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SPECIAL PARAMETRIC FAMILIES OF
UNIVARIATE DISTRIBUTIONS

1 INTRODUCTION AND SUMMARY

The purpose of this chapter is to present certain parametric families of univariate
density functions that have standard names. A parametric family of density
functions is a collection of density functions that is indexed by a quantity called
a parameter. For example, let f(x; 4) = Ae™* 1o, oy(x), where 4 > 0; then for
each 1> 0, f(-; A) is a probability density function. 4 is the parameter, and as
A ranges over the positive numbers, the collection {f(+;4): 4> 0}isa parametric
family of density functions.

The chapter consists of three main sections: parametric families of dis-
crete densities are given in one; parametric families of probability density func-
tions are given in another, and comments relating the two are given in the final
section. For most of the families of distributions introduced, the means,
variances, and moment generating functions are presented; also, a sketch of
several representative members of a presented family is often included. A
table summarizing results of Secs. 2 and 3 is given in Appendix B.
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2 DISCRETE DISTRIBUTIONS

In this section we list several parametric families of univariate discrete densities.
Sketches of most are given; the mean and variance of each are derived, and usually
examples of random experiments for which the defined parametric family
might provide a realistic model are included.

The parameter (or parameters) indexes the family of densities. For
each family of densities that is presented, the values that the parameter can
assume will be specified. There is no uniform notation for parameters; both
Greek and Latin letters are used to designate them.

2.1 Discrete Uniform Distribution

Definition 1 Discrete uniform distribution Each member of the family
of discrete density functions

1
v forx=1,2,...,N
0

1
J&x) =f(x; N) = =<vluz...m&, @)

otherwise N

where the parameter N ranges over the positive integers, is defined to have
a discrete uniform distribution. A random variable X having a density
given in Eq. (1) is called a discrete uniform random variable. il
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FIGURE 1
Density of discrete uniform.

Theorem 1 If X has a discrete uniform distribution, then SlX] =
N +1)/2,

2 _ N
(N——l), and my(t) = [e*] = ¥ eJ‘N—.
i

var [X] = z
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Remark The discrete uniform distribution is sometimes defined in
density form as f(x; N) = [1/(N + Dllo.1.....n (%), for N a nonnegative
integer. If such is the case, the formulas for the mean and variance have
to be modified accordingly. /!

Bernoulli and Binomial Distributions

Definition 2 Bernoulli distribution A random variable X is defined
to have a Bernoulli distribution if the discrete density function of X is
given by "

Sx(x) = fx(x; p)
p"(1 —p)t~* forx=0o0rl

= =p (1 =)' "L (o,1)(x), 2)
0 otherwise

where the parameter p satisfies 0 <p<1. 1— pis often denoted by q.

i

q 14
FIGURE 2 1
Bernoulli density. 0
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Theorem 2 If X has a Bernoullj distribution, then
€X]1=p, var[X]=pg, and  my(t) = pe' +q. ©)

PROOF &[X]=0-g+1-p=p.
var [X] = E[X?] = (6[X])* = 0% g + 12 p — p?* = pg.
my(t) = &[e'] = q + pe". I

EXAMPLE | A random experiment whose outcomes have been classified
into two categories, called *“success” and *failure,” represented by the
letters 4 and #, respectively, is called a Bernoulli trial. If a random
variable X is defined as 1 if a Bernoulli trial results in success and 0 if
the same Bernoulli trial results in failure, then X has a Bernoulli distribu-
tion with parameter p = P[success]. /1]

EXAMPLE 2 For a given arbitrary probability space (Q, o, P[']) and for 4
belonging to &, define the random variable X to be the indicator function
of A4; that is, X(w) =I,(w); then X has a Bernoulli distribution with
parameter p = P[X = 1] = P[A]. I/

Definition 3 Binomial distribution A random variable X is defined to
have a binomial distribution if the discrete density function of X is given
by

forx=0,1,...,n

otherwise ()

Sx(x) = fx(x; n, p) = {(g) ra

n X n—
- (x) g o, m(0),

n=10p =25 ne=10p=S$

0

FIGURE 3
Binomial densities.



2 DISCRETE DISTRIBUTIONS 89

where the two parameters n and p satisfy 0 <p <1, n ranges over the
positive integers, and ¢ =1—p. A distribution defined by the density
function given in Eq. (4) is called a binomial distribution. i

Theorem 3 If X has a binomial distribution, then

8lX1=np, var[X]=npg, and  my(i)=(g+pe) )
PROOF
mx(t) - év[etX] = x;oerx(::) pan-x = XZO(.’;)(pex)an-x
= (pe' +q)"
Now

my (1) = npe'(pe' +q)"~*

and
miy(t) = n(n — 1)(pe)(pe’ +q)" " + npe'(pe’ + )"~
hence
E[X] = mx©) =np
and
var [X] = 6[X?] - (€[X))?

= m§(0) — (np)* = n(n — 1)p* + np — (np)* = np(1 = p)- 1

Remark The binomial distribution reduces to the Bernoulli distribution
when n=1. Sometimes the Bernoulli distribution is called the point
binomial. /1]

EXAMPLE 3 Consider a random experiment consisting of n repeated inde-
pendent Bernoulli trials when p is the probability of success 4 at each
individual trial. The term “repeated” is used to indicate that the prob-
ability of s remains the same from trial to trial. The sample space for
such a random experiment can be represented as follows:

Q={(21, 22, -+ Z): Zi=00r Z; =/}

z, indicates the result of the ith trial. Since the trials are independent,
the probability of any specified outcome, say (AN AN 35§
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is given by ggpgpp -+ - gp. Let the random variable X represent the num-
ber of successes in the n repeated independent Bernoulli trials. Now
P[X = x] = P[exactly x successes and n— x failures in n trials] =

(:) Pq"*forx =0,1,...,nsince each outcome of the experiment that has

exactly x successes has probability p*¢"~* and there are (;) such outcomes.

Hence X has a binomial distribution. i

EXAMPLE 4 Consider sampling with replacement from an urn containing
M balls, K of which are defective. Let X represent the number of defec-
tive balls in a sample of size n. The individual draws are Bernoulli trials
where *defective” corresponds to “success,” and the experiment of
taking a sample of size n with replacement consists of n repeated inde-
pendent Bernoulli trials where p = P[success] = K/M; so X has the
binomial distribution

(:) [g]x[l - rlj]n-x for x=0,1,...,n, ©)

which is the same as P[4,] in Eq. (3) of Subsec. 3.5 of Chap. I, for x = k.
m

The sketches in Fig. 3 seem to indicate that the terms fy(x; n, p) increase
monotonically and then decrease monotonically. The following theorem states
that such is indeed the case.

Theorem 4 Let X have a binomial distribution with density fx(x; n, p);
then fy(x —1; n, p) <fx(x; n, p) for x <(n+ p; fx(x—1; n, p)>
Jx(x; n, p) for x > (n + 1)p, and fy(x — 151, p) = fx(x;n,p) if x = (n + 1)p
and (n + 1)p is an integer, where x ranges over 1,..., n.

PROOF
fx(x;np)  n—x+1 p (n+1)p—x
= g R L L Sk
Jx(x—1;n,p) x q xq

which is greater than 1 if x < (n + 1)p, smaller than 1 if x> (n + 1)p,
and equal to 1 if the integer x should equal (n + 1)p. 1
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2.3 Hypergeometric Distribution

Definition 4 Hypergeometric distribution A random variable X is
defined to have a hiypergeometric distribution if the discrete density function

of X is given by
(K)(M—K)
WAARZE] for x=0,1,...,n

Sxlx; M, K, n) = (M)

0 ' otherwise ™
K\(M-K
= gx—)g(x/[-j——i—) Io. v, ....m(X)

h

where M is a positive integer, K is a nonnegative integer that is at most M,
and n is a positive integer that is at most M. Any distribution function
defined by the density function given in Eq. (7) above is called a hyper-
geometric distribution. I

Theorem 5 If X is a hypergeometric distribution, then

6’[X]=n'-ﬁ—’; and var[X]=n:— ———-

PROOF

(K-—l)(M—l—K+l)
Krat\ oy n—-1-y
M=o (M—l)

n-1

(m b ) = (a * h) given in Appendix A.
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M=10;K=4,n=4 M=10;K=4,n=5

.

? ! . ] . e .
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FIGURE 4
Hypergeometric densities.
S[X(X - 1)]
©)(5=7)
L X n—x
=x;0x(x— 1) (M)
n
K-2\(M-K
= n(n—1) K(K-1) i (x—2)(n—x)
- MM -1) =, (M—22)
n —
(K—Z)(M—Z—K+2)
=n(n-1) KK~ 1) s Y n—2-y —n(n—l)———K(K—l)
h M(M - 1) ,5 (M— 2) - MM =1)
n-—2
Hence
var [X] = 6[X*] = (6[X])* = 6[X(X — 1)] + &[X] — (6[X])?

K(K -1 K K?
=n(n—l)-I\ﬁ+nﬂ—{_nzx/I_2
=n%[(n—l)—/§—£——i-+l—%]

_ ﬁ [(M— K)(M — n)]
M MM=1) I

Remark If we set K/M = p, then the mean of the hypergeometric dis-
tribution coincides with the mean of the binomial distribution, and the
variance of the hypergeometric distribution is (M — n)/(M — 1) times the
variance of the binomial distribution. il
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EXAMPLE 5 Let X denote the number of defectives in a sample of size n
when sampling is done without replacement from an urn containing M
balls, K of which are defective. Then X has a hypergeometric distribution.
See Eq. (5) of Subsec. 3.5 in Chap. L. 111/

2.4 Poisson Distribution

Definition 5 Poisson distribution A random variable X is defined to
have a Poisson distribution if the density of X is given by

’e—i. x
[— for x=0,],2,...)
X e—).}hx

fx(x) =fu(x;4) == -= oY Lo, 1,..4(x), (9)

l 0 otherwise )

where the parameter A satisfies 1 > 0. The density given in Eq. (9) is
called a Poisson density. il

Theorem 6 Let X be a Poisson distributed random variable; then

E[X]1=4, var[X]=2, and my(r) =0, (10)
607
i=1} 368 .368
303 A=1
184
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FIGURE 5

Poisson densities.
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PROOF
my() = 6% = § O
i=o x!

hence,

mi(t) = le~*e'e*
and

my(t) = Ae™%e'e*[Ae! + 1].

So,

ELX] = mi(0) = A
and
var [X] = &[X?] = (B[X])? = niy(0) — A2 = 2[4 + 1] = 4% = A. I

The Poisson distribution provides a realistic model for many random
phenomena. Since the values of a Poisson random variable are the nonnega-
tive integers, any random phenomenon for which a count of some sort is of
interest is a candidate for modeling by assuming a Poisson distribution. Such
a count might be the number of fatal traffic accidents per week in a given state,
the number of radioactive particle emissions per unit of time, the number of
telephone calls per hour coming into the switchboard of a large business, the
number of meteorites that collide with a test satellite during a single orbit,
the number of organisms per unit volume of some fluid, the number of defects
per unit of some material, the number of flaws per unit length of some wire,
etc. Naturally, not all counts can be realistically modeled with a Poisson dis-
tribution, but some can; in fact, if certain assumptions regarding the phenomenon
under observation are satisfied, the Poisson model is the correct model.

Let us assume now that we are observing the occurrence of certain happen-
ings in time, space, region, or length. A happening might be a fatal traffic
accident, a particle emission, the arrival of a telephone call, a meteorite col-
lision, a defect in an area of material, a flaw in a length of wire, etc. We will
talk as though the happenings are occurring in time; although happenings
occurring in space or length are appropriate as well. The occurrences of the
happening in time could be sketched as in Fig. 6. An occurrence of a happen-
ing is represented by x ; the sketch indicates that seven happenings occurred
between time 0 and time ¢,. Assume now that there exists a positive quantity,
say v, which satisfies the following:
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; y * x

0 4
FIGURE 6

(i) The probability that exactly one happening will occur in a small
time interval of length / is approximately equal to vh, or P[one happening
in interval of length k] = vh + o(h).

(ii) The probability of more than one happening in a small time interval
of length h is negligible when compared to the probability of just one
happening in the same time interval, or P[two or more happenings in
interval of length 4] = o(h).

(iii) The numbers of happenings in nonoverlapping time intervals are
independent.

The term o(k), which is read **some function of smaller order than A,”
denotes an unspecified function which satisfies
. o(h
lim —2 =0.
h=0 h
The quantity v can be interpreted as the mean rate at which happenings occur per
unit of time and is consequently referred to as the mean rate of occurrence.

Theorem 7 If the above three assumptions are satisfied, the number of
occurrences of a happening in a period of time of length ¢ has a Poisson
distribution with parameter 4 =vt. Or if the random variable Z{(f)
denotes the number of occurrences of the happening in a time interval
of length t, then P[Z(f) = z] = e™*"(vt)*/z! for 2 =0, 1, 2, ...

We will outline two different proofs, neither of which is mathemati-
cally rigorous.

PROOF For convenience, let ¢ be a point in time after time 0; so the
time interval (0, 1] has length ¢, and the time interval (t, t + /1] has length
h. Let P,s) = P[Z(s) = n] = Plexactly n happenings in an interval of
length s]; then
Po(t + k) =P[no happenings in interval (0, t + /]]

= P[no happenings in (0, t] and no happenings in (t, t + h]]
= P[no happenings in (0, t]]P[no happenings in (¢, t + h]]
= Po(t)Py(h),

using (iii), the independence assumption.
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Now P[no happenings in (t, t + 4]] = 1 — P[one or more happenings
in (t, t+h]] =1 - Plone happening in (t, t+ h]] — P[more than one
happening in (1, t+h]]=1—vh—o(h) - o(h); so Pyt + h) = Py(1)
[T —vh —o(h) — o(h)], or

Polt + ) — Po(t) o) + o(h)
h h ’

and on passing to the limit one obtains the differential equation Py(f) =
— VPy(t), whose solution is Py(f) = e™", using the condition Py(0) = 1.
Similarly, Py(t + k) = Py(f)Po(h) + Po(1)P,(h), or P(t + h) = P,(1)[1 — vk
— o(h)] + Po(O)[vh + o(h)], which gives the differential equation Pi(f) =
— VPy(1) + vPy(2), the solution of which is given by P,(r) = vte™"", using
the initial condition P,(0) = 0. Continuing in a similar fashion one
obtains P,(f) = — vP,(1) + vP,_ (1), forn=2,3, ....

It is seen that this system of differential equations is satisfied by
P (1) = (vt)"e™""In.

The second proof can be had by dividing the interval (0, 1) into, say
n time subintervals, each of length /i =1t/n. The probability that k
happenings occur in the interval (0, 1) is approximately equal to the prob-
ability that exactly one happening has occurred in each of k of the
subintervals that we divided the interval (0, ) into. Now the probability
of a happening, or “success,” in a given subinterval is vh. Each sub-
interval provides us with a Bernoulli trial; either the subinterval has a
happening, or it does not.  Also, in view of the assumptions made, these
Bernoulli trials are independent, repeated Bernoulli trials; hence the
probability of exactly & “‘successes ’ in the n trials is given by (see

Example 3)
n n—k n\ [vt]* vt]nk
(e —mme= Q=317

which is an approximation to the desired probability that k happenings will
occur in time interval (0, t). An exact expression can be obtained by
letting the number of subintervals increase to infinity, that is, by letting n
tend to infinity:

n\ [vr]* vi|ntk . vi]" K (n),  (vt)le~
(/)H [‘ —7] =0 [“7] T

. vi]" e vt] K X
as 1 — oo, noting that 1—71— - e™" 1—7 — 1, and (n),/n* - 1.

i

= —VPy(t) — Py(1)
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Theorem 7 gives conditions under which certain random experiments in-
volving counts of happenings in time (or length, space, area, volume, etc.) can
be realistically modeled by assuming a Poisson distribution. The parameter v
in the Poisson distribution is usually unknown. Techniques for estimating
parameters such as v will be presented in Chap. VII.

In practice great care has to be taken to avoid erroneously applying the
Poisson distribution to counts. For example, in studying the distribution of
insect larvae over some crop area, the Poisson model is apt to be invalid since
insects lay eggs in clusters entailing that larvae are likely to be found in clusters,
which is inconsistent with the assumption of independence of counts in small
adjacent subareas.

EXAMPLE 6 Suppose that the average number of telephone calls arriving
at the switchboard of a small corporation is 30 calls per hour. (i) What
is the probability that no calls will arrive in a 3-minute period? (ii) What
is the probability that more than five calls will arrive ina S-minute interval ?
Assume that the number of calls arriving during any time period has a
Poisson distribution. Assume that time is measured in minutes; then 30
calls per hour is equivalent to .5 calls per minute, so the mean rate of
occurrence is .5 per minute. P[no calls in 3-minute period] =e™"' =
eI = 15 223,

. . . ) e'"(vt)"
P[more than five calls in 5-minute interval] = Y. T
k=6 :

o -(-5)(5)2'514

EXAMPLE 7 A merchant knows that the number of a certain kind of item
that he can sell in a given period of time is Poisson distributed. How
many such items should the merchant stock so that the probability will be
95 that he will have enough items to meet the customer demand for a time
period of length 7?7 Let v denote the mean rate of occurrence per unit
time and K the unknown number of items that the merchant should stock.
Let X denote the number of demands for this kind of item during the time
period of length T. The solution requires finding K so that P[X < K]

K
> 95 or finding K so that Y [e™*T(vT)!/k!] =.95. In particular, if the
k=0

merchant sells an average of two such items per day, how many should
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he stock so that he will have probability at least .95 of having enough
items to meet demand for a 30-day month? Find X so that

K e—(2)(30)60k

Z p > .95,

or find KX so that
) e-606ok
k=K+1 k!

The desired K can be found using an appropriate Poisson table (e.g.,
Molina, 1942 [45]). Itis K =73. I

<.05.

EXAMPLE 8 Suppose that flaws in plywood occur at random with an average

of one flaw per 50 square feet. What is the probability that a 4 foot

x 8 foot sheet will have no flaws? At most one flaw? To get a sol-

ution assume that the number of flaws per unit area is Poisson distributed.
P[no flaws] = e~ 632 = ¢=-64 . 527,

P[at most one flaw] = ™% + .64¢™ 6% ~ .865. il

A Poisson density function, like the binomial density, possesses a certain
monotonicity that is precisely stated in the following theorem.

Theorem 8 Consider the Poisson density

-Ak

ek.'l fork=0,1,2,....

e~ k=1 pmAgk
* ——1)!<T fork <2,

-A1k-1 -A1k
T Al),>fk—,'{ for k > 4,

and
—Alk—-1 -2k
(ek A_]), = __ek|}. if A is an integer and k = A.
PROOF

PRI
which is less than 1 if k < 4, greater than 1 if k > 4, and equal to 1 if A
is an integer and k = A. I

e Yk -1 k
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2.5 Geometric and Negative Binomial Distributions

Two other families of discrete distributions that play important roles in statistics
are the geometric (or Pascal) and negative binomial distributions. The reason
that we consider the two together is twofold; first, the geometric distribution is a
special case of the negative binomial distribution, and, second, the sum of
independent and identically distributed geometric random variables is negative
binomially distributed, as we shall see in Chap. V. In Subsec. 3.3 of this chapter,
the exponential and gamma distributions are defined. We shall see that in
several respects the geometric and negative binomial distributions are discrete
analogs of the exponential and gamma distributions.

Definition 6 Geometric distribution A random variable X is defined
to have geometric (or Pascal) distribution if the density of X is given by

Sx(x) =fx(x; p)
{p(l—p)" forx=0,1,...

0 otherwise

] =p(1 —p)"l‘o_,w)(.\‘), an

where the parameter p satisfies 0 < p < 1. (Defineg=1-p.) I

Definition 7 Negative binomial distribution A random variable X

with density
Jx(x) = fx(x;r,p)
- «+;—gf¢=(;jﬂwa for x=0,1,2,..

0 otherwise (12)
r+x=1\, .
= ( X )P q 1(0,1,...)()‘),

where the parameters r and p satisfy r=1, 2, 3,...and 0 <p <l
(g =1—p), is defined to have a negative binomial distribution. The
density given by Eq. (12) is called a negative binomial density.

I

Remark Ifin the negative binomial distribution r = 1, then the negative
binomial density specializes to the geometric density. i
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FIGURE 7 I[ITT.---
Geometric densities. 0 1 2 3 4 5 6 7 g *

Theorem 9 If the random variable X has a geometric distribution,
then

4
2

81X] =1‘-j, var [X] =

and  my(n) = 1—”_ (13)

_qe'.

PROOF  Since a geometric distribution is a special case of a negative
binomial distribution, Theorem 9 is a corollary of Theorem 11. I

The geometric distribution is well named since the values that the geometric
density assumes are the terms of a geometric series. Also the mode of the
geometric density is necessarily 0. A geometric density possesses one other
interesting property, which is given in the following theorem.

Theorem 10 If X has the geometric density with parameter p, then

PIX2i+jlX2i]=P[X2j] fori,j=0,1,2,....
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PlX=i+]]

PROOF P[XZi+jlX=i]= PIX=1]

Z p(l _p)x B (1 _p)i+j

__x=it]j

ip(l _p)x (] "p)i

=(1-py
=P[X =] 1

Theorem 10 says that the probability that a geometric random variable is
greater than or equal to i + j given that it is greater than or equal to i is equal to
the unconditional probability that it will be greater than or equal toj. We will
comment on this again in the following example.

EXAMPLE 9 Consider a sequence of independent, repeated Bernoulli trials
with p equal to the probability of success on an individual trial. Let the
random variable X represent the number of trials required before the first
success; then X has the geometric density given by Eq. (11). To see this,
note that the first success will occur on trial x + 1 if this (x + 1)st trial
results in a success and the first x trials resulted in failures; but, by in-
dependence, x successive failures followed by a success has probability
(1 — p)*p. In the language of this example, Theorem 10 states that the
probability that at least i + j trials are required before the first success,
given that there have been i successive failures, is equal to the uncon-
ditional probability that at least j trials are needed before the first suc-
cess. That is, the fact that one has already observed i successive failures
does not change the distribution of the number of trials required to obtain
the first success. /]

A random variable X that has a geometric distribution is often referred
to as a discrete waiting-time random variable. It represents how long (in terms
of the number of failures) one has to wait for a success. '

Before leaving the geometric distribution, we note that some authors
define the geometric distribution by assuming 1 (instead of 0) is the smallest
mass point. The density then has the form

S(x; p) =p(1 - P)x_llu, z....)(X), (14)
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and the mean is 1/p, the variance isg/p?, and the moment generating function is
pe'/(1 — ge').

Theorem 11 Let X have a negative binomial distribution; then

_" _n |2 T
S[X] = X var [X] _pz s and my(1) [l _qe,] . (15)
PROOF m(® =611 = 3 () p-ar
© —r . ne _ p r
=x;0 ( X )p(—qe) B [l —qe‘]

[see Eq. (33) in Appendix A].

my(t) = p(=r)(1 — ge’)~""!(~ge')

and
my(f) = rgp’lq(r + e*'(1 —qe") "2 + &'(1 — ge')~""'];
hence
elx1=myn| =Y
t=0
and

” 2 r -r—2 -r—-1 rq 2
war X1 = 0| = @IXD* = rapTar™™ e+ 1+ 5711 - (%)

P p p¥ 1

The negative binomial distribution, like the Poisson, has the nonnegative
integers for its mass points; hence, the negative binomial distribution is poten-
tially a model for a random experiment where a count of some sort is of interest.
Indeed, the negative binomial distribution has been applied in population counts,
in health and accident statistics, in communications, and in other counts as
well.  Unlike the Poisson distribution, where the mean and variance are the
same, the variance of the negative binomial distribution is greater than its mean.
We will see in Subsec. 4.3 of this chapter that the negative binomial distribution
can be obtained as a contagious distribution from the Poisson distribution.
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(8]

EXAMPLE 10 Consider a sequence of independent, repeated Bernoulli
trials with p equal to the probability of success on an individual trial. Let
the random variable X represent the number of failures prior to the rth
success; then X has the negative binomial density given by Eq. (12), as the
following argument shows: The last trial must result in a success, having
probability p; among the first x + r — 1 trials there must be r — 1 successes
and x failures, and the probability of this is

x+r—1 ,1x [(r+x-1\ .-
( )p’ 'q =( )p 'q%,

r—1 X

which when multiplied by p gives the desired result. I

A random variable X having a negative binomial distribution is often
referred to as a discrete waiting-time random variable. It represents how long
(in terms of the number of failures) one waits for the rth success.

EXAMPLE 11 The negative binomial distribution is of importance in the
consideration of inverse binomial sampling. Suppose a proportion p
of individuals in a population possesses a certain characteristic. If
individuals in the population are sampled until exactly r individuals with
the certain characteristic are found, then the number of individuals in
excess of r that are observed or sampled has a negative binomial dis-
tribution. i

2.6 Other Discrete Distributions

In the previous five subsections we presented seven parametric families of uni-
variate discrete density functions. Each is commonly known by the names
given. There are many other families of discrete density functions. In fact,
new families can be formed from the presented families by various processes.
One such process is called truncation. We will illustrate this process by looking
at the Poisson distribution truncated at 0. Suppose, as is sometimes the case,
that the zero count cannot be observed yet the Poisson distribution seems a
reasonable model. One might then distribute the mass ordinarily given to the
mass point 0 proportionately among the other mass points obtaining the family
of densities

(16)

fe M xi1 —e™h  forx=1,2,...
S = 0 otherwise.
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A random variable having density given by Eq. (16) is called a Poisson
random variable truncated at 0.

Another process for obtaining a new family of densities from a given
family can also be illustrated with the Poisson distribution. Suppose that a
random variable X, representing a count of some sort, has a Poisson distribu-
tion. If the experimenter is stuck with a rather poor counter, one that cannot
count beyond 2, the random variable that the experimenter actually observes
has density given by

z!Oll, 2

f(2) I e * | Ae~* | l—e*— et

The counter counts correctly values 0 and 1 of the random variable X; but if X
takes on any value 2 or more, the counter counts 2. Such a random variable
is often referred to as a censored random variable.

The above two illustrations indicate how other families of discrete densities
can be formulated from existing families. We close this section by giving two
further, not so well-known, families of discrete densities.

Definition 8 Beta-binomial distribution The distribution with discrete
density function

@+ B) T(x+)I(n+p—x)
F()r(p) Fn+a+p)

Lo, . m(X)
(17)

where n is a nonnegative integer, « > 0, and § > 0, is defined as the beta-
binomial distribution.

['(m) is the well-known gamma function I'(m) = [&xm"te™> dx for
m>0. See Appendix A. The beta-binomial distribution has

S =f(x;n,a,B) = (:)

na . _ nafn+a+f)
i and  variance = G+ PG

(18)

Mean =

It has the same mass points as the binomial distribution. If a = B=1,
then the beta-binomial distribution reduces to a discrete uniform distribu-
tion over the integers 0, 1, ..., n. I
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Definition 9 Logarithmic distribution The distribution with discrete
density function

—xlog,p . q*
flx;p) = = __ﬂo—g:;lu.z....)(x), 19

0 otherwise

where the parameters satisfy 0 <p <1 and g =1 — p is defined as the
logarithmic distribution. /1]

The name is justified if one recalls the power-series expansion of log, (1 — g).
The logarithmic distribution has

1
q and  variance = (Me—p) 20)

Mean = —— .
—plog.p —(plog, p)

It can be derived as a limiting distribution of negative binomial distributions
that have been generalized to inciude r, any positive number (rather than just
an integer), truncated at 0. The limiting distribution is obtained by letting r
approach 0.

3 CONTINUOUS DISTRIBUTIONS

In this section several parametric families of univariate probability density
functions are presented. Sketches of some are included; the mean and variance
(when they exist) of each are given.

3.1 Uniform or Rectangular Distribution

A very simple distribution for a continuous random variable is the uniform dis-
tribution. It is particularly useful in theoretical statistics because it is convenient
to deal with mathematically.

Definition 10 Uniform distribution If the probability density function
of a random variable X is given by

1
Jx(®) =fx(x;a,b) = bTa [[a,b](x)r @n
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FIGURE 8
Uniform probability density.

where the parameters a and b satisfy — oo < @ < b < oo, then the random
variable X is defined to be uniformly distributed over the interval [a, b],
and the distribution given by Eq. (21) is called a uniform distribution.

i
Theorem 12 If X is uniformly distributed over [a, b], then
_a+b _(b—a)? =
SX]= 7 var [X] = T and my(t) = (b-—a)t' (22)
PROOF
b1 b*—a® a+b
‘g[X]=be—ad"=2(b—a)“ 2
b 2
var [X] = 61X°] = GIX)* = [ o ax — (£32)
a b—a 2
_b—-a (@+b)? (b-a)
T 3(b-—a) 4 12
b 1 ebt — e
—_ 1 X = tx =
my(f) = &[] J;e e = "

The uniform distribution gets its name from the fact that its density is
uniform, or constant, over the interval [a, b]. It is also called the rectangular
distribution—the shape of the density is rectangular.

The cumulative distribution function of a uniform random variable is
given by

B0 = ((22) haw® + o @3
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and we have

1 © = (x—p—a21)2/202
— f e B dx.
2n0 -

my(1) = ee” 2

The integral together with the factor 1/\/ 276 is necessarily 1 since it is the
area under a normal distribution with mean u + ¢?t and variance o>.
Hence,

mx(t) = eul+azt212.
On differentiating my(t) twice and substituting t = 0, we find

E[X]=my0)=p
and

var [X] = 8[X?] — (8[X])? = m}(0) — p* = a2,
thus justifying our use of the symbols y and a? for the parameters. [///

Since the indefinite integral of @, ,2(x) does not have a simple functional
form, one can only exhibit the cumulative distribution function as

)= [ buade. @)

The following theorem shows that we can find the probability that a normally
distributed random variable, with mean p and variance a2, falls in any interval
in terms of the standard normal cumulative distribution function, and this
standard normal cumulative distribution function is tabled in Table 2 of
Appendix D.

Theorem 14 If X ~ N(u, ¢?), then

P[a<X<b]=(D(b—-;—#)—d>(—;—”). (28)

PROOF

b
Pla<X <bl= f = e~ G0l gy
a \/2n6

_ f(b-u)/a 1
B <n—u)/a\72'—{f
ool

c

e ¥z
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Remark ®(x) =1— &(-x). il

The normal distribution appears to be a reasonable model of the behavior
of certain random phenomena. It also is the limiting form of many other prob-
ability distributions. Some such limits are given in Subsec. 4.1 of this chapter.
The normal distribution is also the limiting distribution in the famous central-
limit theorem, which is discussed in Sec. 4 of Chap. V and again in Sec. 3 of
Chap. VI.

Most students are already somewhat familiar with the normal distribution
because of their experience with “grading on the curve.” This notion is
covered in the following example.

EXAMPLE 13 Suppose that an instructor assumes that a student’s final
score is the value of a normally distributed random variable. If the
instructor decides to award a grade of A to those students whose score
exceeds u + 0, a B to those students whose score falls between u and
u+a,a Cifascore falls between u — ¢ and p, a D if a score falls between
i — 20 and p — g, and an F if the score falls below 4 — 20, then the pro-
portions of each grade given can be calculated. For example, since

P[X>u+0']=l—P[X<u+a]=l—®(£—y)

=1- () ~.1587,
one would expect 15.87 percent of the students to receive As. /1]

EXAMPLE 14 Suppose that the diameters of shafts manufactured by a cer-
tain machine are normal random variables with mean 10 centimeters and
standard deviation .1 centimeter. If for a given application the shaft must
meet the requirement that its diameter fall between 9.9 and 10.2 centi-
meters, what proportion of the shafts made by this machine will meet the
requirement ?

PPI<X<102]=0 (.‘0-2 - 10) e (9.9 - 10)

.1 .1
= O(2) — ®(—1) = .9772 — .1587 = .8185. 1

3.3 Exponential and Gamma Distributions

Two other families of distributions that play important roles in statistics are the
(negative) exponential and gamma distributions, which are defined in this sub-
section. The reason that the two are considered together is twofold; first, the
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exponential is a special case of the gamma, and, second, the sum of independent
identically distributed exponential random variables is gamma-distributed, as
we shall see in Chap. V.

Definition 12 Exponential distribution If a random variable X has a
density given by

Sx(x; 2) = 2e™H g, (), 29
where A > 0, then X is defined to have an (negative) exponential distribu-

tion. it

Definition 13 Gamma distribution If a random variable X has density
given by

A
Sl )= 0) (AxX)y e * o, (%), (30)

where r >0 and A > 0, then X is defined to have a gamma distribution.
['(*) is the gamma function and it is discussed in Appendix A. 1]

Remark If in the gamma density r = 1, the gamma density specializes
to the exponential density. /]

Theorem 15 If X has an exponential distribution, then

1 1 A
SlX] =7 var [X] =7 and my(t) =13 for t<a.
@3n
PROOF The exponential distribution was the distribution used as an

example for some definitions given in Chap. I, and derivations of the above
appear there. Also, Theorem 15 is a corollary to the following theorem.

il
Theorem 16 If X has a gamma distribution with parameters r and 4,
then
six1=1,  var[X] =~ nd m(t)—-( ’1)' fort <A
% ]_A’ ar =2 a x(0) =7 or .

(32
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1.0
5

r=1
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FIGURE 11
Gamma densities (A =1).

PROOF
my(t) = &[e'*]

- J.w —,1-'— elxxr-le—lx dx
o I'(r)

— '{ " Go('{’—t)’ r—1_-(A—t)x _( }‘ )r
_(l t) o T(n &= ¢ =72

my(t)=rid"(A—¢t)~""?

and
my(f) =r(r+ DA -1)"""2
hence
ELX]) = m3(©0) = 5
and

var [X] = &[X?] — (€[ X])?
2 1 2
=mo- () =2 (5) =5

The exponential distribution has been used as a model for lifetimes of
various things. When we introduced the Poisson distribution, we spoke of cer-
tain happenings, for example, particle emissions, occurring in time. The length
of the time interval between successive happenings can be shown to have an
exponential distribution provided that the number of happenings in a fixed
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time interval has a Poisson distribution. We comment on this again in Subsec.
4.2 below. Also, if we assume again that the number of happenings in a fixed
time interval is Poisson distributed, the length of time between time 0 and the
instant when the rth happening occurs can be shown to have a gamma distribu-
tion. So a gamma random variable can be thought of as a continuous waiting-
time random variable. It is the time one has to wait for the rth happening.
Recall that the geometric and negative binomial random variables were dis-
crete waiting-time random variables. In a sense, they are discrete analogs of the
negative exponential and gamma distributions, respectively.

Theorem 17 If the random variable X has a gamma distribution with
parameters r and A, where r is a positive integer, then
r—1 e'lx(lx J
FX(X) =]- Z —j'—l

i=o

(33

PROOF The proof can be obtained by successive integrations by
parts. 111

For A = 1, Fx(x) given in Eq. (33) is called the incomplete gamma function
and has been extensively tabulated.

Theorem 18 If the random variable X has an exponential distribution
with parameter 4, then
P[X>a+b|X>a]=P[X>b], fora>0and 6>0.

PIX>a+b] e *et®
P[X>a] e ™

=e ' =P[X>b] I

PROOF P[X>a+b|X>al=

Let X represent the lifetime of a given component; then, in words,
Theorem 18 states that the conditional probability that the component will last
a + b time units given that it has lasted a time units is the same as its initial
probability of lasting b time units. Another way of saying this is to say that an
“old” functioning component has the same lifetime distribution as a *“new”
functioning component or that the component is not subject to fatigue or to
wear.
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3.4 Beta Distribution
A family of probability densities of continuous random variables taking on values

in the interval (0, 1) is the family of beta distributions.

Definition 14 Beta distribution If a random variable X has a density
given by

1
Jx(x) = fx(x; a,b) = B(a_bi X1 - x)b—ll(o, (%) (34)

where a >0 and b > 0, then X is defined to have a beta distribution. I

The function B(a, ) = [ x*~'(1 — x)* "' dx, called the beta function, is
mentioned briefly in Appendix A.

Remark The beta distribution reduces to the uniform distribution over
O, ifa=b=1. I

Remark The cumulative distribution function of a beta-distributed
random variable is

1
B(a, b)

Fx(x:0,0) = Lo (@) [ o ™0 =P du 4 Ty )i (39

it is often called the incomplete beta and has been extensively tabulated.

i
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FIGURE 12
Beta densities. 0 2 4 6 8 1.0
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The moment generating function for the beta distribution does not have a
simple form; however the moments are readily found by using their definition.

Theorem 19 If X is a beta-distributed random variable, then

a ab
én[X]=a+b and var [X]=(m
PROOF

k) 1 ! +a=171 _ y\b-1
é”[X]—B———(a’ 5 ox" (1 —=xP"tdx
_Bk+a,b) Tk+al(h) Ia+b)
T B(gb) T(k+a+b) @)
_Tk+al(a+ b).
T T@T(k+a+b)
hence,
_T@+NIia+b) a
év[X]_I'(a)l"(a+b+l)_a+b’
and
Cerv21 erynz _ L@+ 2)T(a+b) a \?
var [X] = 6[X7] = (6TXD _I‘(a)l'(a+b+2)—(a+b)
B (@a+ Da a \*_ ab
_(a+b+1)(a+b)—(a+b) T @+ b+ D@+b)? I

The family of beta densities is a two-parameter family of densities that
is positive on the interval (0, 1) and can assume quite a variety of different
shapes, and, consequently, the beta distribution can be used to model an experi-
ment for which one of the shapes is appropriate.

3.5 Other Continuous Distributions

In this subsection other parametric families of probability density functions that
will appear later in this book are briefly introduced; many other families exist.
The introductions of the three families of distributions, that go by the names of
Student’s t distribution, chi-square distribution, and F distribution, are de-
ferred until Chap. VI. These three families, as we shall see, are very important
when sampling from normal distributions.
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Cauchy distribution A distribution which we shall find useful for illustrative
purposes is the Cauchy, which has the density

1

5% D = e T = wT

(36)

where — o0 <a < o0 and > 0.

Although the Cauchy density is symmetrical about the parameter «, its
mean and higher moments do not exist. The cumulative distribution function
is

1 0> du
R W e ey -

—1+1arctan
2

Lognormal distribution Let X be a positive random variable, and let a new
random variable Y be defined as ¥ =log, X. If Y has a normal distribution,
then X is said to have a lognormal distribution. The density of a lognormal
distribution is given by

1 1
S i) = enp| = s Oogx= oo GO

where — o0 <y < o0 and ¢ > 0.
E[X]1=e"*¥"  and  var [X]= e#*20} _ p2uta? (39)

for a lognormal random variable X. Also, if X has a lognormal distribution,
then &[log, (X)] = p, and var [log, (X)] = ¢2.

Double exponential or Laplace distribution A random variable X is said to
have a double exponential, or Laplace, distribution if the density function of X
is given by

F0) =k o, ) = - exp (- [x— “'), “0)

2p B
where —c0o <a<ocand §>0. If Xhasa Laplace distribution, then
S[X]=a and var [X] = 2p2. 41)

Weibull distribution The density
fx;5a,8) =abx"'e™*"I, . (x) 42)
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where @ > 0 and b > 0, is called the Weibull density, a distribution that has been
successfully used in reliability theory. For b =1, the Weibull density reduces
to the exponential density. It has mean (1/a)'°T(1 +57') and variance
(1/a)*P[T(1 +2bY) = T2(1 + b71)].

Logistic distribution The logistic distribution is given in cumulative distribu- '
tion form by

1
F(x;d,ﬂ)=ﬁ'ﬁx—.am, 43)

where —o0 < a < o0 and f>0. The mean of the logistic distribution is given
by o The variance is given by B*n%/3. Note that Fa—d; a, f)=
| — F(a + d; a, ), and so the density of the logistic is symmetrical about .
This distribution has been used to model tolerance levels in bioassay problems.

Pareto distribution The Pareto distribution is given in density-function form
by

0 XO 0+1
F(xi%0, 0) = — (—) lo(®,  (44)
Xo X

where 0 >0 and x,>0. The mean and variance respectively of the Pareto
distribution are given by

0x, 0x2 (Oxo)z
-1 for 6>1 and =3 \g_1 for 0>2.

This distribution has found application in modeling problems involving distribu-
tions of incomes when incomes exceed a certain limit x, .

Gumbel distribution The cumulative distribution function
Fix; o, p) = exp(-—e‘“-ﬂ)/ﬂ), 45)

where —o0 < x < oo and >0 is called the Gumbel distribution. It appears
as a limiting distribution in the theory of extreme-value statistics.

Pearsonian system of distributions Consider a density function fy(x)
which satisfies the differential equation

_l__ dfy(x) _ x+a
fx(x) dx  bo+byx+byx?

for constants a, by, b,,and b,. Such a density is said to belong to the Pearsonian

(46)
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system of density functions. Many of the probability density functions that we
have considered are special cases of the Pearsonian system. For example, if

).’x’" —-Ax
Sxx) = ‘ﬁ I10,0)(%),
then
_l__dfx(x)_ _A+r—- I x—=(r-1)/2
fx(x) dx x  —x/A

for x > 0; so the gamma distribution is a member of the Pearsonian system with
a=—(r—-1)A, b =~1/A,and by = b, =0.

4 COMMENTS

We conclude this chapter by making several comments that tie together some
of the density functions defined in Secs. 2 and 3 of this chapter.

4.1 Approximations

Although many approximations of one distribution by another exist, we will
give only three here. Others will be given along with the central-limit theorem
in Chaps. V and VI.

Binomial by Poisson We defined the binomial discrete density function,
with parameters n and p, as

(Z) p‘(l=p)"* forx=0,1,...,n.

If the parameter n approaches infinity and p approaches 0 in such a way that
np remains constant, say equal to A, then

—-A)1x

N - @
(X) x!

for fixed integer x. The above follows immediately from the following con-

sideration:
(- (-

A OF (l —é)”(l _é)—x_’ﬂ:

x! n* n x!’
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since

(nz"-»I, (1—-}1)- -1, and (l—i) —e* as n-oo.
n n n

Thus, for large n and small p the binomial probability(;)p"(l -

can be approximated by the Poisson probability e™"?(np)*/x!. The utility of
this approximation is evident if one notes that the binomial probability in-
volves two parameters and the Poisson only one.

Binomial and Poisson by normal

Theorem 20 Let random variable X have a Poisson distribution with
parameter 4; then for fixed a < b
-2

=P +a/l<X<A+b/l]~> 00b) — Ba) as A-ow. (48)

PROOF Omitted. [Eq. (48) can be proved using Stirling’s formula,
which is given in Appendix A. It also follows from the central-limit
theorem.] 1

Theorem 21 De Moivre-Laplace limit theorem Let a random variable

X have a binomial distribution with parameters n and p; then for fixed
a<b

X — —_—
— < b] =Plnp + a/npq < X < np + by/npq] -
npq

P[a <
@(b) — D(a) as n— . (49)

PROOF Omitted. (This is a special case of the central-limit
theorem, given in Chaps. V and V1.) i

Remark We approximated the binomial distribution with a Poisson
distribution in Eq. (47) for large n and small p. Theorem 21 gives a
normal approximation of the binomial distribution for large 7. I

The usefulness of Theorems 20 and 21 rests in the approximations Eh?_t
they give. For instance, Eq. (49) states that P[np + a\/ npg< X <np+ b\/ npq)
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is approximatil)_l equal to ®(b) — ®(a) for large n. Orifc=np + a\/ ;1p_q and
d=np+ b\/ npq, then Eq. (49) gives that P[c < X < d] is approximately equal
to

() -+ (=)

J/npg npq

for large n, and, so, an approximate value for the probability that a binomial
random variable falls in an interval can be obtained from the standard normal

distribution. Note that the binomial distribution is discrete and the approximat-
ing normal distribution is continuous.

EXAMPLE 15 Suppose that two fair dice are tossed 600 times. Let X
denote the number of times a total of 7 occurs. Then X has a binomial
distribution with parameters n =600 and p=2. &[X]=100. Find
P[90 < X < 110].

110 Jj g\ 600~]
POO<X <110]= ¥ (690)(1) (5) :
Jj=90 J 6 6

a sum that is tedious to evaluate. Using the approximation given by
Eq. (49), we have

1 _
POO< X<110]~ ® (”0 _00) e (90 100)

e Ve
= (/) — B(—/9) ~ D(1.095) — B(—1.095) ~ .726.
I

4.2 Poisson and Exponential Relationship

When the Poisson distribution was introduced in Subsec. 2.4, an experiment
consisting of the counting of the number of happenings of a certain phenomenon
in time was given special consideration. We argued that under certain conditions
the count of the number of happenings in a fixed time interval was Poisson dis-
tributed with parameter, the mean, proportional to the length of the interval.
Suppose now that one of these happenings has just occurred; what then is the
distribution of the length of time, say X, that one will have to wait until the
next happening? P[X > t] = P[no happenings in time interval of length t] =
e~ ", where v is the mean occurrence rate; so

Fy) =P[X<t]=1-P[X>t]=1—e"" fort>0;
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that is, X has an exponential distribution. On the other hand, it can be proved,
under an independence assumption, that if the happenings are occurring in
time in such a way that the distribution of the lengths of time between successive
happenings is exponential, then the distribution of the number of happenings
in a fixed time interval is Poisson distributed. Thus the exponential and Poisson
distributions are related.

4.3 Contagious Distributions and Truncated Distributions

A brief introduction to the concept of contagious distributions is given here.
If£5(), fi()s . . . £2(), - .. is a sequence of density functions which are either all
discrete density functions or all probability density functions which may or may
not depend on parameters, and py, py, ..., Py> - .. is @ sequence of parameters

0 00
satisfying p; >0 and Y p, =1, then ) p,fi(x) is a density function, which is
i=0 i=0

sometimes called a contagious distribution or a mixture. For example, if
So(X) = ¢, 02(¥) (@anormal with mean yio and variance 63) and f,(x) = @,,,, 5,2(x),
then

p0¢uo,ooz(x) + )2 ¢u|,a;2(x)

1 ) 1
=(-p) E,w e~ H(x—ro)/ao)? +p‘/2_7w e~ Mx—m)a (50)
0 1

where p; = p and p, = 1 — p, is a mixture of two normal densities. Equation
(50) is also sometimes referred to as a contaminated normal. A random variable
X has distribution given by Eq. (50) if it is normally distributed with mean g, and
variance o2 with probability p and normally distributed with mean g, and vari-
ance o2 with probability 1 — p. Contagious distributions or mixtures can be
useful models for certain experiments. For instance, the mixture of two normal
distributions given in Eq. (50) has five parameters, namely, p, uo, #;, 0o, and
o,. If we vary these five parameters, the density can be forced to assume a
variety of different shapes, some of which are bimodal; that is, the density has
two distinct local maximums.

Physical considerations of the random experiment at hand can sometimes
persuade one to consider modeling the experiment with a mixture. The
experimenter may know that the phenomena that he is observing are a mixture;
for example, the radioactive particle emissions under observation might be a
mixture of the particle emissions of two, or several, different types of radioactive
materials.



4 COMMENTS 123

The concept of mixing can be extended. Let {f(x; 6)} be a family of
density functions parameterized or indexed by 6. Let tlie totality of values
that the parameter 8 can assume be denoted by ©. If @ is an interval (possibly
infinite) and g(6) is a probability density function which is 0 for all arguments
not in 8, then

faf(x; 6)g(6) db (1)
is again a density function, called a contagious distribution or a mixture. For
example, suppose f(x; 6) = e~ %*/x! for x =0, 1, 2, ... and f(x; 6) = 0 other-
wise and

—_ }'r r—1_-—26
90 = 1750 7€ Lo,
a gamma density. Then
. _ me-oox,i r—1,-64
jo 1(x30) - g(6) d0 = jo TR o R
—_ l’ ® r+x—1,-(A+1)0
_x!r(r)joe e do
X T(r+x) (o[A+ DT lem 002 4+ 1)0]
TxIT() A+1)yT*Jg I(r+x)

_( A )'F(r+x) 1
“\A+1) (OO A+ 1)F

r+x-—1 AN/ 1YV
—( x )(m) (m) for X—O,l,...,

which is the density function of a negative binomial distribution with param-
eters r and p =1/(1 + 1). We say that the derived negative binomial distri-
bution is the gamma mixture of Poissons.

J_w e—ﬂox

——9(0) o

is sometimes called a compound Poisson, where g(0)I,,)(0) is a probability
density function.

We have sketchily illustrated above how new parametric families of den-
sities can be obtained from existing families by the technique of mixing. In
Subsec. 2.6 we indicated how truncation could be employed to generate new
families of discrete densities. Truncation can also be utilized to form other
families of continuous distributions. For instance, the family of beta distri-
butions provides densities that are useful in modeling an experiment for which
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it is known that the values that the random variable can assume are between 0
and 1. A truncated normal or gamma distribution would also provide a useful
model for such an experiment. A normal distribution that is truncated at 0
on the left and at 1 on the right is defined in density form as

¢u.¢rz(x)1(0. l)(x)
(Du,az(]) - q)u,az(o) '

This truncated normal distribution, like the beta distribution, assumes values
between 0 and 1.

Truncation can be defined in general. If X is a random variable with
density fx(*) and cumulative distribution Fx(-), then the density of X truncated
on the left at @ and on the right at b is given by )

X)) =fx5pn,0) = (52)

fx(x)l(a, b)(x)

Fb) - Fya) D

PROBLEMS

1 (a) Let X be a random variable having a binomial distribution with parameters

n=25and p=.2. Evaluate P[X < ux — 20%x].

(b) If X is a random variable with Poisson distribution satisfying P[X =0] =
P[X = 1], what is £[X]?

(¢) If X is uniformly distributed over (1, 2), find z such that P[X >z + pu,] = }.

(d) If Xis normally distributed with mean 2 and variance 1, find P[| X — 2| < 1].

(¢) Suppose X is binomially distributed with parameters # and p; further sup-
pose that £[X] =5 and var [X] =4. Find n and p.

(f) If &[X]=10 and ox =3, can X have a negative binomial distribution?

(g9) If X hasa negative exponential distribution withmean 2, find P[X < 1| X < 2].

(h) Name three distributions for which P[X <pux]=1.

(/) Let X be a random variable having binomial distribution with parameters
n=100and p=.1. Evaluate P[X < pux — 30x].

(j) If X has a Poisson distribution and P[X = 0] = §, what is [ X]?

(k) Suppose X has a binomial distribution with parameters # and p. For what
p is var [ X] maximized if we assumed # is fixed ?

(/) Suppose X has a negative exponential distribution with parameter A. If
P[X <1]=P[X > 1)}, what is var [X]?

(m) Suppose X is a continuous random. variable with uniform distribution
having mean 1 and variance 4. What is P[X <0]?

(n) If X has a beta distribution, can &[1/X] be unity?

(0) Can X ever have the same distribution as — X? If so, when?

(p) If X is a random variable having moment generating function exp (¢ — 1),
what is £[X]?

2 (a) Find the mode of the beta distribution.
(b) Find the mode of the gamma distribution.
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Name a parametric family of distributions which satisfies:

(a) The mean must be greater than or equal to the variance.

(b) The mean must be equal to the variance.

(¢) The mean must be less than or equal to the variance.

(d) The mean can be less than, equal to, or greater than the variance (for dif-
ferent parameter values).

(@) If X is normally distributed with mean 2 and variance 2, express
P[| X —1|<2] in terms of the standard normal cumulative distribution
function.

(b) If X is normally distributed with mean x > 0 and variance 2 = u?, express
P[X < —u| X <u] in terms of the standard normal cumulative distribution
function.

(¢) Let X be normally distributed with mean x and variance o2. Suppose o2 is
some function of u, say o? =/h(u). Pick #(+) so that P[X <0] does not
depend on u for u > 0.

Use the alternate definition of the median as given in the remark following Defi-

nition 18 of Chap. II. Find the median in each of the following cases:

@ fx(x) = e~ * 1o, uy(x).

(b) X is uniformly distributed on the interval (6, 6,).

(¢) X has a binomial distribution with n =4, p =.5.

(d) X has a binomial distribution with n =5, p =.5.

(e) X has a binomial distribution with n =2, p =.9.

A contractor has found through experience that the low bid for a job (excluding

his own bid) is a random variable that is uniformly distributed over the interval

(3C, 2C), where C is the contractor’s cost estimate (no profit or loss) of the job.

If profit is defined as 0 if the contractor does not get the job (his bid is greater than

the low bid) and as the difference between his bid and his cost estimate C if he gets

the job, what should he bid (in terms of C) in order to maximize his expected
profit?

A merchant has found that the number of items of brand XYZ that he can sell

in a day is a Poisson random variable with mean 4.

(@) How many items of brand X'YZ should the merchant stock to be 95 percent
certain that he will have enough to last for 25 days? (Give a numerical
answer.)

(b) What is the expected number of days out of 25 that the merchant will sell
no items of brand XYZ?

(a) If Xis binomially distributed with parameters » and p, what is the distribution
of Y=n--X?

(b) Two dice are thrown n times. Let X denote the number of throws in which the
number on the first die exceeds the number on the second die. What is the
distribution of X?

*(c) A drunk performs a “randomwalk  over positions 0, 4-1, 42, ... as follows:
He starts at 0. He takes successive one-unit steps, going to the right with
probability p and to the left with probability 1 — p. His steps are inde-
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pendent. Let X denote his position after n steps. Find the distribution of
(X 4+ n)/2, and then find &[X].

*(d) Let X, (X) have a binomial distribution with parameters » and p, (# and p>).
If p, <p., show that P[X; <k]}>P[X.<k] for k=0, 1, ..., n. (This
result says that the smaller the p, the more the binomial distribution is shifted
to the left.)

In a town with 5000 adults, a sample of 100 is asked their opinion of a proposed

municipal project; 60 are found to favor it, and 40 oppose it. If, in fact, the

adults of the town were equally divided on the proposal, what would be the prob-

ability of obtaining a majority of 60 or more favoring it in a sample of 100?

A distributor of bean seeds determines from extensive tests that 5 percent of a large

batch of seeds will not germinate. He sells the seeds in packages of 200 and

guarantees 90 percent germination. What is the probability that a given package
will violate the guarantee?

(@) A manufacturing process is intended to produce electrical fuses with no
more than 1 percent defective. It is checked every hour by trying 10 fuses
selected at random from the hour’s production. If 1 or more of the 10
fail, the process is halted and carefully examined. If, in fact, its prob-
ability of producing a defective fuse is .01, what is the probability that the
process will needlessly be examined in a given instance?

(b) Referring to part (@), how many fuses (instead of 10) should be tested if the
manufacturer desires that the probability be about .95 that the process will
be examined when it is producing 10 percent defectives?

An insurance company finds that .005 percent of the population die from a certain

kind of accident each year. What is the probability that the company must pay

off on more than 3 of 10,000 insured risks against such accidents in a given

year?
(@ If X has a Poisson distribution with P[X=1]=P[X=2], what is
P[X=1o0r2]?

(b) If X has a Poisson distribution with mean 1, show that &[| X — 1|] = 2ox/e.

* |4 Recall Theorems 4 and 8. Formulate, and then prove or disprove a similar

theorem for the negative binomial distribution.

*]5 Let X be normally distributed with mean p and variance ¢2. Truncate the density

of X on the left at @ and on the right at b, and then calculate the mean of the trun-
cated distribution. (Note that the mean of the truncated distribution should fall
between a and b. Furthermore, if a = p — ¢ and b = u + ¢, then the mean of the
truncated distribution should equal w.)

*]6 Show that the hypergeometric distribution can be approximated by the binomial

distribution for large M and K; i.e., show that

E)=2)
2 ()

K/Map



17

18

19

20

21

22

23

24

25

PROBLEMS 127

Let X be the life in hours of a radio tube. Assume that X is normally distributed
with mean 20 and variance o2. If a purchaser of such radio tubes requires that
at least 90 percent of the tubes have lives exceeding 150 hours, what is the largest
value ¢ can be and still have the purchaser satisfied?
Assume that the number of fatal car accidents in a certain state obeys a Poisson
distribution with an average of one per day.
(a) What is the probability of more than ten such accidents in a week ?
(b) What is the probability that more than 2 days will lapse between two such

accidents?
The distribution given by

fx; P = l_}’ xe ¥ o (x)  for $>0

is called the Rayleigh distribution.
(a) Show that the mean and variance exist, and find them.
(b) Does the Rayleigh distribution belong to the Pearsonian system?
The distribution given by

S By =

Fn x2e~ %L o(x)  for B>0
is called the Maxwell distribution.

(a) Show that the mean and variance exist, and find them.

(b) Does this distribution belong to the Pearsonian system?

The distribution given by

— x2)=2L_ (x)

1
. fem =g
is called the r distribution.

(a) Show that the mean and variance exist, and find them.
(b) Does this distribution belong to the Pearsonian system?
A die is cast until a 6 appears. What is the probability that it must be cast more
than five times?
Red-blood-cell deficiency may be determined by examining a specimen of the
blood under a microscope. Suppose that a certain small fixed volume contains,
on an average, 20 red cells for normal persons. What is the probability that a
specimen from a normal person will contain less than 15 red cells?
A telephone switchboard handles 600 calls, on an average, during a rush hour.
The board can make a maximum of 20 connections per minute. Use the Poisson
distribution to evaluate the probability that the board will be overtaxed during any
given minute.
Suppose that a particle is equally likely to release one, two, or three other particles,
and suppose that these second-generation particles are in turn each equally likely
to release one, two, or three third-generation particles. What is the density of
the number of third-generation particles?
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Find the mean of the Gumbel distribution.

27 Derive the mean and variance of the Weibull distribution.

*28

*29

*30

Show that

1 -’

skl= S pigr-t = [ k(g — e
P[X > k] J_:k(j)pz/ B(k,n—k-f-l)-’o" (I —u) dl'l

for X a binomially distributed random variable. That is, if X is binomially dis-
tributed with parameters # and p and Y is beta-distributed with parameters k and
n—k+1,then Fy(p) =1— Fx(k —1).

Suppose that X has a binomial distribution with parameters 7 and p and Y has a
negative binomial distribution with parameters r and p. Show that Fx(r — 1) =
1 — Fy(n—r).

If U is a random variable that is uniformly distributed over the interval [0, 1], then
the random variable Z, = [U* — (1 — U)*]/A is said to have Tukey's symmetrical
lambda distribution. Find the first four moments of Z,. Find two different A’s,
say A; and A, such that Z;, and Z,, have the same first four moments and unit
standard deviations.



