















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































516 NONPARAMETRIC METHODS X1

In other words, we want to find two functions L, =/,(X;, ..., X,) and
L, =1,(X,, ..., X,) of the random sample X, ..., X, such that the probability
that

L2 ’
fL fx)dx= B (11)
is equal to y, for specified y and §. We summarize with a definition.

Definition 1 Tolerance limits Let X|,..., X, be a random sample from
continuous c.d.f. F(-) having a density function f(-). Let L, =
(X oo, X)) <Ly =1,(X,, ..., X,) be two statistics which satisfy:

(i) The distribution of F(L,) — F(L,) does not depend on F( - ).
(i) PIF(Ly)— F(Ly) = Bl =7.

Then L, and L, will be defined to be 1008 percent distribution-free tolerance
limits at probability level y. /1

Remark Note that the random quantity F(L,) — F(L,) represents the
area under f( - ) between L, and L, . /1]

For continuous random variables, order statistics Y; and Y, (j < k) form
tolerance limits. To obtain the coefficients § and y in the definition of tolerance
limits, we need the distribution of F(L,) — F(L;). Recall that

n!
j—Dik—=1-=)1(n—-k)!
X [F(.Vj)]j—l[F(.Vk) - F(}’j)]k_l _j[l - F(J’k)]n_kf(yj')f(}’k)-
Make the transformation Z = F(Y,) — F(Y;) and Y = F(Y}), find the joint distri-

bution of Yand Z, and then integrate out y to get the marginal distribution of Z.
The following obtains:

fy,-, v (Vs Vi) = (

n!
k—1—7N'(n—k +j)!

which is a beta distribution with parameters k —jand n -k +j+ 1. Now

f2) =

Zk_l_j(l —Z "_HjI(o,l)(Z), (12)

P[Z < B] = f:fz(z)dz =IByk —j,n—k +j+ 1),

the incomplete beta function, which is tabled. Also, recall that

Bk —jin—k+j+1)=Y (’;)ﬂf(l N

k—J

Thus for any §, the probability level y can be computed.
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EXAMPLE 3 For a random sample of size 5, use (Y;, Ys) as a tolerance
interval for 75 percent of the population; that is, § =.75. What is the
corresponding probability level y? We seek

y = PIF(Ys) — F(Y;) = .75]

=1 — P[F(Y,) — F(Y,) < .75]
5

—1-3% (f)(ﬂs)"(.zs)s-i _ 3672. m;
i=4

We might note that, in general,

k i k—j

+1 n+1 n+1

61Z] = EIF (Y] - EIF(Y)] =~ (13)

For Example 3 §[Z] = ¢ = 2.

EXAMPLE 4 Suppose that it is desired to determine how large a sample must
be taken so that the probability is .90 that at least 99 percent of a future
day’s output of bearings will have diameters between the largest and
smallest observations in the sample. The quantities are y =.90 and
p =.99, and we want to determine » such that

PIF(Y,) — F(Y;) = f] =,

where the density of Z = F(Y,) — F(Y,) is given by Eq. (12) for j =1 and
k=n. We get
1

y=P[Z>f]= fﬂ nin— D221 —2)dz=1—np"! + (n— 1)p".

If we substitute for y and §, we get the equation
90 =1 —n(.99)" ! + (n — 1)(.99)",

which can be solved to determine n. The solution is #n ~ 388. /1]

There are similarities and differences between tolerance limits and con-
fidence limits. Tolerance limits, like confidence limits, are two statistics, one
less than the other, that together form an interval with random end points. The
user of either interval is reasonably confident (the degree of confidence being
measured by the corresponding confidence level) that the interval obtained
contains what it is claimed to. This is where the similarity ends. A confidence
interval is an interval thought to contain a fixed unknown parameter value. On
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the other hand, a tolerance interval is an interval thought to contain a prescribed
proportion of the values of the random variable under consideration. In other
words, a confidence interval is an interval thought to contain an unknown fixed
parameter value that characterizes the distribution of population values, whereas
a tolerance interval is an interval thought to contain actual population values,
and not some characteristic of them.

5 EQUALITY OF TWO DISTRIBUTIONS

5.1 Introduction

In this section various tests of the equality of two populations will be studied.
As we mentioned in Sec. 1 above, we first studied the equality of two populations
when we tested that the means from two normal populations were equal in
Subsec. 4.3 of Chap. IX. Then again in Subsec. 5.3 of Chap. [X, we gave a test
of homogeneity of two populations. A great many nonparametric methods
have been developed for testing whether two populations have the same distribu-
tion. We shall consider only four of them; a fifth will be briefly mentioned at
the end of this subsection.

The problem that we propose to consider is the following: Let X|,..., X,
denote a random sample of size m from c.d.f. Fy( - ) with a corresponding density
function fx(-), and let Y;, ..., Y, denote a random sample of size n from
c.d.f. Fy(-) with a corresponding density function fy(-). (Note that we are
departing from our usual convention of using Y’s to represent the order statistics
corresponding to the X’s.) Further, assume that the observations from Fy( - )
are independent of the observations from Fy(-). Test 3#: Fx(z) = Fy(z) for
all z versus 3¢, : Fy(z) # Fy(z) for at least one value of z. In Sec. 2 above we
pointed out that the sample c.d.f. can be used to estimate the population c.d.f.
In the case that 57, is true, that is, Fy(z) = Fy(z), we have two independent
estimators of the common population c.d.f., one using the sample c.d.f. of the
X’s and the other using the sample c.d.f. of the Y’s. Intuitively, then, one might
consider using the closeness of the two sample c.d.f.’s to each other as a test
criterion. Although we will not study it, a test, called the two-sample
Kolmogorov-Smirnov test, has been devised that uses such a criterion.

We will assume throughout that the random variables under consideration
are continuous and merely point out at this time that the methods to be presented
can be extended to include discrete random variables as well. In our pre-
sentation, we will consider testing two-sided hypotheses and will not consider
one-sided hypotheses, although the theory works equally well for one-sided
hypotheses.
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5.2 Two-sample Sign Test

The first test that we will consider is the two-sample sign test. We shall see
that, in a certain sense, this test is a nonparametric analog of the paired # test
(see Prob. 17 in Chap. IX). For this test we assume that the sampling situation
is such that the X and Y observations are paired; that is, we observe (X, 1}),
ooy (X,, Y,). One could think that the X observation is ‘ untreated” (a
control) and the corresponding Y observation is “ treated,” the object of the
test being to determine if there is a ““treatment™ effect. We wish to test
Ho: Fy(+)=Fy(-). Assume that (X, Y}), ..., (X,, Y,) is a random sample
from some joint distribution Fy y(:, *). Further assume that Fy y(-, -) is
such that P[X > Y] =P[X < Y] =4 when 5, is true. (Recall that we are
assuming continuous random variables, and then such an assumption is satisfied
if X and Y are independent.) Consider a test based on the signs of the
differences X; — Y;, i=1, ..., n. For instance, define

Z;= I(o, oo)(Xi - Yi);

then Z; has a Bernoulli distribution, and consequently S, = Zn: Z; has a binomial
i=1
distribution with parameters n and p = P{X;> Y;]. If o, is true, p =4, and
&[S,] = n/2. If the alternative hypothesis is two-sided so that p = P[X; > Y]
can be either larger or smaller than §, then a possible test criterion is to accept
H o if S, is close to n/2, that is, accept #, if |S, — n/2| < k, where k is deter-
mined by fixing the size of the test. k& is easily determined from a binomial
table, and we have a very simple test of the equality of the two populations.
One can see that avoidance of the assumption that X; and Y, are inde-
pendent is desirable. For example, X; might represent an observation on the
ith entity before some ‘‘ treatment” and Y; the observation on the same entity
after ““ treatment.” In such a case one is not likely to have independence of
X; and Y, since they are observations taken on the same entity, yet one can
sometimes test that there is no ‘‘ treatment” effect by testing that the *“ before”
and “ after” populations are the same.

5.3 Run Test

As before let X, ..., X,, denote a random sample from Fy(-)and Y;, ..., ¥,
a random sample from Fy(-). A rather simple test of 3#,: Fx(z) = Fy(z) for
all z is based on runs of values of X and values of Y. To understand the
meaning of runs, combine the m x observations with the n y observations and
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then order (in ascending order of magnitude) the combined sample. For
example, if m = 4.-and n = 5, one might obtain

y x x 'y x Yy y y X (14)

A run is a sequence of letters of the same kind bounded by letters of another
kind except for the first and last position. Thus, in Eq. (14) the ordering
starts with a run of one y value, then follows a run of two x values, then a run
of one y value, and so on; six runs are exhibited in Eq. (14). It is apparent that
if the two samples are from the same population, the x’s and y’s will ordinarily
be well mixed, and the total number of runs will be large. If the two popula-.
tions are widely separated so that their range of values does not overlap, then
the number of runs will be only two, and, in general, differences between the
two populations will tend to reduce the number of runs. Thus the two popula-
tions may have the same mean or median, but if the x population is concentrated
while the y population is dispersed, there will be a tendency to have a long y
run on each end of the combined sample, and there will thus be a tendency
to reduce the number of runs. A test then is performed by observing the total
number of runs, say Z, in the combined sample and rejecting 5, if Z is less
than or equal to some specified number z,. Our task now is to determine the
distribution of Z under 5, in order that for a given test size we may specify z,.
If o, is true, it can be argued that the possible arrangements of the

m x values and n y values are equally likely. It is clear that there are exactly

(mn-;- n) such arrangements. To find P[Z = z], it is necessary now to count

all arrangements with exactly z runs. Suppose z is even, say 2k; then there
must be k£ runs of x values and k runs of y values. To get k runs of x values,
the m x’s must be divided into k groups. We can form these k groups, or runs,
by inserting k — 1 dividers into the m — 1 spaces between the m x values with no
more than one divider per space. We can place the K — 1 dividers into the

_ 1) ways. Similarly, we can construct the £ runs of

1 spaces in m

y values in (Z 1) ways. Any particular arrangement of the k£ runs of x values

can be combined with any arrangement of the k runs of y values; furthermore,
the first run in the combined arrangement can be either a run of x values or a

-1 -1 .
run of y values; hence there are a total of 2(’: _ l) (Z _ l) arrangements having
exactly z = 2k runs. Hence

P[Z =z]=P[Z=2k] = 2(?: i)(’t: i)

2

(15)
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Similarly, for z odd

(m— l)(n— l) + (m— 1)(n— l)
P[Z=z]=P[Z=2k+1]= k J\ke—1 k-1 k]
m-+n
(")
To test ), with size of Type I error equal to «, one finds the integer z, so that
(as nearly as possible)

(16)

fP[Z=z]=a (17)
z=2

and rejects 5, if the observed value of Z does not exceed z, .

The computation involved in Eq. (17) can become quite tedious unless
both m and » are small. Fortunately, the distribution of Z is approximately
normal for large samples, and in fact the approximation is usually good enough
for practical purposes when both m and n exceed 10. If 57, is true, the mean
and variance of Z are

2mn
E[Z] = o +1 (18)

and

2mn(2mn — m — n)

var [Z] = g yr— l)'

(19)

The asymptotic normal distribution of Z under 5#, has mean and variance given
in Egs. (18) and (19). This asymptotic normal distribution can be used to
determine the critical value z, for large samples.

The run test is sensitive to both differences in shape and differences in
location between two distributions.

5.4 Median Test

Let X;, ..., X,, be a random sample from Fx(-)and Y}, ..., ¥, be a random
sample from Fy(-). As in the previous subsection, combine the two samples,
and order them. LetZ, <Z, <...< Z,,,, be the combined ordered sample.
The median test of 3 o: Fx(u) = Fy(u) for all u consists of finding the median,
say Z, of the z values and then counting the number of x values, say m,, which
exceed Z and the number of y values, say n,, which exceed Z. If o, is true, m,
should be approximately m/2 and n, approximately n/2. We can use either the
statistic M, or the statistic N, to construct the test. Let us use M; = number
of X’s which exceed Z, the median of the combined sample. If m + n is even,
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there are exactly (m + n)/2 of the observations (combined x’s and y’s) greater
than the median of the combined sample. (Since we have an even number of
continuous random variables, no two are equal, and the median is midway be-
tween the middle two.) It can be easily argued that

m n
() 92 )
m-+n
(n2)
for m + n even and J¥, true. A similar expression obtains for m + n odd.
Such a distribution can be used to find a constant k such that

PM, =m] =

P[ M, -2 zk] ~a,
and our test is given by the following:
Reject #, if and only 1f| M, — 5 > k.

Just as in the run test, an asymptotic normal distribution of M, can be
derived, but we will not study it.

5.5 Rank-sum Test

A very interesting nonparametric test for two samples was described by
Wilcoxon and studied by Mann and Whitney. Given two random samples
X, X;,..., X,and Y;, ..., Y, from populations with absolutely continuous
c.d.f.’s Fy(+) and Fy(-), respectively, one arranges the m + »n observations in
ascending order and then replaces the smallest observation by 1, the next by 2,
and so on, the largest being replaced by m + n. These integers are called the
ranks of the observations. Let T, denote the sum of the ranks of the m x values

m+n

and T, the sum of the ranks of the n y values. Note that T, + T, = > j =
J=1

(m 4+ n+ 1)(m + n)/2; so T, is a linear function of 7,. We could base a test
on either statistic 7, or 7,,. Let us use T,. T, is linearly related to another
statistic, which we denote by U. Set

M=

U= 3% ¥, afX0, (20)
j=11i

the number of times an X exceeds a Y. For a given set of observations, let
r, ry, ..., r, denote the ranks of the x values, and let xi, ..., x,, denote the

1
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ordered x values. Clearly xj exceeds (r, — 1) y-values, x}; exceeds (r, — 2) y-
values, and so on, and x,, exceeds (r,, — m) y-values. Hence

u= f:(ri—i)=2r,-—2i= tx—w,
i=1
or
U=Tx—"ﬂ;—l). @1

To find the first two moments of T, we find the first two moments of U.

¢[U] = é”[ZZ I[r,, oo)(Xi)] = ZZ ép[I[Yj, w)(Xi)]
=22 PIX;>2Y]1=}3% p=mnp,

where

p = PIX; 2 Y]] = [ PIY < x| X = x1fy(¥) dx = [ Fy(x)fx(x) dx.

If 5, 1s true,
1

p=[Fxfxxde =] udu=3.

0

Similarly, the variance of U can be found. The derivation is somewhat more
complicated since one needs the expected value of U2. From the mean and
variance of U, the mean and variance of T, can be obtained. If 5, is true,
they are given by

1
SIT.] = m(m +2n + 1) 22)
and
var [T,] = mn(m + n + 1). 23)

12

The exact distribution of T, turns out to be a very troublesome problem
for large m and n. However, Mann and Whitney have calculated the distribu-
tion for small m and n, have shown that 7, is approximately normally distributed
for large m and n, and have demonstrated that the normal approximation is
quite accurate when m and » are larger than 7. Thus for samples of reasonable
size one can use the normal approximation with mean and variance given by
Egs. (22) and (23) to find a critical region for testing #: Fx(z) = Fy(z) for all z
versus ¥, : Fy(z) # Fy(z). The test would be the following:

Reject o, if | T, — &[T, ]| is large;
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that is,
Reject o, if and only if | T, — €[T]| =k,

where k is determined by fixing the size of the test and using the asymptotic
normal distribution of 7,.

EXAMPLE 5 Find the exact distribution of 7, under 3, for m =3 and
n=2. Each of the following arrangements is equally likely if 3, is
true: '

XXXYY,XXYXY, XXYYXXYXXY, XY XY X
XPYXX,JXXXY,YXXVX, )XYVXX, ) YyXXX.

The corresponding T, values are, respectively, 6, 7, 8, 8,9, 10,9, 10, 11, 12;

SO
PIT, = 6] = P[T, = 7] = 14,
P[T, = 8] = P[T, =9] = P[T, = 10] = 1%,
and
PIT, = 11] = P[T, = 12] = 4. m
PROBLEMS

1 n
1 Show that T= - > Is(X)) is an unbiased estimator of P[X € B]. Find var [T],
i=1

and show that T is a mean-squared-error consistent estimator of P[X € B].
1 =
2 Define F(B)) = : > Is(Xy) forj=1, 2. Find cov [Fu(B)), Fu(B:)].
i=1

3 LetY,,..., Y, bethe order statistics corresponding to a random sample of size n

from a continuous c.d.f. F(*).

(@) Find the density of F(Y}).

(b) Find the joint density of F(Y;) and F(Y)).

(¢) Find the density of [F(Y.) — F(Y)l/[F(Y. — F(Y1)]

4 Let X,,..., X, be independent and identically distributed random variables
having common continuous c.d.f. F(-). Let Y, <---< Y, be the corre-
sponding order statistics, and define F,(-) to be the sample c.d.f. Set D,=

sup | Fu(x) — F(x)|.

—WLXCd

(@) Find the exact distribution of D, for n=1.

(b)) Dothesameforn=2. HiNt:Does D, = max[F(Y,), % — F(Y.),F(Y;)— 4,
1—F(Y)]?

(¢) Argue that the exact distribution of D, will not depend on F(*).
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12

13
14

15

16

PROBLEMS 3525

Show that the expected value of the larger of a random sample of two observations
from a normal population with mean 0 and unit variance is 1/\/ 7 and hence that

for the general normal population the expected value is p + o/’\/ .

If (X, Y)is an observation from a bivariate normal population with means 0, unit
variances, and correlation p, show that the expected value of the larger of Xand Y
isvV (1 — p)/m.

We have seen that the sample mean for a distribution with infinite variance (such
as the Cauchy distribution) is not necessarily a consistent estimator of the popula-
tion mean. Isthesample median a consistent estimator of the population median ?
Construct a (approximate) 90 percent confidence band for the data of Example 1.
Does your band include the appropriate uniform distribution ?

Let Y, < '+ < Y, be the order statistics corresponding to a random sample from
some continuous c.d.f. Compute P[Y, < €50< Ys] and P[Y, < €50 < Yl
Compute P[Y, < £.;0 < Y2]. Compute P[Y; < £.75 < ¥s].

Let Y, and Y, be the first and last order statistics of a random sample of size n
from some continuous c.d.f. F(+). Find the smallest value of » such that
PIF(Y,) —F(Y,) =.75] = .90.

Test as many ways as you know how at the 5 percent level that the following two
samples came from the same population:

X 1.3 1.4 1.4 1.5 1.7 1.9 1.9

y 1.6 1.8 2.0 2.1 21 2.2 2.3

Let X, ..., X5 denote a random sample of size 5 from the density f(x; §) =

To_s. o+4(x). Consider estimating 6.

(@) Determine the confidence coefficient of the confidence interval (Y,, Ys).

(b) Find a confidence interval for 6 that has the same confidence coefficient as in
part (@) using the pivotal quantity (Y; + Y5)/2 — 6.

(¢) Compare the expected lengths of the confidence intervals of parts (a) and (b).

Find var [U] when Fx(:) = Fy(-). See Eq. (20).

Equation (21) shows that U and T, are linearly related. Find the exact distribution

of U or T, when 5%, is true for small sample sizes. For example, take m=1,

n=2,m=1,n=3;m=2,n=1;m=3,n=1;andm=n=2.

We saw that &[U]= mnp. Is U/mn an unbiased estimator of p = P[X; > Y]

whether or not 5%, is true? Is U a consistent estimator of p?

A common measure of association for random variables X and Y is the rank

correlation, or Spearman’s correlation. The X values are ranked, and the observa-

tions are replaced by their ranks; similarly the Y observations are replaced by their

ranks. For example, for a sample of size 5 the observations

x 204 19.7 21.8 20.1 20.7

y 9.2 8.9 11.4 9.4 10.3
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are replaced by

) |3 1 s 2 4

r(y) | 2 1 5 3 4

Let (X)) denote the rank of X; and r(Y;) the rank of Y;. Using these paired
ranks, the ordinary sample correlation is computed:

S Ir(X) — FOONN(Y) — F(Y)]
VI IH(X) — FOP S [r(Y) — AN

where 7(X) = > r(X)/nand 7(Y) = > r(Y)/n.

(@) Show that S=1—6 > D3%/(n® — n), where D, = r(X;) — r(Y)).

(b)) Compute the ordinary correlation and Spearman’s correlation for the above
data.

17 Argue that the distribution of S in Prob. 16 is independent of the form of the
distributions of X'and Y provided that X and Y are continuous and independently
distributed random variables. Hence S can be used as a test statistic in a non-
parametric test of the null hypothesis of independence.

18 Show that the mean and variance of S (in Prob. 17) under the hypothesis of inde-
pendence are 0 and 1/(n — 1), respectively.

Spearman’s correlation = § =




APPENDIX A
MATHEMATICAL ADDENDUM

1 INTRODUCTION

The purpose of this appendix is to provide the reader with a ready reference to some
mathematical results that are used in the book. This appendix is divided into two
main sections: The first, Sec. 2 below, gives results that are, for the most part, com-
binatorial in nature, and the last gives results from calculus. No attempt is made to
prove these results, although sometimes a method of proof is indicated.

2 NONCALCULUS

2.1 Summation and Product Notation

A sum of terms such as ni 4 n, + ns + ne + n, is often designated by the symbol
7

> ni.  is the capital Greek letter sigma, and in this connection it is often called the
i=3

summation sign. The letter / is called the summation index. The term following > is
called the summand. The “i= 3" below > indicates that the first term of the sum is
obtained by putting / = 3 in the summand. The *“7” above the D indicates that the
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final term of the sum is obtained by putting /i = 7 in the summand. The other terms
of the sum are obtained by giving i the integral values between the limits 3 and 7. Thus

5
> (=17 %x? = 2x* — 3x° + 4x® — 5x'°.
J=2
An analogous notation for a product is obtained by substituting the capital
Greek letter [T for >. In this case the terms resulting from substituting the integers
for the index are multiplied instead of added. Thus

e - Yl e Do

EXAMPLE 1 Some useful formulas involving summations are listed below.
They can be proved using mathematical induction.

3 ot Den ) (2)
3= ["(" o 1)]2. @3)
3 jo ML D@AL DO 3 ) “

Equation (1) can be used to derive the following formula for an arithmetic series
Or progression:

" d
12‘1 [a+ (G~ Ddl=na+ in(n—-— 1). (5

A companion series, the finite geometric series, or progression, is given by

not 1 —r"
i

2.2 Factorial and Combinatorial Symbols and Conventions

A product of a positive integer » by all the positive integers smaller than it is usually
denoted by n! (read *““ n factorial”). Thus

n!=n(n—-1)(n-2)°----lzﬁ(n—j). (D

i=0

0! is defined to be 1.
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A product of a positive integer n by the next k — 1 smaller positive integers is
usually denoted by (n)x. Thus

(n)yy=nn—1) - (n—k+1)
k
= ,11 (n—j+1). ®)
Note that there are k& terms in the product in Eq. (8).

Remark (n)«=n!/(n— k)!, and (n), = n!/0! =nl. The combinatorial symbol

(Z) is defined as follows:

n)f(n)k_ n! 9
(k kK (n— Rk ®

(k) is read ‘““combination of n things taking k at a time” or more briefly as

*“n pick k*°; it is also called a binomial coefficient. Define

(Z):o if k<0 or k>n (10)
/11

- ()-+
(Q:Qfﬁ'

n—+1 n n ; 1 . 1
k k)T k-1 orn=14,2... an =0, +1, +2,....

(11)

Equation (11) is a useful recurrent formula that is easily proved. i

. ’ n
Both (n). and the combinatorial symbol ( k) can be generalized from a positive integer

n to any real number t by defining

ODe=tt—1 - (t—k+1), (Ifc)zt(t—l)---;c"(t-k—{—])

fork=1,2,..., (12)

t
and (k) =1fork=0.
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Remark

—n\ (—=n)(—n—=1)--(—n—k+1)
(k)“ k!

nn+ 1) (n+k—1)
k!

+ k—1
= (—1) (" . ) i

= (-1

2.3 Stirling’s Formula

In finding numerical values of probabilities, one is often confronted with the evaluation
of long factorial expressions which can be troublesome to compute by direct multiplica-
tion. Much labor may be saved by using Stirling’s formula, which gives an approximate
value of n!. Stirling’s formula is

n!~ (2m)te "n"t* (13)
or
nl = (zﬂ)ie—nnn+%er(n)/12n’ (14)

where 1 — 1/(12n + 1) <r(n) < 1. To indicate the accuracy of Stirling’s formula, 10!
was evaluated using five-place logarithms and Eq. (13), and 3,599,000 was obtained.
The actual value of 10! is 3,628,800. The percent error is less than 1 percent, and the
percent error will decrease as n increases.

2.4 The Binomial and Multinomial Theorems

The binomial theorem is often given as

@tby=>3 (’J’) @b~ (15)

j=o

. . . » . n .
for n, a positive integer. The binomial theorem explains why the ( ) are sometimes
]

called binomial coefficients. Four special cases are noted in the following remark.

Remark A+n"= éo (j.)t’, (16)
a—n=3 (;'.)(—ml, (17)

r= 5 (”) (18)

J=0 J
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and

" n
0= ,Zo (—1)1(j). (19)
I
Expanding both sides of
A+ x)A+x)>=0+x)*

and then equating coefficients of x to the nth power gives

20006

a formula that is particularly useful in considerations of the hypergeometric distribution.
A generalization of the binomial theorem is the multinomial theorem, which is

k n ! &
1__[ m! )

i=1

where the summation is over all nonnegative integers »n;, n;, ..., n, which sum to n.

A special case is
k 2 k K 13 k
(Z a,) =( a,)(z a,) = > > aa. (22)
J=1 i=1 J=1 I=1 j=1

Also note that

(‘i a:)(f b,) =3 3 ab, 23)

3 CALCULUS

3.1 Preliminaries

It is assumed that the reader is familiar with the concepts of limits, continuity, differenti-
ation, integration, and infinite series. A particular limit that is referred to several
times in the book is the limit expression for the number ¢; that is,

lim (1 + x)'*=e. (24)

x-0

Equation (24) can be derived by taking logarithms and utilizing 1’'Hospital’s rule,
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which is reviewed below. There are a number of variations of Eq. (24), for instance,

Iim(1+x"1)*=e (25)

and
lim (1 + Ax)*’*=¢*  for constant A. (26)
x-0
A rule that is often useful in finding limits is the following so-called I’Hospital’s
rule: If £(+) and g( - ) are functions for which lim f(x) = lim g(x) = 0 and if

X—a X-+a
lim f__’(x)
x~a g'(X)
exists, then so does
limf(—x)
x=a (X)’
and
. Sx) . f(x)
lim——= = lim

sag(x)  xsagl(x)’

EXAMPLE 2 Find lim [(1/x) log. (1 + x)]. Let f(x) =log. (1 + x) and g(x) = x;

x= 0
then
S .1 .
1 — 2 l — i — + -
,,1.1.'% ag’(x) xl-l}(} 14+ x . };1-1.2 [x log. (1 x)] I

Another rule that we use in the book is Leibniz’ rule for differentiating an integral:
Let

h(t)

I(t) = f(x; 1) dx,

g(¢)

where f(* ; ), g(*), and A( -) are assumed differentiable. Then

dl KO of dh dg
il TS COIDE R VOIDE -3 @)

Several important special cases derive from Leibniz’ rule; for example, if the
integrand f(x; t) does not depend on ¢, then

d k(1) dh dg
- [ | s dx] SICOE SN COE+ (28)
in particular, if g(#) is constant and A(z) = ¢, Eq. (28) simplifies to

d t
= [ f 1) dx] —1(0). 29)
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3.2 Taylor Series

The Taylor series for f(x) about x = a is defined as

[P@e—a e -

fR)=f@+/P@x—a)+ T oy + R., (30)
where
VA4S 1 fED(e)(x — a)*+?
@)= dri | R.= PR and a<c<x.

R, is called the remainder. f(x) is assumed to have derivatives of at least order n + 1.
If the remainder is not too large, Eq. (30) gives a polynomial (of degree ») approxima-
tion, when R, is dropped, of the function f(-). The infinite series corresponding to
Eq. (30) will converge in some interval if lim R, = 0 in this interval. Several important

infinite Taylor series, along with their intervals of convergence, are given in the follow-
ing examples.

EXAMPLE 3 Suppose f(x) =¢e*and a=0. Then
x* x3

& =1+4x+5r ot

aoxj
= > = for — oo < x < 0. (31)

J=o j!
I

EXAMPLE 4 Suppose f(x)=(1—x)* and a=0; then f®(x) = —r(1— x)""},
FE) =1t — DA = 2%, oo, fO) =(= Dt — 1) —j+ DA~ 2

and hence
@ xJ
SO =1=x'= 2 (—1Q), =
1=0 J!
x {t
:;Zo (j)(—-x)’ for -1 <x<1. (32)
I
There are several interesting special cases of Eq. (32). ¢= —n gives
& (— ® (m+j—1
(1—x)""= Z( ,n)(*x)f= > ( J )x’ for -1 <x<1; (33)
J=o\ J = J
t = —1 gives the geometric series

1-xn-t=> (34)
i=o
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t = —2 gives

A—0"2= 3 G+, (35)

EXAMPLE 5 Suppose f(x) = log. (1 + x) and a = 0; then

2 x3 x4
loge(1+x)=x—?+?———+--- for —1 <x<1. (36)

4
/11

The Taylor series for functions of one variable given in Eq. (30) can be generalized
to the Taylor series for functions of several variables. For example, the Taylor series
for f(x, y) about x = a and y = b can be written as

J(x,¥)=f(a,b) + f(a, b)(x — a) + f (a, b)(y — b) +

1
i [f;";(as b)(x - a)z + zf_;y(as b)(x - a)(y - b) +.fyy(aa b)(y - b)Z] + - ’

where
of
a,b)=— ,
f(a, b) 7
o%f
fxy(a’ b) - ay ax xmayab s
and similarly for the others.
3.3 The Gamma and Beta Functions
The gamma function, denoted by I'( - ), is defined by
') = f x'~le~*dx fort > 0. 37

1]

I'(¢) is nothing more than a notation for the definite integral that appears on the right-
hand side of Eq. (37). Integration by parts yields

I'(t + 1) = tT(2), (38)
and, hence, if # = n (an integer),
I'(n+ 1) = n!. (39)
If n is an integer,

1:3:5--@2n=1

> Vi, (40)

Fn+ $) =
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and, in particular,
I@)=2r@ =V @1)
The beta function, denoted by B( -, -), is defined by

1

B(a, .b)=f0 X1 —xP-tdx fora>0,b>0. 42)

Again, B(a, b) is just a notation for the definite integral that appears on the right-hand
side of Eq. (42). A simple variable substitution gives B(a, b) = B(b, a). The beta
function is related to the gamma function according to the following formula:

T'(@)T'(b)
T'(a+b)’

B(a, b) = 43)






APPENDIX B

TABULAR SUMMARY OF PARAMETRIC FAMILIES
OF DISTRIBUTIONS

1 INTRODUCTION

The purpose of this appendix is to provide the reader with a convenient reference
to the parametric families of distributions that were introduced in Chap. III. Given
are two tables, one for discrete distributions and the other for continuous distribu-

tions.
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Table 1 DISCRETE DISTRIBUTIONS
Name of
parametric
family of Parameter Mean
distributions Discrete density functions f(-) ~ space p = E€[X]
Discrete 1 _ N+1
uniform fx)= N I, ..., ny(%) N=1,2, 3
Bernoulli S(x) =p*q' ~*L o, 1)(x) 0<p<l1 P
g=1-p)
Binomial 16 = ()P T0, 1. c.om® 0<ps<1 o
n=123,...
(g=1->p)
(K) (M —K
. _\x i n— K
H_ypergeometrlc Jx) = ( M) Lo, 1, ... m(%) M=1,2.. n]\_l
n
K=01,.... M
n=12,....,.M
. e—AAx
Poisson f(x) = P Lo, 1,..4(x) A>0 A
Geometric Sx) =pg*leo, 1...5(x) 0<pxl Ig;
(g=1-p)
Negative fr+x—1\ , rq
Negative e =" T Voele a0 0<p<l :
r>0
g=1-p)
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Moment
generating
Variance Moments p/ = E[X"] or p, = E[(X — p)'] function
0?2 =X — w)? and/or cumulants «, &le'X]
N?—-1 , NWN+1)? SEE et
12 s =77 ANe
, N+ DEN -+ DBN?*+3N-1)
Ha =
30
g ui=pforallr q + pet
npq ps = npg(q — p) - (g + pe'y
g = 3n2p*q® + npg(1 — 6pq)
(-)(7)
KM—-KM-—
r SIXX — 1) (X = r+ 1)) = 1! L not useful

"MTM M—1

(%) .

A K,=A for r=1,2,... explA(e*—1)]
fe3 =
,.L4 = A + 3A2
q 9+ p
p? Ha p? 1 —ge*
- q+ 7+ 4’
=Tt
g _Hg+4q? ( p )'
P’ S P 1—ge
_rlg+Br+4q* +4°)

p4
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Table 2 CONTINUOUS DISTRIBUTIONS

Name of
parametric
family of Cumalative distribution function F(-) Parameter Mean
distributions or probability density function £(-) space p=4ELX]
. 1 b
Umfl on:lll:rr £ =5 o) —w<a<b< ‘Hz'
— 1 . 2472 —0o < <0
Normal fx) = 2_‘myexp[—(x—pe) [202%] o> 0 ®
1
Exponential ) =Ae 210, 0)(x) A>0 3
Ar' -1,—~AX A > 0 r
Gamma f(X) == I..(r)x" e I(o.go)(X) r>0 X
— 1 -1 -1 a>>0 a
Beta f&x) = mx" a—-xy I(O.l)(x) b>0 m
Cauchy ) = 1 —oo< o< @ Does not
7B{l + [(x — o)/} B=>0 exist
Lognormal f(x) = ;°>° 0< p< explp+$03]
1
oV 2mg SXPI—Ulogex—p)[20% W 0. «)(x)
Double _ 1 |x — o] —wo<< a<< ©
exponential | f® = iFexp(— B ) >0 *
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2
Moments uf = £[X]
Variance or p, = X — )] Moment generating
o? = X — p)?] and/or cumulants «, function &[e'*] /
b—a)? p, =0 for r odd e’ — e
12 b-ay b—a)
Mr = m for r even
L 4
o? e =0, r odd; u, 26‘7?)—!5'_’3’ r even; explut+ 4 0% 3]
,=0,r>2
1 , T+ A
¥ B =% g7 fori<?
r , Tr+p Ay
bE iy = W (/-\—_—t) fort< A
ab _B(r+a,b)
@b+ D@t be o —-—m'—' not useful

Does not exist

Do not exist

Characteristic function
is e lat —Blt]

exp[2u + 207]
—exp[2u + 0?]

s =explrp + 4 r? o?]

not useful

282

pr=10 for r odd;
pr=r! B for r even

ezt

1—(Bn)?

(continued)
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Table 2 CONTINUOUS DISTRIBUTIONS (continued)

APPPENDIX B

Name of
parametric
family of Cumulative distribution function F(-) Parameter Mean
distributions or probability density function f(-) space p = &[X]
Weibull F(0) = abx*~ exp[—ax* Vo, o)) ‘e a=1PT(1 4 p-1)
isti == ~(x=~a)/B]~1 — 0 < o< 0
Logistic Fx)=[1+e ] B> 0 o
Bxd xo > 0 Bxo
Pareto f(X) = ;.:T I(xo_m)(x) 00 > 0 -1
for 8> 1

Gumbel or _ —e~x-a)p —o<a<® o+fy
extreme value | LX) = exp (=e ) >0 y % 577216

e _Tlk+1)/2] 1 1 p=20
t distribution | f(x) = T&D) v 4+ RF k>0 for k> 1

ey s _I'l(m + n)/2] (m mi2 B n
F distribution J(x) = TmT () ;z-) mn=1,2, >

x(m-2)2 forn > 2
T F Gy oz o)

Chi-square _ 1 (1 M2 i s _ g
distribution fo) = T*/2) 5] X2l DAL, oy (X) k=1,2, k
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Moments p; = [ X’]
Variance or p, = E[(X ~ p)] Moment generating
o? = E[(X — pu)?] and/or cumulants «, function &[e**]
a~**T(1+2671) s o =rib r — gt !
2.2
BTT" e Bt csc(mBt)
0x3 . Oxp does not
6102 Br=g—r for 6 > r exist
for 8 > 2
w2p? K = (— B (1) for r > 2, e*I’(1 — Br)
6 where () is digamma function for ¢t < 1/8
pr = 0 for k> r and r odd
k_—]i-i _ k2B((r + 1)/2, (k — r)/2) does not
e BQ, k12 exist
for k > 2 for k> r and r even
2n*(m+n—2) , __(_t_z_)" I'(m/2 + NT'(n/2 —r) does not
m(n — 2)*(n — 4) R = R T TAINCIP) exist
forn > 4 for r < g
o .22+ )) ( 1 )k/z
A N7753) 1-2

for r<1/2
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APPENDIX D
TABLES

1 DESCRIPTION OF TABLES

Table 1 Ordinates of the Normal Density Function

This table gives values of

e—lez

$(x) =

Vo
for values of x between 0 and 4 at intervals of .01. For negative values of x one uses
the fact that ¢(—x) = ¢(x).

Table 2 Cumulative Normal Distribution

This table gives values of

x

1 x
o= —= e-*’fzdz=f_ (1) dt

for values of x beteenn 0 and 3.5 at intervals of .01. For negative values of x, one uses
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the relation ®(—x) =1 — ®(x). Values of x corresponding to a few special values of ¢
are given separately beneath the main table.

Table 3 Cumulative Chi-Square Distribution
This table gives values of u corresponding to a few selected values of F(u), where

u x(n-Z)lze-xlz dx

Flu) = fo 2720 (n/2)

for n, the number of degrees of freedom, equalto 1, 2, ..., 30. For larger values of »,
a normal approximation is quite accurate. The quantity V2u — V2n — 1 is nearly
normally distributed with mean 0 and unit variance. Thus u,, the «th quantile point
of the distribution, may be computed by

Ue =z + V2n—1)?,

where z, is the ath quantile point of the cumulative normal distribution. As an illustra-
tion, we may compute the .95 value of u for n = 30 degrees of freedom:

U.os = 3(1.645 4- \/5)2
=43.5,

which is in error by less than 1 percent.

Table 4 Cumulative F Distribution

This table gives values of F corresponding to five values of

R
F P(m + )mmlznnlzx(m—2)/2(n _|_ mx)_(m +n)/ 2 dx

G(F) = fo . (%!)F (%)

for selected values of m and #; m is the number of degrees of freedom in the numerator
of F, and n is the number of degrees of freedom in the denominator of F. The table
also provides values corresponding to G = .10, .05, .025, .01, and .005 because F; _.
for m and n degrees of freedom is the reciprocal of F. for n and m degrees of freedom.
Thus for G = .05 with three and six degrees of freedom, one finds

Fs(3,6) = =.112

F.o5(6,3) 894

One should interpolate on the reciprocals of m and # as in Table § for good accuracy.,
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Table § Cumulative Students 7 Distribution

This table gives values of ¢ corresponding to a few selected values of

F(n—f- 1)

‘ 2

F(1) = f n — 2\ (n+1)/2 dx
- F(-i) \/‘n’n(l + -n—)

withn=1,2,..., 30, 40, 60, 120, 0. Since the density is symmetrical in ¢, it follows
that F(—t)=1— F(¢). One should not interpolate linearly between degrees of
freedom but on the reciprocal of the degrees of freedom, if good accuracy in the last
digit is desired. As an illustration, we shall compute the .975th quantile point for
40 degrees of freedom. The values for 30 and 60 are 2.042 and 2.000, Using the
reciprocals of n, the interpolated value is

Oll"
lb]“
i

° —

2.042 — (2.042 — 2.000) = 2.021,

“ha
Sl

which is the correct value. Interpolating linearly, one would have obtained 2.028.
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Table 1 ORDINATES OF THE NORMAL DENSITY FUNCTION

— o= ¥2/2
o

#(x) =

*

.00 .01 .02 .03 04 05 06 07 .08 .09

Blafo=o

AP Loun i

Mt ek Mt f—

Mk [k Pt ek
. . . . .

3989 | .3989 | .3989 | .3988 | .3986 | .3984 | .3982 | .3980 | .3977 | .3973
3970 | .3965 | .3961 | .3956 | .3951 | .3945 |.3939 | .3932 | .3925 | .3918
3910 | .3902 | .3894 | 3885 | .3876 | .3867 | .3857 | .3847 | .3836 | .3825
3814 | 3802 | .3790 | .3778 | .3765 | .3752 | .3739 | .3725 | .3712 | .3697
3683 | 3668 | .3653 | .3637 | .3621 { .3605 | .3589 ! .3572 | .3555 | .3538

3521 | .3503 | .3485 | .3467 | .3448 | .3429 | .3410 | .3391 | .3372 | .3352
3332 | 3312 | .3292 | 3271 | .3251 | .3230 | .3209 | .3187 | .3166 | .3144
3123 | .3101 | .3079 | .3056 | .3034 |.3011 | .2989 | .2966 | .2943 | .2920
.2897 | .2874 | .2850 | .2827 | .2803 | .2780 | .2756 | .2732 | .2709 | .2685
2661 } 2637 | .2613 | .2589 | .2565 | .2541 | .2516 | .2492 | .2468 | .2444

2420 | .2396 | .2371 | .2347 | .2323 | 2299 | .2275 | .2251 | .2227 | .2203
2179 | \2155 | 2131 | .2107 | .2083 | .2059 | .2036 | .2012 | .1989 | .1965
J942 4 1919 | 1895 | .1872 | .1849 | .1826 | .1804 | .1781 | .1758 | .1736
A714 [ 1691 | .1669 | .1647 | .1626 | .1604 | .1582 | .1561 | .1539 | .1518
1497 | 1476 | 1456 | .1435 | 1415 | .1394 | .1374 | .1354 | .1334 | .1315

JA295 | 1276 | (1257 | 1238 | .1219 |.1200 | .1182 | .1163 | .1145 | .1127
1109 | 1092 | .1074 | .1057 | .1040 | .1023 | .1006 | .0989 | .0973 | .0957
.0940 | .0925 | 0909 | .0893 | .0878 | .0863 | .0848 | .0833 | .0818 | .0804
0790 | .0775 | .0761 | .0748 | .0734 | .0721 | .0707 | .0694 | .0681 | .0669
0656 | .0644 | .0632 | .0620 | .0608 | .0596 | .0584 | .0573 | .0562 | .0551

0540 | .0529 | .0519 | .0508 | .0498 | .0488 | .0478 | .0468 | .0459 | .0449
0440 | .0431 | .0422 | 0413 | .0404 | .0396 | .0387 | .0379 | .0371 | .0363
0355 | .0347 | .0339 | .0332 | .0325 | .0317 | .0310 | .0303 | .0297 | .0290
0283 | .0277 | .0270 | .0264 | .0258 -} .0252 | .0246 | .0241 | .0235 | .0229
0224 | 0219 | .0213 | .0208 | .0203 | .0198 | .0194 | .0189 | .0184 | .0180

.0175 | 0171 | .0167 | .0163 | .0158 | .0154 | .0151 | .0147 | .0143 | .0139
0136 | .0132 | 0129 | .0126 | 0122 | .0119 | .0116 | .0113 | .0110 | .0107
0104 [ .0101 | .0099 | .0096 | .0093 | .0091 | .0088 | .0086 | .0084 | .008l
0079 [ .0077 | .0075 | .0073 | .0071 | .0069 | .0067 | .0065 | .0063 | .0061
.0060 | .0058 | .0056 | .0055 | .0053 | .0051 | .0050 | .0048 | .0047 | .0046

0044 | .0043 | 0042 | .0040 | .0039 | .0038 | .0037 | .0036 | .0035 | .0034
.0033 | .0032 | .0031 | .0030 { .0029 | .0028 | .0027 | .0026 | .0025 | .0025
0024 | .0023 | .0022 | .0022 ! .0021 |.0020 | .0020 | .0019 | .0018 | .0018
.0017 | .0017 | 0016 | .0016 | .0015 [ .0015 | .0014 | .0014 | .0013 | .0013
0012 | .0012 | ,0012 | .0011 | .0011 | .0010 | .0010 | .0010 | .0009 | .0009

.0009 | .0008 | .0008 | .0008 | .0008 | .0007 | .0007 | .0007 | .0007 | .0006
.0006 | .0006 | .0006 | .0005 | 0005 | .0005 | .0005 | .0005 | .0005 | .0004
.0004 | .0004 | .0004 | .0004 | .0004 | .0004 | .0003 | .0003 | .0003 | .0003
.0003 | .0003 | .0003 | .0003 | .0003 | .0002 |.0002 { .0002 | .0002 | .0002
0002 | .0002 | .0002 | .0002 | .0002 | .0002 | .0002 | .0002 | .0001 | .0001
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Table 2 CUMULATIVE NORMAL DISTRIBUTION

S|
o(x)= f —— e—t2i2 gy
—w ‘\/217

x| .00 01 02 .03 04 .05 06 07 .08 09
0 | 5000 } .5040 | .5080 | .5120 | .5160 | .5199 | .5239 | .5279 | .5319 | .5359
Jd | 5398 | 5438 | 5478 | .5517 | .5557 | .5596 | .5636 | .5675 | .5714 | .5753
2| 5793 | 5832 | 5871 | .5910 | .5948 | .5987 | .6026 | .6064 | .6103 | .6141
3| 6179 | 6217 | .6255 | .6293 | .6331 | .6368 | .6406 | .6443 | .6480 | .6517
4 | 6554 | .6591 | .6628 | .6664 | .6700 | .6736 | .6772 | .6808 | .6844 | .6879
5| 6915 | 6950 | .6985 | .7019 | .7054 | .7088 | .7123 | .7157 | .7190 | .7224
6 | L7257 | 7291 | (7324 | 7357 | 7389 | .7422 | 7454 | .7486 | .7517 | .7549
J | 7580 | 7611 | 7642 | 7673 | .7704 | .7734 | .7764 | .7794 | .7823 | .7852
.8 | .7881 | 7910 | .7939 | .7967 | .7995 | .8023 | .8051 | .8078 | .8106 | .8133
9 | 8159 | .8186 | .8212 | .8238 | .8264 | .8289 | .8315 | .8340 | .8365 | .8389

1.0 | .8413 | 8438 | .8461 | .8485 | .8508 | .8531 | .8554 | .8577 | .8599 | .8621
1.1 [ .8643 | .8665 | .8686 | .8708 | .8729 | .8749 | .8770 | .8790 | .8810 | .8830
1.2 | .8849 | .8869 | .8888 | .8907 | .8925 | .8944 | .8962 | .8980 | .8997 '| .9015
1.3 | .9032 | .9049 | .9066 | .9082 | .9099 | .9115 | .9131 | .9147 | .9162 | .9177
1.4 | 9192 | 9207 | .9222 | .9236 | .9251 | .9265 | .9279 | .9292 |.9306 | .9319
1.5 | 9332 | 9345 | .9357 | .9370 | .9382 | .9394 | .9406 | .9418 | .9429 | .9441
1.6 | 9452 | 9463 | .9474 | .9484 | .9495 |.9505 | .9515 | .9525 | .9535 | .9545
1.7 | .9554 | .9564 | .9573 | .9582 | .9591 | .9599 | .9608 | .9616 |.9625 | .9633
1.8 | 9641 | .9649 | .9656 | .9664 | .9671 | .9678 | .9686 | .9693 | .9699 | .9706
1.9 | 9713 | 9719 | 9726 | .9732 | .9738 | .9744 | 9750 | .9756 | .9761 | .9767
2.0 | .9772 | 9778 | 9783 | .9788 | .9793 |.9798 | .9803 | .9808 |.9812 | .9817

2,1 | .9821 | .9826 | .9830 |.9834 | .9838 |.9842 | .9846 | .9850 |.9854 | .9857
22 | 9861 | 9864 | .9868 | .9871 | .9875 |.9878 | .9881 | .9884 |.9887 | .9890
2.3 | 9893 | .9896 | .9898 |.9901 |[.9904 |.9906 |.9909 | .9911 |.9913 |.9916
2.4 | 9918 | .9920 |.9922 |.9925 |.9927 |.9929 | .9931 | .9932 |.9934 |.9936

25 |.9938 |.9940 | 9941 |[.9943 | .9945 | .9946 | .9948 | .9949 |.9951 | .9952
2,6 |.9953 |.9955 |.9956 |.9957 |[.9959 |.9960 | .9961 | .9962 |.9963 | .9964
2.7 | 9965 | 9966 |.9967 |[.9968 |.9969 |.9970 | .9971 | .9972 |.9973 | .9974
2.8 |.9974 | .9975 | 9976 |.9977 | .9977 |[.9978 |.9979 | .9979 |.9980 | .9981
29 | 9981 |.9982 |.9982 |.9983 |.9984 |.9984 |.9985 | .9985 |.9986 |.9986

3.0 | .9987 |.9987 |.9987 |.9988 | .9988 |.9989 |.9989 |.9989 |.9990 |.9990
3.1 |.9990 |.9991 |.9991 |.9991 | .9992 |[.9992 |.9992 | .9992 |.9993 |.9993
3.2 1.9993 |.9993 |.9994 |.9994 |.9994 |[.9994 |.9994 | .9995 |.9995 |.9995
3.3 |.9995 |.9995 | .9995 |.9996 |.9996 |.9996 |.9996 | .9996 |.9996 |.9997
3.4 | .9997 |.9997 | .9997 |.9997 |.9997 |.9997 |.9997 | .9997 |.9997 |.9998

x 1,282 | 1.645 | 1.960 | 2.326 | 2.576 {3.090 | 3.291 | 3.891 4.417

O(x) .90 95 975 .99 995 [ 999 | .9995 | .99995 | .999995

2[1 - d(x)]} .20 A0 .05 02 .01 002 | 001 .0001 .00001




Table 3 CUMULATIVE CHI-SQUARE DISTRIBUTION*

U L (M—2)/2 ,—x[2
Fu) = J‘ X e dx
o

221 (n2)
F -

n 005 010 025 050 | .100 .250 500 | 750 | .900 950 | 975 | 990 | .995
1 .0%393 03157 .03982 .0%393 .0158 102 455 132 271 ,3.84 502 | 663 | 7.88
2 .0100 .0201 0506 .103 211 575 1.39 2.77 | 4.61 991 738 | 9.21 | 10.6
3 0717 15 216 352 .584 1.21 2.37 4.11 625 7.81) 9.35( 113 12.8
4 207 297 484 711 1.06 1.92 3.36 539 778 ) 949 | 11.1 133 | 149
5 412 554 831 1.15 1.61 2.67 4.35 663 924 11.1 12.8 | 15.1 16.7
6 .676 872 1.24 1.64 2.20 345 5.35 7841 106 | 126 | 144 | 16.8 | 18.5
7 989 1.24 1.69 2.17 2.83 4.25 6.35 9.04 | 12.0 | 14.1 160 | 18.5 | 20.3
8 1.34 1.65 2.18 2.73 3.49 5.07 734 102 | 134 | 155 | 175 | 20.1 | 22.0
9 1.73 2.09 2.70._ 3.33 4.17 5.90 834 [ 114 [ 147 | 169 | 19.0 |21.7 | 236

10 2.16 2.56 325 . 3.94 4.87 6.74 934 | 125 | 160 | 183 (205 |23.2 | 252
11 2.60 3.05 3.82 4.57 5.58 7.58 | 10.3 13.7 | 173 19.7 | 219 [ 247 | 26.8
12 3.07 3.57 4.40 523 6.30 844 | 113 148 | 18.5 | 21.0 | 23.3 | 262 | 28.3
13 3.57 4.11 5.01 5.89 7.04 930 | 123 16.0 | 19.8 | 224 | 247 | 277 | 29.8
14 4.07 4.66 5.63 6.57 7.79 10.2 13.3 17.1 | 21.1 237 1261 (291 (313
15 4.60 5.23 6.26 7.26 8.55 11.0 14.3 182 | 223 | 250 | 275 | 306 | 328
16 5.14 5.81 6.91 7.96 9.3]1 119 15.3 194 | 235 [ 263 | 28.8 | 320 | 34.3
17 5.70 6.41 7.56 8.67 10.1 12.8 16.3 205 | 248 | 276 | 302 | 334 | 357
18 6.26 7.01 8.23 9.39 109 13.7 17.3 21,6 | 260 | 289 | 315 | 348 | 372
19 6.84 7.63 891 10.1 11.7 14.6 18.3 22.7 | 27.2 | 30.1 329 |[36.2 | 38.6
20 7.43 8.26 9.59 109 12.4 15.5 19.3 238 | 284 | 314 | 342 |37.6 | 40.0
21 8.03 8.90 10.3 11.6 13.2 16.3 20.3 249 | 296 | 32.7 | 355 | 389 |414
22 8.64 9.54 11.0 12.3 14.0 17.2 21.3 26.0 | 30.8 | 339 (368 |[403 | 428
23 9.26 10.2 11.7 13.1 14.8 18.1 22.3 27.1 320 [ 352 | 381 |416 | 44.2
24 9.89 109 124 13.8 15.7 190 233 282 | 332 1364 1394 430 | 456
25 10.5 11.5 13.1 14.6 16.5 19.9 24.3 293 | 344 | 377 1406 |443 | 469
26 11.2 12.2 13.8 154 17.3 20.8 253 304 | 356 | 389 |419 [456 | 48.3
27 11.8 129 14.6 16.2 18.1 21.7 26.3 315 1367 |40.1 1432 470 | 496
28 12.5 13.6 15.3 16.9 18.9 22.7 273 326 | 379 (413 [445 (483 |51.0
29 13.1 14.3 16.0 17.7 19.8 23.6 28.3 337 1391 [ 426 457 |496 |S523
30 13.8 15.0 16.8 18.5 20.6 24.5 29.3 348 | 403 | 438 |47.0 [509 (537

* This table is abridged from “‘ Tables of percentage points of the incomplete beta function and of the chi-square distribution,” Biometrika,
Vol. 32 (1941). It is here published with the kind permission of its author, Catherine M. Thompson, and the editor of Biometrika.
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Table 4 CUMULATIVE F DISTRIBUTION* (m degrees of freedom in numerator; # in denominator)
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2
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It is here published

,” Biometrika, Vol. 33 (1943).

Maxine Merrington and Catherine M. Thompson, and the editor of Biometrika.
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* This table is abridged from ‘‘ Tables of percentage points of the inverted beta distribution

with the kind permission of its authors,
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APPENDIX D
Table 5 CUMULATIVE STUDENT’S / DISTRIBUTION*
n+1
Fo) = f F( 2 ) "
- _ 2\ (n+1)/2
=P T (a/2)V 7n (1 + ’_;-)
F

n 5 90 .95 975 .99 995 9995
1 1.000 3.078 6.314 12.706 31.821 63.657 636.619
2 816 1.886 2.920 4.303 6.965 9.925 31.598
3 765 1.638 2.353 3.182 4.541 5.841 12.941
4 .741 1.533 2.132 2.776 3.747 4.604 8.610
5 727 1.476 2.015 2.571 3.365 4.032 6.859
6 718 1.440 1.943 2.447 3.143 3.707 5.959
7 711 1.415 1.895 2.365 2.998 3.499 5.405
8 .706 1.397 1.860 2.306 2.896 3.355 5.041
9 .703 1.383 1.833 2.262 2.821 3.250 4.781
10 700 1.372 1.812 2.228 2.764 3.169 4.587
11 697 1.363 1.796 2.201 2.718 3.106 4.437
12 .695 1.356 1.782 2.179 2.681 3.055 4.318
13 694 1.350 1.771 2.160 2.650 3.012 4.221
14 .692 1.345 1.761 2.145 2.624 2.977 4.140
15 .691 1.341 1.753 2.131 2.602 2.947 4.073
16 .690 1.337 1.746 2.120 2.583 2.921 4.015
17 .689 1.333 1.740 2.110 2.567 2.898 3.965
18 .688 1.330 1.734 2.101 2.552 .2878 3.922
19 .688 1.328 1.729 2.093 2.539 2.861 3.883
20 .687 1.325 1.725 2.086 2.528 2.845 3.850
21 .686 1.323 1.721 2.080 2.518 2.831 3.819
22 .686 1.321 1.717 2.074 2.508 2.819 3.792
23 .685 1.319 1.714 2.069 2.500 2.807 3.767
24 .685 1.318 1.711 2.064 2.492 2.797 3.745
25 684 1.316 1.708 2.060 2.485 2.787 3.725
26 .684 1.315 1.706 2.056 2.479 2.779 3.707
27 .684 1.314 1.703 2.052 2473 2771 3.690
28 683 1.313 1.701 2.048 2.467 2.763 3.674
29 .683 1.311 1.699 2.045 2.462 2.756 3.659
30 .683 1.310 1.697 2.042 2.457 2.750 3.646
40 .681 1.303 1.684 2.021 2423 2.704 3.551
60 679 1.296 1.671 2000 2.390 2.660 3.460
120 677 1.289 1.658 1.980 2.358 2.617 3.373
v's) .674 1.282 1.645 1.960 2.326 2.576 3.291

* This table is abridged from the ‘* Statistical Tables” of R. A. Fisher and Frank Yates published

by Oliver & Boyd, Ltd., Edinburgh and London, 1938.
of the authors and their publishers.

1t is here published with the kind permission



Absolutely continuous, 60, 61, 63, 64

Admissible estimator, 299

Algebra of sets, 18,22

Analysis of variance, 437

A posteriori probability, 5, 9

A priori probability, 2-4, 9

Arithmetic series, 528

Asymptotic distribution, 196, 256-258, 261, 359,
440, 444

Average sample size in sequential tests, 470472

BAN estimators, 294, 296, 349, 446

Bayes estimation, 339, 344

Bayes’ formula, 36

Bayes risk, 344

Bayes test, 417

Bayesian interval estimates, 396, 397

Bernoulli distribution, 87, 538

Bernoulli trial, 88
repeated independent, 89, 101, 137

Best linear unbiased estimators, 499

Beta distribution, 115, 540
of second kind, 215

Beta function, 534, 535

Bias, 293

Binomial coefficient, 529

Binomial distribution, 87-89, 119, 120, 538
confidence limits for p, 393, 395
normal approximation, 120
Poisson approximation, 119

Binomial theorem, 530

Birthday problem, 45

Bivariate normal distribution, 162-168
conditional distribution, 167
marginal distribution, 167
moment generating function, 164
moments, 165

Boole’s inequality, 25

Cauchy distribution, 117, 207, 238, 540
Cauchy-Schwarz inequalities, 162
Censored, 104
Central-limit theorem, 111, 120, 195, 233, 234,
258
Centroid, 65
Chebyshev inequality, 71
multivariate, 172
Chi-square distribution, 241, 542, 549
table of, 553
Chi-square tests, 440, 442-461
contingency tables, 452461
goodness-of-fit, 442, 447
Combinations and permutations, 528
Combinatorial symbol, 528
Complement of set, 10

INDEX

Complete families of densities, 321, 324, 354
Complete statistic, 324
Completeness, 321, 354
Composite hypothesis, 418
(See also Hypotheses)
Concentration, 289
Conditional distributions, 129, 148
bivariate normal, 167
continuous, 146, 147
discrete, 143-145
Conditional expectation, 157
Conditional mean, 158
Conditional probability, 32
Conditional variance, 159
Confidence bands for c.d.f., 511
Confidence coefficient, 375, 377, 461
Confidence intervals, 373, 375, 377, 461
c.df., 511
difference in means, 386
general method for, 389
large sample, 393
mean of normal population, 375, 381, 384
median, 512
method of finding tests, 425, 461
one-sided, 378
p of binomial population, 393, 395
pivotal method of obtaining, 379, 387
regression coefficients, 491-494
uniformly most accurate, 464
variance of normal population, 382, 384
Confidence limits [see Confidence interval(s)]
Confidence region, 377
for mean and variance of normal population,
384
Confidence sets, 461
uniformly most accurate, 464
Consistency of an estimator, 291, 294, 295, 359
Contagious distribution, 102, 122, 123
Contingency tables, 452-461
interaction, 454
tests for independence, 452
Continuous distributions, 60, 62
(See also Distributions)
Continuous random variable, 60
Convex function, 72
Convolution, 186
Correlation, 155, 161
sample, 526
Spearman’s rank, 525, 526
Correlation coefficient, 155, 156
Covariance, 155, 156
of two linear combinations of random
variables, 179
Covariance matrix, 352, 489
Cramer-Rao inequality, 316
Cramer-Rao lower bound, 316, 320
Critical function, 404
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Critical region, 403
size of, 407
Cumulant generating function, 80
Cumulants, 80
Cumulative distribution function(s), 54, 56, 63,
130,132, 144
bivariate, 132
decomposition of, 63
empirical, 264, 506
joint, 130
sample, 264, 287, 506, 511
unidimensional, 54, 56

Decision theory, 297, 343, 415
Deductive inference, 220
Degenerate distribution, 258
Degrees of freedom, 242, 246
De Moivre-Laplace limit theorem, 120
De Morgan’s law, 13, 14
Density functions, 62
discrete, 57, 135
joint discrete, 133
joint probability, 138
probability, 60, 62
(See also Distributions)
Difference between means:
confidence intervals, 386
tests, 432
Differentiation, 532
Discrete distributions, 57, 133, 144, 145
(See also Distributions)
Discrete random variables, 57, 63, 133
Disjoint, 14
Distance function, 287
Distribution-free tests, 505, 509, 514, 518-524
Distribution functions, 54, 56, 63, 130, 132
of difference, 185
of maximum, 182
of minimum, 182
of order statistics, 251
of product, 187
of quotient, 187
of sums, 185
Distributions:
asymptotic, 196, 256-264, 359, 440, 444
Bernoulli, 87, 236, 538
beta, 115, 540
beta-binomial, 104

Distributions:

degenerate, 258

discrete, 58, 60

discrete uniform, 86, 538
double exponential, 117, 540
exponential, 111, 121, 237, 262, 540
F, 246, 247, 542, 549, 554
gamma, 111, 123, 540
geometric, 99, 538

Gumbel, 118, 542
hypergeometric, 91, 538
joint, 130, 133, 138

lambda, 128

Laplace, 117

limiting, 196, 258, 261, 444, 446, 507-509
linear function of normal variates, 194

logarithmic, 105
logistic, 118, 540
lognormal, 117, 540
marginal, 132, 135, 141
Maxwell, 127
multinomial, 137

covariance for, 196
multivariate, 129-174
negative binomial, 99, 538
negative hypergeometric, 213
normal (see Normal distribution)
order statistics, 251, 254
Pareto, 118, 542
Pearsonian system, 118-119

Poisson, 93, 104, 119-121, 123, 236, 538

prior, 340,417
r distribution, 127
Rayleigh, 127
rectangular, 105, 238, 540
sample, 224
Student’s ¢, 249, 250, 542, 556
symmetric, 170
table of, 538-543
truncated, 122
Tukey’s symmetrical lambda, 128
uniform, 105, 238, 540
continuous, 105, 540
discrete, 86, 538
variance ratio, 246, 437, 438
Weibull, 117, 542
(See also Sampling distributions)

binomial (see Binomial distribution)

bivariate normal, 162—-168

Cauchy, 117, 207, 238, 540 Empty set, 10

chi-square, 241, 542, 549 Equivalent sets, 10

conditional (see Conditional distributions) Error:

contagious, 102, 122, 123 mean-squared, 291

continuous, 60, 62 size of, 405

cumulative [see Cumulative distribution Type 1, 405
function(s)] Type 11, 405

Efficiency, 291
Ellipsoid of concentration, 353



Estimation:
interval, 372
point, 271
Estimator(s), 272,273
admissible, 299
BAN, 294, 296
Bayes method, 286, 339, 344
best linear unbiased, 499
better, 299
closeness, 288
concentrated, 289
consistent, 294, 295, 359
ellipsoid of concentration, 353
least squares, 286, 498
location invariant, 334
maximum likelihood (see Maximum likeli-
hood estimators)
mean-squared error, 291
method of moments, 274
minimax, 299, 350
minimum chi-square, 286, 287
minimum distance, 286, 287
Pitman, 290, 334, 336
scale invariant, 336
unbiased, 293, 315
uniformly minimum-variance unbiased, 315
Wilks’ generalized variance, 353
(See also Large samples)
Event, 14,15, 18, 53
elementary, 15
Event space, 15, 18, 23
Excess, coefficient of, 76
Expectation, 64, 69, 153, 160, 176
Expected values, 64, 69, 70, 129, 153, 160
conditional, 157
of functions of random variables, 176
properties of, 70
Exponential class, 312, 313, 320, 326, 355, 422
Exponential distribution, 111, 121,237,262, 540
Exponential family, 312, 313, 320, 326, 355, 422
Extension theorem, 22
Extreme-value statistic, 118,258
asymptotic distribution of, 261

F distribution, 246, 542, 549
table of, 554
Factorial moment generating function, 79
Factorial moments, 77, 79
Factorial notations, 528
Factorial symbol, 528
Factorization criterion, 307
Finite population, sampling from, 267
Frequency function, 58
Function, 19
beta, 535
convex, 72
counterdomain of, 19, 53
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Function:
decision, 297
definition of, 19
density (see Distributions)
distance, 287
distribution (see Distributions)
domain of, 19, 53
gamma, 534
generating, 84
image of, 19
indicator, 20
likelihood, 278
loss, 297
squared-error, 297
moment generating (see Moment generating
function)
power, 406
preimage, 19
probability, 21, 22, 26
regression, 158, 168
risk, 297, 298
set, 20, 21
size-of-set, 21

Game of craps, 48
Gamma distribution, 111, 112, 123, 540
Gamma function, 534
Gauss-Markov theorem, 500
Gaussian distribution (see Normal distribution)
Generalized likelihood ratio (see Likelihood
ratio)
Generalized variance, 352, 353
Generating functions (see specific generating
functions)
Geometric distribution, 99, 538
Geometric series, 528
Glivenko-Cantelli theorem, 507
Goodness-of-fit test:
chi-square, 442 447
Kolmogorov-Smirnov, 508, 509
Gumbel distribution, 118, 542

Homogeneity of populations, test of, 505
two exponentials, 476
two multinomials, 450
two normals, 432, 435
two Poissons, 451
two trinomials, 479
Homogeneity of variances, test of, 438, 439
Hypergeometric distributions, 91, 538
Hypotheses, statistical: alternative, 4035
composite, 402
null, 405
simple, 402, 409
(See also Tests of hypotheses)
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Ideal power function, 406
Incomplete beta function, 115, 513, 516
Incomplete gamma function, 114
Independence, 32, 150, 160
in contingency tables, 452
of events, 40, 41, 46
in probability sense, 32, 143, 150, 160, 161
of random variables, 150
of sample mean and variance, 243, 245
stochastic, 150
Index set, 13
Inference, 220, 271
deductive, 220
inductive, 220, 221
Information, 300, 301
Interquartile range, 75
Intersection, 10, 13
Interval estimation, 372
Bayesian, 396
large sample, 393
(See also Confidence intervals)
Invariance;
location, 331-336
of maximum likelihood estimators, 284, 285,
442
scale, 331, 336-338
Inverse binomial sampling, 103

Jacobian, 205

Jensen inequality, 72
Joint distributions, 1291,
Joint moments, 159

Kolmogorov-Smirnov goodness-of-fit test,
508-510
Kurtosis, 76

Lagrange multipliers, 501
Large sample, 294, 358
confidence limits, 393
distribution of estimators, 359
distribution of generalized likelihood ratio,
440
distribution of mean, 233
Law of large numbers, 231, 232, 258
Least squares, 458
Lehmann-Scheffé theorem, 326, 356
Leibniz’ rule, 532
I’'Hospital’s rule, 532
Liars problem, 47
Likelihood function, 278
induced, 285
Likelihood ratio:
exact distribution of, 480

Likelihood ratio:
generalized, 419
large-sample distribution for, 440
monotone, 423, 424
simple, 410, 423
tests, 409, 419, 440
Limiting distribution, 196, 258, 261, 444, 446,
507-509
Linear function of normal variates, distribution
of, 194
Linear models, 482, 485
confidence intervals, 491
point estimation, 487, 498
tests of hypotheses, 454
Linear regression, 482
Location invariance, 332-336
Location parameter, 333
Logistic, 118, 540
Lognormal distribution, 117, 540
Loss function, 297, 343, 414, 415

Marginal distributions:
for bivariate normal distribution, 167
continuous, 141
discrete, 132, 135
Mass, 58
Mass point, 58
Maximum of random variables, 182
Maximum likelihood, principle of, 276
Maximum-likelihood estimators, 279
invariance property, 284, 285
large-sample distribution of, 358, 359
of parameters: of normal distribution, 281
of uniform distribution, 282
properties of, 284, 358
Mean:
definition of, 64
distribution of, 236-238
sample, 228, 230
variance of, 231
Mean absolute deviation, 297
Mean-squared error, 291, 297
Mean-squared-error consistency, 294, 295
Median, 73, 255
sample, 255
tests of, 521
Mendelian inheritance, 445
Method of moments, 274
Midrange, 255
Minimal sufficient statistic, 311 =
Minimax estimator, 299, 350
Minimax test, 416
Minimum of random variables, 182
Minimum chi-square estimation, 286, 287
Minimum distance estimation, 286, 287
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Minimum-variance unbiased estimator, Normal distribution, 107-111, 120, 239, 540, 548
uniformly (UMVUE), 315 bivariate, 162, 525
Mixture, 122, 123 conditional, 167
Mode, 74 independence of sample mean and variance,
Model: 243, 245
functional, 483 marginal, 167
linear, 483, 485 moment generating function for, 164
Moment generating function, 72, 78, 80, 159 multivariate, 162
161, 164 regression functions for, 168
iactorial, 79 role of, 239
of random variables, 159, 160 sample mean, 240
table of, 538-543 sample variance, 241
Moment problem, 81 table of, 552
Moments, 64, 72, 73 truncated, 124
central, 73 Normal equations, 487
cumulant, 80 Null hypothesis (see Hypotheses, statistical)

estimators of, 227
factorial, 77

joint, 159 Order statistics, 251
population, 227 asymptotic distribution of, 256-264
problem of, 81 distribution of functions of, 254
raw, 72, 73
sample, 227
Monotone likelihood ratio, 423, 424 Parameter, 85
Multinomial distribution, 137, 253, 443 Parameter space, 273, 351
covariance of, 196 Parametric family, 85
tests on, 448 Pareto distribution, 118, 542
Multinomial theorem, 530, 531 Partition, 300
Multiplication rule, 37 Pearson’s chi-square tests, 444, 459, 461
Multivariate distributions, 1291, Pitman-closer, 290
marginal and conditional distributions for, Pitman estimator for location, 334
132,135, 141, 143-147 Pitman estimator for scale, 337
moment generating function for, 160 Pivotal quantity, 379
moments of, 159 Pivotal quantity method, 379, 387
Mutually exclusive, 3, 14, 41 Poisson distribution, 93, 104, 119-121, 123, 236,
538

compound, 123
Populations, 222, 224

Negative binomial distribution, 99, 438 sampled, 223
Negative hypergeometric distribution, 213 target, 222
Neyman-Pearson lemma, 411 Posterior Bayes estimator, 341
Nonparametric methods, 504 Posterior distribution, 340
confidence intervals, 512 Posterior risk, 346
equality of distributions, 518-524 Power function of test, 406, 411
interval estimates, 512 ideal, 406
Kolmogorov-Smirnov statistic, 508-510 Prior distribution, 340, 417
median, 512 Probability, 2
median test, 521 a posteriori, 5,9
point estimation, 512 a priori, 2-4, 9
quantiles, 512 : axioms of, 8, 22
rank correlation, 525 classical, 2, 3, 5
rank-sum test, 522 conditional, 32, 42
run'test, 519 properties of, 34
sign test: one-sample, 514 definition, 3, 21,22
two-sample, §19 equally likely, 3, §, 25
tests (see Tests of hypotheses) frequency, 2, 5,6

tolerance limits, 515 function, 21, 22
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Probability:
independence, 32, 40-42
integral transformation, 202
laws of, 23-25, 34-37
mass function, 58
models, 8
properties of, 23-25, 34-37
space, 25, 53
subjective, 9
total, 35

Probability density function, 57, 60, 62, 141

Probability function, 58

equally likely, 26
Probability generating function, 84
Probability integral transform, 202
Problem of moments, 81
Product of two random variables, 180
Product notation, 527
Propagation of errors, 181

Quantile, 73
point and interval estimates, 512
tests of hypotheses, 514

Quotient of two random variables, 180

Random number, 107, 202

of random variables, 197
Random sampling, 223
Random variables, 53

continuous, 60, 138

definition of, 53

discrete, 57, 133

joint, 133, 138

maximum of, 182

minimum of, 182

mixed, 62

product, 180

quotient, 180

sums, 178

(See also Distributions)
Range, 255

of function, 19

interquartile, 75

of sample, 255
Rank-sum test, 522
Rao-Blackwell theorem, 321, 354
Rectangular distribution, 105, 238, 540
References, 544
Regression, linear, 482
Regression coeflicient:

confidence interval, 491

estimators, 491

tests, 494
Regression curve, 158

for normal, 168

Regression function (see Regression curve)

Relative frequency, 3, 6, 8
Reparameterize, 441, 442
Risk:
Bayes, 344
function, 297, 298, 415
posterior, 346
Runs, 519

Sample, 222

cumulative distribution function, 264

distribution of, 224

mean, 227, 228, 230

median, 255

midrange, 255

moments, 226, 227

quantiles, 251

random, 223

range, 255

variance, 229, 245
Sample c.d.f., 264

interferences on, 506
Sample mean, 219, 227, 228, 230, 240

variance of, 231
Sample moments, 219, 227
Sample point, 9
Sample space, 9, 14

finite, 15, 31, 25fE.
Sample variance, 229, 245
Sampled populations, 223
Sampling, 27,219

with replacement, 27

without replacement, 27
Sampling distributions, 219, 224

for difference of two means, 386

for mean: from binomial population, 236

from Cauchy population, 238

from exponential, 237

of large samples, 232-235

from normal, 241

Poisson population, 236

from uniform population, 238
for order statistics, 251fF.
for ratio of sample variances, 247
for regression coefficients, 490

Scale invariance, 336-338
Scale parameter, 336
Semiinvariants, 80

Sequential probabiljty ratio test, 464, 466-467

approximate, 468

expected sample size of, 468, 470
Sequential tests, 464

for binomial, 481

fundamental identity for, 470



Sequential tests:
for mean of normal population, 471
sample size in, 468
Set, 9
complements, 10
confidence, 461
difference, 10
disjoint, 14
empty, 10
equivalence of, 10
function, 21
index, 13
intersection, 10, 13
laws of, 11
mutually exclusive, 14
null, 10
theory, 9ff.
uniocn, 10, 13
Sigma algebra, 22
Significance level, 407
Significance testing, 407, 409
Simple hypothesis (see Hypotheses, statistical)
Singular continuous c. d. f., 63
Size of critical region, 407
Size of set, 29
Size of test, 407
Skewness, 75, 76
Space, 9
event, 1, 14, 15, 18, 23, 53
parameter, 273
probability, 25
sample, 1, 14, 31
Spearman’s rank correlation, 5285, 526
Standard deviation, 68
Statistic, 226
Statistical hypotheses (see Hypotheses,
statistical)
Statistical inference, 271
Statistical tests (see Tests of hypotheses)
Stieltjes integral, 69
Stirling’s formula, 530
Stochastic independence, 150
Student’s ¢ distribution, 249, 250, 542, 550
table of, 556
Subset, 10
Sufficient statistics, 299, 301, 306, 321, 391
complete, 321, 324, 326
factorization criterion, 307
jointly, 306, 307
minimal, 311, 312, 326
tests of hypotheses, 408
Summation notation, 527
Sums of random variables:
covariance of, 179
distribution, 192
variance of, 178
Symmetrically distributed, 170
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t distribution (see Student’s ¢ distribution)
Tables of distributions, 538-543
chi-square, 553
F, 554,555
normal, 551, 552
Student’s ¢, 556
Target populations, 222
Taylor series, 533
Tests of hypotheses, 271, 401-403
Bayes, 417, 418
chi-square, 440
composite, 418
and confidence intervals, 461
critical function of, 404
critical region of, 403
distribution-free (see Nonparametric
methods)
equality-of-means, 432, 435
equality of two distributions, 518
equality of two multinomials, 448
goodness-of-fit, 442 447
homogeneity (see Homogeneity of
populations)
homogeneity of variances, 438, 439
independence in contingency tables, 452
large-sample, 440
likelihood-ratio: generalized, 419
simple, 410, 419
mean of normal population, 428-431
median, 521
minimax, 416
most powerful, 410, 411
nonrandomized, 403
null hypothesis, 405
power of, 406
randomized, 403, 404
rank-sum, 522
ratio of variances, 438
relation to confidence intervals, 461
run, 519
sequential (see Sequential tests)
of significance, 407
simple, 409
size of, 407
sufficient statistics, 408
unbiased, 425
uniformly most powerful, 421
on variances, 431, 432, 438
Tests of significance, 407
Ticktacktoe problem, 62
Tolerance limits, 505, 515, 516
Total probabilities, theorem of, 35, 148, 149
Transformations, 175, 198, 202
c.d.f. technique, 181
m.g.f. technique, 189
probability integral, 202, 203
Treatment effect, 437, 519
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Truncated distribution, 103, 104, 122, 123
normal, 124
Poisson, 104

Type I and II errors, 405
size of, 405

UMVUE (uniformly minimum-variance
unbiased estimator), 315
Unbiased estimator(s), 293, 315, 352
best linear, 499
joint, 352
uniformly minimum variance, 315
Unbiased test, 425
Uncorrelated random variables, 161, 173, 174
Uniform distribution, 105, 238, 540
Uniformly most accurate, 464
Uniformly most powerful test, 421
composite, 421
simple, 411
unbiased, 425
Union of sets, 10, 13

Variance, 67

analysis of, 437

conditional, 159

definition of, 67

distribution of sample, 241

estimator of, 229

of linear combination of random variables,
178,179

lower bound for, 315

sample, 229, 245

of sample mean, 231

of sum of random variables, 178

tests of, 431, 438

Variance-covariance matrix, 352, 489
Variance ratio, 246, 437

Vector parameters, 351

Venn diagrams, 11-13

Waiting time, 101, 103

Wald’s equation, 470

Weibull distribution, 117, 542
Wilks’ generalized variance, 353



