x and y.)

(a) Find the marginal density of X.
(b) Find PLX+ Y <.5].

(¢) Find [Y|X =x].

(d) Find cov [X, Y].



28

29

30

31

32

33

34

35

36

37
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The discrete density of X is given by fx(x) = x/3 for x =1, 2, and fy, x(y|x) is
binomial with parameters x and }; that is,
SO0 =PIY =y| X =x] = (;) 0%

fory=0,...,xand x =1, 2.

(a) Find &[X]and var [X].

(b) Find &[Y1.

(¢) Find the joint distribution of X and Y.

Let the joint density function of X and Y be given by fx, y(x, ) = 8xy for 0 < x
<y <1 and be 0 elsewhere.

(a) Find 8[Y|X = x].

(b) Find §[XY|X = x].

() Find var [Y]| X = x].

Let Y be a random variable having a Poisson distribution with parameter A.
Assume that the conditional distribution of X given Y =y is binomially distrib-
uted with parameters y and p. Find the distribution of X, if X =0 when Y =0.
Assume that X and Y are independent random variables and X (Y) has binomial
distribution with parameters 3 and % (2 and 4). Find P[X = Y].

Let X and Y have bivariate normal distribution with parameters uy = 5, my =10,
o} =1, and o} =25.

(@) If p>0,find p when P[4 < Y < 16| X = 5] = .954.
*@b) If p=0,find PIX+ Y <16].

Two dice are cast 10 times. Let X be the number of times no 1s appear, and let
Y be the number of times two 1s appear.

(a) What is the probability that X and Y will each be less than 3?

(b) What is the probability that X + Y will be 4?

Three coins are tossed n times.

(@) Find the joint density of X, the number of times no heads appear; Y, the num-

ber of times one head appears; and Z, thenumber of times two heads appear.

(b) Find the conditional density of X and Z given Y.

Six cards are drawn without replacement from an ordinary deck.

(@) Find the joint density of the number of aces X and the number of kings Y.
(b) Find the conditional density of X given Y.

Let the two-dimensional random variable (X, Y) have the joint density

Sx (%, ¥) =36 — x — Yo, (X 2,4/().

(@) Find S[Y| X =x]. (b)) Find &[Y?*| X =x].

(¢) Find var [Y|X=x]. (d) Show that £[Y]1=&[E[Y] XT.

(¢) Find £[XY|X =x].

The trinomial distribution (multinomial ‘with k + 1 = 3) of two random variables
X and Y is given by

1

ni
Sx. (%, ) = I — P q’(

forx,y=0,1,...,nand x+y <n, where 0 <p, 0 <gq,and p+q < 1.

1 —D _q)n—-x—.v
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38

39

40

41

42
43

44

45

(@) Find the marginal distribution of Y.

(b) Find the conditional distribution of X given Y, and obtain its expected
value.

(¢) Find p[X, Y1

Let (X, Y) have probability density function fx, y(x, ), and let #(X) and v(Y) be

functions of X and Y, respectively. Show that

Eu(X)(Y)| X = x]1 = u(x)E(Y)| X = x].

If X and Y are two random variables and &[Y|X = x] =, where p does not

depend on x, show that var [Y] = &[var [Y] X]].

If X and Y are two independent random variables, does &[Y|X = x] depend

on x?

If the joint moment generating function of (X, Y) is given by mx, v(f1,12) =

exp[#(t+ t2)] what is the distribution of Y?

Define the moment generating function of Y| X =x. Does my(t) = &[my, x(1)]?

Toss three coins. Let X denote the number of heads on the first two and Y

denote the number of heads on the last two.

(a) Find the joint distribution of X and Y.

(b) Find (Y| X =1].

(¢) Find pyx,y.

(d) Give a joint distribution that is not the joint distribution given in part (a)
yet has the same marginal distributions as the joint distribution given in
part (a).

Suppose that X and Y are jointly continuous random variables, fy;x(y|x) =

Iz, x+1(»), and fx(x) = L0, 1)(x).

(@) Find €Y1 (b) Find cov[X, Y1

(¢) Find P[X+ Y<1l.  (d) Find fx v(x|3).

Let (X, Y) have a joint discrete density function

fx. Y(Xs y)
=pi(1 — p)'~*p3(1 — p2)' U1 + a(x —p1)(¥ —p2)io, 1) ()10, 1)),

where 0 <p,; <1, 0<p. <1, and —1 <a <1. Prove or disprove: X and Y
are independent if and only if they are uncorrelated.

*46 Let (X, Y) be jointly discrete random variables such that each X and Y have at

most two mass points. Prove or disprove: X and Y are independent if and only
if they are uncorrelated.



