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Abstract

This paper studies fixed effects estimation of quantile regression (QR) models
with panel data. Previous studies show that there are two important difficulties
with the standard QR estimation. First, the estimator can be biased because
of the well-known incidental parameters problem. Secondly, the non-smoothness
of the objective function significantly complicates the asymptotic analysis of the
estimator, especially in panel data models. We overcome the latter problem by
smoothing the objective function. Under an asymptotic framework where both
the numbers of individuals and time periods grow at the same rate, we show
that the fixed effects estimator for the smoothed objective function has a limit-
ing normal distribution with a bias in the mean, and provide the analytic form
of the asymptotic bias. We propose a one-step bias correction to the fixed ef-
fects estimator based on the analytic bias formula obtained from our asymptotic
analysis. Importantly, our results cover the case that the observations are de-
pendent in the time dimension. We illustrate the effect of the bias correction to

the estimator through simulations.
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1 Introduction

Since the seminal work of Koenker and Bassett (1978), quantile regression (QR) has
attracted considerable interest in statistics and econometrics. It offers an easy-to-
implement method to estimate conditional quantiles, and is known as a more flexible
tool to capture the effects of explanatory variables to the response than mean re-
gression. The theoretical properties of the QR method are well established for cross
sectional models; see Koenker (2005) for references and discussion.

Recently, panel data sets have become widely available and very popular, because
they provide a large number of data points and allow researchers to study dynamics
of adjustment as well as to control for individual specific heterogeneity. In this regard,
it is natural to consider to apply QR for panel data. In fact, there is a rapidly ex-
panding empirical literature on QR for panel data in important areas of economics and
biostatistics, which makes a persuasive case for the rigorous study of estimation and
inference properties of the QR method for panel data.! In contrast to mean regression,
however, little is known about the ability of the QR method to analyze panel models
with individual effects. An approach in this direction is to treat each individual effect
as a parameter to be estimated and apply the standard QR estimation to the individ-
ual and common parameters altogether (Koenker, 2004).2 Unfortunately, the resulting
estimator of the common parameters will be generally inconsistent when the number
of individuals n goes to infinity while the number of time periods T is fixed. This is a
version of incidental parameters problems (Neyman and Scott, 1948) which have been
extensively studied in the recent econometrics literature (see Lancaster, 2000, for a
review). Arellano and Bonhomme (2009, p.490) stated that the incidental parameters
problem is “one of the main challenges in modern econometrics”.

A recent attempt to cope with the incidental parameters problem is to introduce
an asymptotic framework that n and 7" jointly go to infinity. Li, Lindsay, and Water-
man (2003) considered the maximum likelihood (ML) estimation for smooth likelihood
functions and showed that the ML estimator (MLE) of the common parameters has
an order O(T~!) bias, so its limiting normal distribution has a bias in the mean (even)
when n and T grow at the same rate. An important implication of their work is

that properly bias corrected estimators enjoy mean-zero asymptotic normality when T’

1For example, in applied economics, Abrevaya and Dahl (2008), Silva, Kosmopoulou, and Lamarche
(2009), and Gamper-Rabindran, Khan, and Timmins (2010); in biostatistics, Lipsitz, Fitzmaurice,

Molenberghs, and Zhao (1997), Wei and He (2006) and Wang and Fygenson (2009), among others.
2Koenker (2004) indeed proposed a penalized estimation method where the individual parameters

are subject to the ¢; penalty. Other approaches are found in Abrevaya and Dahl (2008), Canay (2008),
and Rosen (2009).



grows at a slower rate than n. Since then, several bias correction methods for the ML
estimation (or more generally, M-estimation) have been proposed in the literature; see
Hahn and Newey (2004), Woutersen (2002), Hahn and Kuersteiner (2011), Arellano
and Hahn (2005), Bester and Hansen (2009), Arellano and Bonhomme (2009) and
Dhaene and Jochmans (2009), to name only a few.

A distinctive feature of QR is that the objective function, often referred to as the
check function, is not differentiable. This means that the asymptotic analysis of the
previous nonlinear panel data literature is not directly applicable to the QR case since
it substantially depends on the smoothness of objective functions. Kato, Galvao, and
Montes-Rojas (2011) formally established the asymptotic properties of the standard
fixed effects QR estimator of the common parameters. However, they required the
restrictive condition that T grows faster than n? to show asymptotic normality of
the estimator, and did not succeed in deriving the bias. The difficulty to handle the
standard QR estimator in panel models is partly explained by the fact that the higher
order stochastic expansion of the scores is an essential technical tool in the asymptotic
analysis of Hahn and Newey (2004) and Hahn and Kuersteiner (2011) while such an
expansion is difficult to implement to the QR objective function because the Taylor
series method can not be applied to it. It is also important to note that the higher
order asymptotic behavior of QR estimators is non-standard and rather complicated
(Arcones, 1998; Knight, 1998). See also the discussion at the end of Section 5 of Kato,
Galvao, and Montes-Rojas (2011). To our knowledge, there is no paper that formally
studies the bias correction for panel QR models under the large n and T" asymptotics.

This paper overcomes the above problem by smoothing the objective function. The
idea of smoothing non-differentiable objective functions goes back to Amemiya (1982)
and Horowitz (1992, 1998). We refer to the resulting estimator as the fixed effects
smoothed quantile regression (FE-SQR) estimator. We show that under suitable reg-
ularity conditions, the FE-SQR estimator has an order O(7~!) bias and hence its
limiting normal distribution has a bias in the mean (even) when n and T' grow at the
same rate. Importantly, we allow the observations to be dependent in the time dimen-
sion. As naturally expected, the bias depends on the conditional and unconditional
densities and their first derivatives. We propose a one-step bias correction based on
the analytic form of the asymptotic bias. We also examine the half-panel jackknife
method originally proposed by Dhaene and Jochmans (2009) to the FE-SQR estima-
tor. We theoretically show that the both methods eliminate the bias of the limiting
distribution. It is important to note that these asymptotic results are not included in
the previous literature since the bandwidth tending to zero as the sample size increases

is involved in the objective function and the standard stochastic expansion does not



apply to such a case (see Horowitz, 1998). In the present case, we have to control the
smoothing effect and at the same time handle the problem of diverging number of pa-
rameters, which we believe is challenging from a technical point of view. An additional
complication arises since the observations are dependent in the time dimension. To
cope with this complication, we derive new empirical process inequalities.

We conduct a small Monte Carlo study to illustrate the effect of the bias correction
to the FE-SQR estimator. The results show that, as expected, the standard QR and the
FE-SQR estimators are moderately biased except for some special cases. In addition,
the one-step bias correction is able to substantially reduce the bias in many cases,
although it slightly increases the variability in the small sample partly because of the
nonparametric estimation of the bias term.

The organization of this paper is as follows. In Section 2, we introduce a panel QR
model with individual effects and formally define the FE-SQR estimator. In Section
3, we present the theorems about the limiting distributions of the FE-SQR estimator
and the bias corrected one when n and T' grow at the same rate. In Section 4, we
report a Monte Carlo study to assess the finite sample performance of the estimator
and the bias correction. In Section 5, we leave some concluding remarks. We relegate

the proofs of the theorems to the Appendix.

2 Model and estimation method

We consider a panel QR model with individual effects

Q- (Yir|Tit, vio) = cvio + 23,50, (2.1)

where 7 € (0,1) is a quantile of interest, y; is a dependent variable, x; is a p di-
mensional vector of explanatory variables, «;q is a scalar individual effect for each 4
and Q. (yit|®i, i) is the conditional 7-quantile of y;; given (x;, o). In general, each
a0 and By can depend on 7, but we assume 7 to be fixed throughout the paper and
suppress such a dependence for notational simplicity.®> The model is semiparametric in
the sense that the functional form of the conditional distribution of y;; given (&, ayo)
is left unspecified and no parametric assumption is made on the relation between «;q
and x;. The number of individuals is denoted by n and the number of time periods
is denoted by T' = T,, that may depends on n. In what follows, we omit the subscript
n of T,. It should be noted that although the model (2.1) looks “linear” at a first

3Some readers might wonder that the individual effects should be independent of the quantile.
However, in our model, the individual effects include the intercept term and the intercept term should

depend on the quantile. Thus, it would be natural that the individual effects depend on the quantile.



sight, the quantile is a nonlinear functional of the random variable, so in general the
conventional differencing out strategy is not appropriate for the QR case.

We consider the fixed effects estimation of By, which is implemented by treating
each individual effect as a parameter to be estimated. Throughout the paper, as in
Hahn and Newey (2004), Hahn and Kuersteiner (2011) and Fernandez-Val (2005), we

treat ayp as fixed by conditioning on them. Then, the standard QR estimation solves

n T
aellgll,%lERP nLT ; t_zl(yit — oy — BT — Iy < s + 2, B)}| (2.2)
where I(-) is the indicator function. Note that a implicitly depends on n. As in general
nonlinear panel models, except for some special cases, the estimator of 3y defined by
(2.2) is inconsistent as n — oo while T is fixed. In fact, as Graham, Hahn, and Powell
(2009) noted, when 7" = 2, the standard fixed effects QR estimator of the common
parameter does not depends on 7 for panel quantile regression models with individual
effects; however since the common parameter depends on 7 unless the model is of a
linear location form that Graham, Hahn, and Powell (2009) presumed, so the standard
fixed effects QR estimator will be generally inconsistent.*

A distinctive feature of the standard QR estimation is that the objective function is
not differentiable. Therefore, the basic smoothness assumption imposed in the recent
nonlinear panel data literature is not satisfied for the standard QR estimator. Kato,
Galvao, and Montes-Rojas (2011) rigorously investigated the asymptotic properties
of the standard QR estimator, say BKB, defined by (2.2) when n and 7" jointly go to
infinity. The essential content of their theoretical results is that while BKB is consistent
under mild regularity conditions, justifying (mean-zero) asymptotic normality of By
requires the restrictive condition that 7' grows faster than n?.> They remarked that
the non-smoothness of the objective function (more precisely, the non-smoothness of
the scores) significantly complicates the asymptotic analysis of BKB when n and T
jointly go to infinity. In particular, to our knowledge, whether the asymptotic results
analogous to those of Li, Lindsay, and Waterman (2003) or Hahn and Newey (2004)
hold for BKB is not known even for the case that the observations are independent in
both cross section and time dimensions.

In this paper, instead of the standard QR estimator, we study the asymptotic

properties of the estimator defined by a minimizer of a smoothed version of the QR

4A more explicit example in which the standard fixed effects QR estimator is inconsistent is

available upon request.
5Kato, Galvao, and Montes-Rojas (2011), however, did not show that this condition is necessary

for (mean-zero) asymptotic normality of Bxs. Whether one can substantially improve this condition

is still an open question.



objective function.® Smoothing the QR objective function is employed in Horowitz
(1998) to study the bootstrap refinement for inference in conditional quantile models.”
The basic insight of Horowitz (1998) is to smooth over I(y; < «o; + x},3) by using

a kernel function. Let K(-) be a kernel function and G(-) be the survival function of

K(), ie., .
/ K(u)du =1, G(u) == / K (v)dv

We do not require K (-) to be nonnegative, and will state some requirements of K (-) in
Section 3. Let {h,} be a sequence of positive numbers (bandwidths) such that h,, — 0
as n — oo and write Gy, (-) = G(-/hy). Note that Gy, (yix — a; — @, 3) is a smoothed
counterpart of I(y; < a; + x,8). Then, we consider the estimator
no T
T Z Z yit — @ — Ty BT — G, (Y — o — J’;tﬂ)}] )
i=1 t=1 23)
where A is a compact subset of R, A" is the product of n copies of A and B is a

~

(&,B) :=arg min

(a,B)€A™ X B

compact subset of RP. The compactness of the set A" x B is required to ensure the
existence of (&, B). We call 3 the fixed effects smoothed quantile regression (FE-SQR)
estimator of 3.

Put K (u) := ukK (u) and K, (u) := h; K (u/h,). We use the notation d,, = 9/«
and dg = 0/08. Since the objective function in (2.3) is smooth with respect to (e, 3),

if (6, B) is an interior point of A" x B, it satisfies

HY(4;,8) =0, i=1,...,n; HY(&,8) = 0, (2.4)

where

HL (01, 8) = T~ S {7 — G, (g — i — 4 B)}
+ B T3 Ko, (g — s — @, B),
HP (e, B) := (nT) ' 30 Y {7 — G (g — s — @ B) Yoy
hn(nT) ™ D et Z;‘le Khn(yit — a; — T 8) T

6In fact, it turns out that using smoothing is crucial to develop the formal asymptotic analysis

here, since, as Hahn and Newey (2004) and Hahn and Kuersteiner (2011) observed, in a general
nonlinear panel model with a smooth objective function, the bias of the fixed effects estimator of the
common parameter depends on the second order biases of the estimators of the individual parameters.
However, as Kato, Galvao, and Montes-Rojas (2011) discussed, the second order bias of the general
QR estimator (in the cross section case) is not uniquely determined, so there is a conceptual difficulty

in deriving a bias result to the unsmoothed fixed effects QR estimator.
" A motivation to use the smoothed QR estimator in Horowitz (1998) is that higher order asymptotic

theory of the unsmoothed QR estimator is non-standard, which significantly complicates the study of

the bootstrap refinement for inference based on it (see also Horowitz, 2001, Section 4.3).



As we will see in the proof of Theorem 3.1, the terms concerning K (-) do not affect the
first order asymptotic distribution of B This can be understood by regarding K (+) as
a “kernel”, although the integral of K(-) over the real line is not one.

For a later purpose, we refer to the partial derivative with respect to «; as the ay-
derivative and the partial derivative with respect to 3 as the 3-derivative. n‘lHSi) (v, B)
and ]I-]Ig?)(a,ﬁ) are the a;-derivative and the (B-derivative of one minus the objec-

tive function in (2.3), respectively. From an analogy to the ML estimation, we call
Hflli)(ai, B) the a;-score and Hgf)(a, B) the B-score.

3 Main results

In this section, we investigate the asymptotic properties of the FE-SQR estimator
defined by (2.3). Put e := (a0, ..., no)"

3.1 Assumptions

This section provides conditions under which the FE-SQR estimator has a limiting
normal distribution with a bias in the mean when n and T grow at the same rate. The
conditions below are stronger than needed if the main concern is to prove consistency
only or asymptotic normality of the estimator when n/T — 0. However, we believe

that the conditions are, to some extent, standard in the literature.

(A1) For each i > 1, the process {(yit, xi),t = 0,£1,£2,...} is stationary and S-
mixing. Let (;(j) denote the [-mixing coefficient of the process {(yi, xy),t =
0,%1,42,...}.8 Assume that there exist constants a € (0,1) and B > 0 such
that sup;~, 3;(j) < Ba’. Furthermore, the processes {(yt, i), t = 0,+1,£2,...}

are independent across .
(A2) There exists a constant M such that sup;s, [|z| < M (a.s.).

(A3) The parameter sets A C R and B C R? are compact. For each ¢ > 1, o is an

interior point of A, and 3 is an interior point of B.

8For any stationary process {X;,t = 0,+1,42,...}, the 3-mixing coefficient is defined as

I J
B(k) = %sup{z Z |P(A; N Bj) — P(A4;)P(B;)| { A}, is any finite partition in A° __,

i=1j=1

B;}/_, is any finite partition in A},
JJ5=1 k

where Ag is the o-field generated by X;,...,X; for i < j.



The distribution of (y;;, ;) is allowed to depend on i. Define u;; := y; — cio — &, Go-
Condition (A1) implies that the process {(uy,xy),t = 0,£1,£2,...} is stationary
and [-mixing for each ¢ with S-mixing coefficient §;(-), and independent across i.
Let Fj(ulx) denote the conditional distribution function of w; given x; = x. We
assume that Fj(u|x) has a density f;(u|x). Let fi(u) denote the marginal density
of u;. To cope with the time series dependence, we further assume that for each
i>1and j ==£1,£2,..., there exists a joint conditional density of (u;1,u;14;) given
(i1, xi14+5) = (21, 214;), denoted as f; j(ur, uryj|®1, 145). Let fi;j(u1,u14;) denote
the joint (unconditional) density of (w1, u;14;). For two sequences of positive numbers
{a,} and {b,}, we write a,, =< b, when there exists a positive constant C' such that
C~1, < a, < Cb, for every n.

(A4) The minimum eigenvalues of E[f;(0]x;1)(1, x},)'(1, ;)] are bounded away from

zero uniformly over ¢ > 1.

(A5) (a) Foreachi > 1, fi(u]z) is r times continuously differentiable with respect to u
for each fixed @, where 7 > 4 is an even integer. Let fi(j)(u\a:) = (0/0u)’ f;(u|z)
for j =0,1,...,r, where fi(o)(u|:13) stands for f;(u|x). (b) There exists a constant
C'y such that |fi(j) (u]z)| < Cf uniformly over(u, ) forallj =0,1,...,7and i > 1.
(c) inf;>1 fi(0) > 0. (d) Foreach ¢ > 1 and j = £1,£2,..., fi (w1, w1421, T14,)
is r times continuously differentiable with respect to (u1,u14;) for each fixed

(371, :131+j). Let

kil
f( )

ij (U1,U1+j|33175131+j) = ak+lfi,j(ulaul+j|w17$1+j)/aulfaul1+ja

where fi(,(;’o) (w1, ur4j|@1, 145) stands for f; j(uy, ur4j|@r, €145). () There exists a
constant C such that |fiE§’O)(u1, ur i1, ®145)| < Cf uniformly over (uy, w1y, T1, T145)
forall 0 <k <r,i>1andj==+1,42,.... (f) There exists an integrable func-

tion Dy : R — [0, 00) such that ]fl-(g’l) (w1, ur 45|21, 145)| < Dy(uqy;) uniformly

over (uy,uUi4j, €1, €145) forall 0 <1 <r.i>1and j==+1,%2,....

(A6) (a) K(-) is symmetric about the origin, of bounded support and three times

continuously differentiable. (b) K (-) is an r-th order kernel, i.e.,

/K(u)duzl,/ qu(u)du:0,j:1,...,7’—1,/ u" K (u)du # 0,

—00

where 7 is given in condition (A5).
(A7) h, =<T7¢ where 1/r < ¢ <1/3.
Put S; = 1/f1(0),’}’1 = SZE[fZ(O‘ZEll)CCﬂ] and V; .= fz(l) (O)’Yl — E[fz(l) (O]wzl)a:zﬂ

8



(A8) (a) I, :=nt> "  E[fi(Ol@i)mi (z}, — )] is nonsingular for each n, and the
limit I := lim,,_, I',, exists and is nonsmgular. (b) Let V},; denote the covariance
matrix of the term T2 {7 — I'(u; < 0)}(zy — ). Assume the limit

Vo= lim, e n 'Y 1, Vo exists and is nonsingular.

(A9) Define
Wi =y ( = M) {Tfl / Fis(0,u du}
1<|51€T-1
; 0
wffi) = Z ( - %) {rE[fi(0|a:i1):ci1] —E {mﬂ /Oo fi,j(O,u|fBz‘1,iBi,1+j)dU} },
1<|5|1<T-1
wg) = Z (1 |%|> Cov{I(un <0),I(uj1+; <0)}.
l71<T—-1
Assume  that maX1§i§n|W(l)| = O(1), maxi<i<p Hw(Q-)H = (1), and the limit

lim, oon ™t >0, si(w%)% — w( ) 1 W(S)I/Z/Q) exists.

Condition (A1) is the same as Condition 1 of Hahn and Kuersteiner (2011) except
for that we now assume [-mixing instead of a-mixing. Condition (A1) allows for the

following two possibilities:

(a) All regressors are strictly exogenous and some of these exogenous regressors are

generated by a time series model.

(b) Lagged dependent variables are included as explanatory variables.

The reason to assume a [-mixing condition instead of a-mixing is to establish con-
vergence rates of kernel type statistics. For that purpose, S-mixing is more tractable
than a-mixing. We refer to Section 2.6 of Fan and Yao (2003) for some basic materials
on mixing processes. The condition that @x; is uniformly bounded can be relaxed at
the expense of lengthier proofs. Condition (A3) is a conventional assumption in the
literature. As Kato, Galvao, and Montes-Rojas (2011) noted, condition (A4) guaran-
tees identification of each ayp and By. Conditions (A5) (a)-(c) state some restrictions
on the conditional densities, and are standard in the QR literature (see Assumption
4 of Horowitz (1998) and condition (ii) of Angrist, Chernozhukov, and Fernandez-Val
(2006, Theorem 3)). We require no less than four times differentiability of the con-
ditional densities to make the smoothing bias negligible. Conditions (A5) (d)-(f) are
mainly used to derive an explicit bias expression (see the proof of Lemma A.6).
Condition (A6) corresponds to Assumption 5 of Horowitz (1998). Condition (A6)
(b) requires K (-) to be a higher order kernel. Conditions (A7)-(A9) are only used in
the proof of Theorem 3.1. The requirement that ¢ < 1/3 is explained in Horowitz

9



(1998). The proof of Theorem 3.1 below shows that the asymptotic bias of B is
max{O(T~'),0(h")}, where the O(T~!') term corresponds to the estimation error of
each individual effect and the O(h],) term corresponds to the smoothing bias. To make
h! = o(T™'), we need cr > 1. A higher order kernel is needed to ensure condition (AT).
Several higher order kernels are introduced in Muller (1984). An implicit assumption
behind this condition is that T grows as fast as n. In practice, it is recommended to
set h, = o{(nT)~/@7} in order to make the smoothing bias o{(nT)~'/2}. Conditions
(A8) and (A9) are concerned with the asymptotic covariance matrix and the asymptotic

bias, respectively. The exact form of the term V,,; is given by

J

Va= D ( - %) Bl{7 — (ui < OHr = I(wia; < 0)}@in =) @iy — 7))
l71<T-1

If there is no time series dependence, i.e., for each i, the process {(yu,xTy),t =

0,+1,£2,... }is i.i.d., then Vi = 7(1 — )E[(@i — v:) (@i — 7)), wl) =0, w? =0

and w,(f;) =7(1—71).

3.2 Limiting distribution

We first show consistency of the estimator. Although the main concern is the distri-
butional result, the consistency of the estimator is an important prerequisite since it
guarantees that (&, B) is an interior point of A" x B and thus satisfies the first order
condition (2.4) with probability approaching one. As in Kato, Galvao, and Montes-
Rojas (2011), we say that (d,,é) is weakly consistent if max;<;<, |&; — ol 2 0 and

ﬁ % By. The proof of Proposition 3.1 is given in Appendix A.1.

Proposition 3.1. Assume that (logn)/vT — 0 and h, — 0. Then, under conditions
(A1)-(A6), (&, B) is weakly consistent.

We now present the limiting distribution of the FE-SQR estimator when n and T
grow at the same rate. The proof of Theorem 3.1 is given in Appendix A.2.

Theorem 3.1. Assume that n/T — p for some p > 0. Then, under conditions (A1)-
(A9), we have
VnT (B — Bo) % N(y/pb, "'V, (3.1)

n (3)
1 W, Uy
171 : (1) (2) 1%ng M
b:=T [nh_rg)lo {E ;:1 S; <wm. Yi—wn o > }] . (3.2)

The bias (3.2) is of a complicated form. In the next subsection, to gain some insight

where

into the bias expression, we compare our bias formula with the Hahn-Newey formula

10



in the simplest case where the observations are independent in the time dimension. By
the theorem, one can see that the bias consists of three terms. As the proof shows, the
first one comes from the correlation between &; and the «;-derivative of the «a;-score
evaluated at the truth; the second one comes from the correlation between &; and
the a;-derivative of the B-score evaluated at the truth; the third one comes from the
variance of &;. See the expression (A.16) and Lemmas A.5-A.6 in Appendix A.

Our proof strategy of Theorem 3.1 is substantially different from a functional ex-
pansion method of Li, Lindsay, and Waterman (2003) that many papers exploited.
The reason is that their technique is difficult to adapt to the situation where the ker-
nel smoothing is used. The proof strategy is perhaps closer in spirit to the iterative
method of stochastic expansion displayed in Rilstone, Srivastava, and Ullah (1996),
but still quite different from theirs. It should be pointed out that although the present
objective function is smooth, the proof is still non-trivial since we have to control
the smoothing effect and at the same time handle the problem of diverging number
of nuisance parameters. An additional complication arises since the observations are
dependent in the time dimension. To cope with this complication, we derive new em-
pirical process inequalities applicable to S-mixing processes, which are presented in

Appendix C.

3.3 A heuristic comparison with the Hahn-Newey formula

In this subsection, we provide a heuristic comparison of our bias formula with the
Hahn-Newey formula in the case that the observations are independent in the time
dimension.’ Hahn and Newey (2004) gave the bias formula for the general fixed effects
M-estimator with smooth objective functions in the case that the observations are
independent in both the cross section and time dimensions (Hahn and Newey (2004)
focused on the likelihood setting, but as they stated, the bias expression presented in
Hahn and Newey (2004, p.1302) does not depend on the likelihood setting). Observe
that when the observations are independent in the time dimension, the bias term b
reduces to a simpler form
) le~7(l—7
b=1" [JE;% {52%”}] |

In what follows, with a heuristic approach, we present that our bias formula is identical

to the Hahn-Newey formula applied to the (unsmoothed) QR objective function. In

91t is possible to compare our result with the bias expression derived in Hahn and Kuersteiner
(2011) for the case that the observations are dependent in the time dimension. However, the purpose
of this section is to provide an intuition behind our bias formula, and to make the argument simpler,

we restrict our attention to the case that the observations are independent in the time dimension.

11



the present context, “heuristic” means that there is no formal justification in the
mechanical application of the Hahn-Newey formula to the QR objective function as
demonstrated below.

To begin with, we briefly review the Hahn-Newey formula. Let f(zy;«, 3) denote
some smooth objective function to be maximized, where z; is a random vector of
conformal dimension, « is a scalar constant and 3 is a constant vector of conformal

dimension. Let ;9 and By denote the true parameter values. Define

’Uit(aaﬁ) = a%f(zit; 0475), wit(@aﬁ) = %f(zit;auﬁ>-
As in Hahn and Newey (2004), we use the notation v;; = vy(ai,B0) and wy =

wit (4o, Bo). The Hahn-Newey bias formula is given by

Bias = v (,};%on21> (JLH;WZ”>

where p :=lim,,_,.(n/T) and

=: b1, — by + b,

The terms like vy, are defined as vya = Ovi(a, B)/0(a,8)=(aw,3,) @nd so on. Note
that we have changed the original order of terms in b; to make the comparison more
comprehensible. Here, by;, by; and bs; correspond to what we have called the sources of
the bias in the previous subsection. Also we have slightly changed the original notation
to avoid the notational multiplication.

We now turn to the QR case. Assume without loss of generality a;o = 0 and By = 0.
The objective function is f(zi; «, B) = —pr(uy — o — @}, 3) with z;; = (ui, ;). The

scores would be
vit(o, B) =7 — Iuy < a+ x,0), wi(a,B) = {1 — I{uyg < o+ x},03) }x;.

The scores for the QR objective function are not uniquely determined since the check
function p,(u) is not differentiable at v = 0. However, we shall intuitively calculate
the Hahn-Newey bias formula to the present scores based on some heuristic rule. The
scores include the indicator function; so we can not compute, for instance, E[vy,]| as

it is. Instead, we shall compute E[v;] as OE[vi(cr, 8)]/00|(a,8)=(ai0,80)- " Using this

10 Another way to implement this heuristic calculation is to use “generalized functions” as in Phillips
(1991).
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heuristic rule, we can obtain:

Elviia) = —£:(0), Elvig] = Elwira] = —E[£;(01@i)u], Elviad = —f(0),
Elwig) = —E[fi(0lzi) ), Ewiea] = Bl (0)zx)za)-

The calculation of the terms Elvy,vi] and Elwiavy] is not straightforward. We
make use of the fact that E[vyavy] = E[0v2/dal/2 and Elwiavy] = Elviavii®s] =

E[(Ov}/0a)x;] /2. Exchanging the derivative and the expectation, we can obtain

(1 —22T> 1i(0), Elwiavi] = ME[L(mwn)wn]

E[Uitavit] = 5

Substituting these results into the Hahn-Newey formula, we can obtain

T, — Blfi(Ofmw)aal] — S OZOTalprp 10 a1 — B Olma)ma (@, — ),

70)

by =~ el C22 o) - BT,

by, — (27’2— 1) ' E[fl(g(%;)m”] _ (272— 1) e

b= gy | B Ozl + BRSO | = T

Therefore, the Hahn-Newey formula reduces to our formula. Note that in the case that
the observations are independent in the time dimension, b;; and by; are canceled out,
so that the resulting bias is of a simple form.

Of course, the above calculation is not formal because of the non-differentiability
of the QR objective function, or more precisely, because the Hahn-Newey bias formula
depends on the higher order stochastic expansion of the scores while that for the QR
objective function is non-standard, as discussed in Introduction. In the present paper,

the smoothing is employed as a device to make the above heuristic calculation rigorous.

3.4 Bias correction

As stated in the literature, the problem of the limiting distribution of v/nT' (B — Bo)
not being centered at zero is that usual confidence intervals based on the asymptotic
approximation will be incorrect. In particular, even if b is small, the asymptotic bias
can be of moderate size when the ratio n/7T is large. In this subsection, we shall
consider the bias correction to the FE-SQR estimator.

We first consider a one-step bias correction based on the analytic form of the

asymptotic bias. Put ay := yi; — &; — @},3. The terms f; := fi(0),s;,7;,v; and T
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can be estimated by

T LT
1 . . 1 . S; N
=7 ZKhn(uit)a Si = 7 Vi = T ZKhn(Uit)fUit,
t=1

fi
T

U= % ZK(I)(ﬂit/hn)(iBit Y =" ZZK"" uzt mzt ’)’Z)

n =1 zltl

where KW (u) = dK (u)/du. The estimation of the terms w'! fj) and w,(f;) is a more

delicate issue, since it reduces to the estimation of long run covariances. As in Hahn

and Kuersteiner (2011), we make use of a truncation strategy. Define

0
= / fi,j((),u)du

0
¢z(]) =k {wzl/ fi,j(o,u|mi1,a}i71+]~)du ,
0i(7) = E[I(un < 0)I(us11; < 0)].

Since ¢;(j) ~ E[K}, (un ) (ui14+; < 0)], it can be estimated by

min{T,T—j}

¢i(j) = = Z K, (i) (s 45 < 0).

t=max{1,—j+1}
Similarly, ¢;(j) can be estimated by

min{7,T—j}

bi(j) = = Z K, (i) I (i 45 < 0) @iy

t=max{1,—j+1}
The term p;(j) can be estimated by its sample analogue:

min{7T,T—j}
o)== > (s < 0) (i < 0).

t=max{1,—j+1}

W) and wfl?;)

Take a sequence m,, such that m, — oo sufficiently slowly. Then, w,,, w,;

can be estimated by

= 3 (1-W) wi- o

1<]j|<mn

o= Y ) (i - 2
1<|J'|<mn< )

O =rl-m)+ Y (1-'%'){ 7+ 0:(4)}

1<]j|<mn
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The bias term b is thus estimated by

We define the one-step bias corrected estimator by Bl = B 13/ T. In practice, there
1) ~(2)

and w,.’,

is no need to compute the the terms 7 ﬁ and 7 fﬁl in w,, respectively, as
they are canceled out by the difference d),%)‘yi - w®, Additionally, there is no need
to use the same kernel and the same bandwidth to estimate By and b. In particular,
the kernel used in the estimation of the bias may not be of a higher order (see the
remark after Theorem 3.2 below). However, to make the notation simpler, we do not
introduce a new kernel and a new bandwidth.

The next theorem shows that under the same conditions as Theorem 3.1, Bl has
the limiting normal distribution with mean zero and the same covariance matrix as 3.

The proof of the theorem is given in Appendix A.3.

Theorem 3.2. Let m,, — oo such that m2(logn)/(Th?) — 0. Under the same condi-

tions as Theorem 3.1, we have
VnT (8" — By) % N(0,T'VI).

Remark 3.1. As discussed in Section 3.1, the order of the kernel used to construct
the FE-SQR estimator has to be at least 4. However, the order of the kernel used to
construct the bias estimator can be 2. In view of the proof of Theorem 3.2, to make
b consistent, it is sufficient that h” is of order o{(logn)/(Thy,)*/2}, which is satisfied
if h, < T~ with 1/(2r +1) < a < 1/3. In particular, r can be 2 in the estimation of

the bias term alone.

Remark 3.2 (Estimation of the asymptotic covariance matrix). As a byproduct of
Theorem 3.2, we can obtain a consistent estimator of the asymptotic covariance matrix.
The proof of Theorem 3.2 shows that fn 2 1. The matrix V,.i can be consistently
estimated by

~ 1 — 7‘ .
V Z Lit — mzt 71>,
t=1

N

min{7,T—j}

+ ) < - %) % Yo {r = i SOHT = @iy < 0)H@a —4:) (@i,

1<ljI<mn t=max{1,—j+1}

so that V,, is consistently estimated by V,=n"t Yoy V,i. The proof of the consistency
of V, is similar to the proof of the consistency of b given in Appendix A.3. Under

the same conditions as Theorem 3.2, it is shown that I';'V,I';! is consistent for the
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asymptotic covariance matrix T"'VT~!. Here, the term (1 — |j|/T) in the definition of
V,.i can be replaced by 1 or (1 — |j|/my,), and such a replacement does not affect the

consistency property.

Remark 3.3. As discussed in Hahn and Kuersteiner (2011), for small 7', a default
choice of m,, would be 1. For relatively large T', a choice of m,, could be significant.
However, a standard theory of autocorrelation consistent covariance matrix estima-
tion, such as that given in Andrews (1991), can not be applied here because Andrews
(1991) restricted moment functions to be smooth while the moment function of quan-

tile regression is not smooth, and the optimal choice of m,, is beyond the scope of the

paper.

In the case that the observations are independent in the time dimension, Hahn and
Newey (2004, Theorem 2) showed that under suitable regularity conditions, the mean-
zero asymptotic normality of the bias corrected MLE for smooth likelihood functions
hold when n/T?% — 0. In the present case, although we do not exclude the possibility
that Theorem 3.2 holds under n/T? — 0, a formal justification will be quite involved
and requires even stringent conditions, so that we do not pursue here this direction.

To be precise, consider a fixed effects estimator 0 of the common parameter 6y for
some “standard” panel models (say, panel probit model) with individual effects. If the
objective function is smooth enough, and some moment condition is satisfied, then, as

Hahn and Newey (2004) and the subsequent study suggested, 6 admits the expansion

0 — 0 = —ZZUw +0p(T72) + 0,{(nT) ™2}, (3.3)

=1 t=1

where U;; are mean zero random vectors, and B is some constant which eventually
contributes to the bias. Importantly, this expansion is valid without n/7T" — const.
(but a suitable growth condition to ensure the consistency of the estimator is required).
The condition that n/T — const. comes so that (n7)~'/2 and T~! rates are balanced.
If we “successfully” remove the bias B, which means that B itself can be estimated
with bias of order T~!, then the asymptotic normality (with mean zero) holds under
the condition that 72 is faster than (nT)~'/2, i.e., n = o(T®) (this discussion is less
formal but explains the main point that Hahn and Newey (2004) did). To summarize,

Hahn and Newey’s Theorem 2 crucially depends on the two observations:
(i) the fixed effects estimator admits the expansion of the form (3.3);
(ii) the bias term itself can be estimated with bias of order T, ie., B = B +

O {T~* + (nT)~1/2}.
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In contrast, such a “clean” expansion does not hold for the FE-SQR estimator because
of the presence of the smoothing bias, and even higher order expansions of the FE-
SQR objective function will be quite involved. Additionally, to guarantee an expansion
of the form (3.3) in the present case requires considerably stringent conditions. For
example, there is a bias term of order h] in the present case, and to make this term
of order T72, r (the order of the kernel) should be at least 8. Implementing (ii) in the
present case is also challenging, since the bias now depends on long run covariances. In
fact, even for standard smooth objective functions, Hahn and Kuersteiner (2011) only
proved the asymptotic normality of the bias corrected estimator under the condition
that n/T — const.

However, it is still true that the FE-SQR estimator ,é admits the expansion of
the form (3.3) with the O,(T?) term replaced by 0,(T'). A careful inspection of
the proof shows that this expansion holds under a slightly weaker growth condition
on T than n/T — const., although 7" should not be too slow to ensure sufficient
convergence rates of some kernel type statistics (and the consistency of the FE-SQR
estimator). Therefore, if we can estimate consistently the bias term b, the asymptotic
normality (with mean zero) holds under a slightly weaker growth condition on 7" than
n/T — const.

An undesirable feature of the analytic bias correction is that it depends on the
inverse of the estimated densities f;. When T is relatively small, on rare occasions, f;
may be very close to zero for some i, which results in an unreasonable value of Bl. To
avoid such a situation, a reasonable solution is to use a trimming. Let I; := I(f; > &y,

for some sequence k,, such that ,, — 0 slowly. We propose to modify I, and b as

R (R 5,09,
b=T1{=N 135 oW, - ¥ 4 2mi 7 .

The validity of such a modification is simple. By the proof of Theorem 3.2, max;<;<,, | ﬁ—
fi| % 0, and by condition (A5), inf;>; f; > 0. Thus, with probability approaching one,
ﬁ- > Kk, for all 1 < ¢ < n. This implies that b = b with probability approaching one.
Trimming is frequently used in the nonparametric and semiparametric literatures. We
refer to Section 6.4 of Ichimura and Todd (2007) for discussion on trimming.

We next consider the half-panel jackknife method originally proposed by Dhaene
and Jochmans (2009), which is an automatic way of removing the bias of B. Suppose
for a moment that 7" is even. Partition {1,...,T} into two subsets, Sy := {1,...,T/2}
and Sy == {T/2+1,...,T}. Let Bg, be the FE-SQR estimate based on the data
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{(Wit, i), 1 <i<mn,te S} forl =1,2. The half-panel jackknife estimator is defined
as Bl/g = 23—,@1/2, where 51/2 = (le +B52)/2. For simplicity, suppose for a moment
that we use the same bandwidth to construct 3 and BSZ (I = 1,2). Then, from the
asymptotic representation of the FE-SQR estimator that appears in the proof of The-
orem 3.1 (see (A.16) in Appendix B), it can be shown that under the same conditions
as Theorem 3.1 (including n/T — p), we have v/nT(B1/2 — Bo) 4 N(O,T-VT).
The half-panel jackknife estimator would be attractive in both theoretical and practi-
cal senses. In fact, its validity does not require any extra condition. It would be also
preferable from a practical point of view since it does not require the nonparametric
estimation of the bias term and at the same time is easy to implement.

One can find some other options to correct the bias of the FE-SQR estimator in the
literature (see, for instance, Hahn and Newey, 2004; Arellano and Hahn, 2005; Bester
and Hansen, 2009; Dhaene and Jochmans, 2009). Although it is an interesting topic,
the exhaustive comparative study of such methods is beyond the scope of this paper,
and we would restrict our attention to the one-step bias correction and the half-panel

jackknife method.

4 A Monte Carlo study

4.1 Design

In this section, we report a small Monte Carlo study to investigate the finite sample
performance of the bias correction. A simple version of model (2.1) is considered in
this study:

Yie = M + T + (14 0.524) €5, (4.1)

where x;; = 0.3nm; + zi, 2y ~ iid. x3, m ~ iid. U[0,1], €4 = ei + g1, and
git ~1i.d. F with F = N(0,1) or 2. In this model, oo = (1) = 1; + F.'(7) and
Bo = Bo(T) = 1+0.5F71(7), where F~! is the quantile function of €;;. We consider here
the cases where n € {50, 100,500}, T' € {10, 20, 50,100} and 7 € {0.25,0.50,0.75}. We
use two different parameter values # € {0.5,1} to control the autocorrelation in the

innovation.'? As in Horowitz (1998), we use the fourth order kernel

105
K(u) := H(l —5u? + Tut — 3u®)I(ju| < 1).

1The boundedness restriction on the regressors required by condition (A2) is not satisfied by the
present specification. However, we believe that condition (A2) is mainly a technical condition and the

simulation results should not be affected by the use of this distribution.
2In fact, we also examined the cases with a different degree of heteroscedasticity and a different

error distribution, but the results are qualitatively similar.
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The number of repetitions for each Monte Carlo experiment is 1,000. The FE-
SQR objective function is not necessarily convex and may have several local optima.
Thus, the choice of the starting value is important when computing the estimate. We
choose the standard QR estimate as a reasonable starting value. We use quantreg
package (Koenker, 2009) to compute the standard QR estimates. The estimators
under consideration are the standard QR estimator Sxp defined by (2.2); the FE-SQR
estimator B; the one-step bias corrected FE-SQR estimator Bl; and the half-panel
jackknife estimator Bl /2 described in Section 3. Additionally, we apply the proposed
one-step bias correction to the standard QR estimator. We denote this estimator as
B%(B. It is important to note that there is no theoretical justification for this estimator,
but it is interesting to analyze its performance in terms of computation. Actually, the
computational time of the FE-SQR estimator is considerably slower than the standard
QR estimator. Nonetheless, smoothing is crucial to formally characterize the bias
expression for panel QR models, so we adopt the smoothing approach here to tackle
this important problem.

The choice of the bandwidth is a common, sometimes difficult problem when the

/7 to con-

kernel smoothing is used. In this experiment, we use hy, = c¢151(nT)
struct the FE-SQR estimate, where ¢; is some constant and s; is the sample stan-
dard deviation of 4 = yi — B — xitBKB, and hs, = 2897 Y® to construct the
bias estimate, where ¢y is some constant and ss is the sample standard deviation of
Uip = Yix — Q; — xitﬁ 13 These choices are only for simplicity. We leave the choice of
the bandwidth as a future topic. Some intuition behind these choices, however, may
be explained as follows. According to condition (A7) and the discussion in Section 3.1,
the bandwidth used to construct the FE-SQR estimate should be of the same order as
(nT)~%? with 1/3 < a < 1/4 when n and T grow at the same rate. Our choice hy,
satisfies this restriction except for the fact that it depends on the data.'* On the other
hand, by the remark after Theorem 3.2, the bandwidth used to construct I;, say hay,
should be such that hy, =< T~% with 1/9 < a < 1/3 to make b consistent for b. Our
choice ha,, satisfies this restriction. The reason for the use of the different bandwidths
is that in practical situations where n is much larger than 7', the choice hy, is inclined
to be rather small for B, which results in less stability of the analytic bias correction.
Regarding the constants in hy,, and hs,, we set ¢; = 1 and ¢y = 2.

As discussed in the previous section, when 7T is small, on rare occasions ﬁ is very

close to zero for some i, which results in an unreasonable value of 3'. To avoid this,

13(d1,KB, .., G KB, BKB) is defined as a solution to (2.2) in the present context. Recall that we

used the standard QR estimate as a starting value to compute the FE-SQR estimate.
We do not further discuss the validity of the data dependent bandwidth.
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we use the trimming in our implementation, and set x, = 0.01. For the truncation

level, we use m,, = 1 as discussed in Remark 3.2.

4.2 Results

Before looking at the Monte Carlo results, it is worthwhile to summarize our objectives
of this experiment. The objectives are twofold. The first one is to examine whether
the bias correction methods work in finite samples. In view of the theoretical results,
the bias of 5’1 and Bl /2 should be smaller than B , at least for moderate T'. The second
objective is to examine the effect of the bias correction on the precision of the estimator.
The theoretical results suggest that the asymptotic variance of 5’ Lor 5’1 /2 1s the same as
that of 3. To this end, we present the results for the standard deviation (SD), and the
root mean squared error (RMSE) of the estimators. The results for fxg and Bkg are
only for reference, and we mainly focus on the comparison between B , Bl and Bl /2.15
Table 1 presents the results for bias, SD, and RMSE of the estimators for the
normal innovation with # = 0.5. The first feature from the table is that all estimators
are approximately unbiased for 7 = 0.5. However, it can be observed that the one-
step bias corrected estimator Bl is able to reduce the bias in B for 7 € {0.25,0.75}.
The estimator [kp presents similar behavior to 4! in terms of bias. The results for
the half-panel jackknife estimator Bl 2 show that for a fixed T', the bias worsens as
n increases, but the estimator is able to reduce the bias for large T. The results for
SD and RMSE for the normal distribution are reported in the middle and lower parts
of Table 1, respectively. The results regarding SD show a inflation of variance of B
relative to B for small T', which, however, decreases as either n or T" increases. For small
panels, the RMSE of the one-step bias corrected estimator Bl is slightly larger than
those of B . These two observations may reflect the fact that the bias estimate is likely
to be unstable in the finite sample (especially when 7' is small) since it depends on
the nonparametric estimation of the conditional and unconditional densities and their
first derivatives. However, for large n/T ratio, which is common in many applications,
the RMSE of the bias corrected estimator is smaller than those of B , for example, for

n =500, T € {10,20} and 7 € {0.25,0.75}, the RMSE’s of 5" are smaller than those
of B . This is due to the fact that the bias term dominates the variance in these cases.!
Table 2 presents the results for bias, SD, and RMSE for the 3 innovation with

0 = 0.5. In this case, for relatively small T, @KB and B are considerably biased.

15Recall that it is not known whether a result analogous to Theorem 3.1 holds for Skp.
16In additional simulation experiments, not reported here but available upon request, we have

examined the cases where n = 1000 and T' € {10,20}. In such cases, the RMSE of the one-step bias

corrected estimator B 1'is even smaller than that of B .
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However, the bias one-step bias correction is able to substantially reduce the bias.
In particular, the bias of B is the largest when 7 = 0.75 among the quantiles under
consideration, and ' is able to largely remove the bias in this case. The results
also show that, for small 7' and 7 = 0.75, the half-panel jackknife estimator /3 /2
does not work well. In fact, for 7' = 10 and 7 = 0.75, the bias is similar to that
of B, the half-panel jackknife method somehow works for large T'. The results for
SD and RMSE for the x3 case are presented in the middle and lower parts of Table 2,
respectively. They show that both SD and RMSE of Bl increase substantially for small
panel data. However, the variance inflation decreases as either n or T' increases, and
also as discussed previously, for large n/T ratio the bias term dominates the RMSE and
we can observe reduction in RMSE in such cases, for example, for 7 = 0.75,n = 500
and T € {10,20} the RMSE of 3! are smaller than those of j3.

The results for bias, SD, and RMSE for the § = 1 case are presented in Tables 3 and
4 for the normal and Y3 innovations respectively. Basically, they are parallel to those
for 8 = 0.5. Overall, in our limited examples, we may conclude that the one-step bias
correction is able to substantially reduce the bias in many cases, although it slightly
increases the variability in the small sample partly because of the nonparametric esti-
mation of the bias term.

As a final remark, we shall comment that, in our simulation experiments, the
analytic bias correction presented in Section 3.3 somehow works for the unsmoothed
estimator. This is not totally surprising because the two estimator B and BKB naturally
share a common structure. In practice, it might be an option to use the bias formula
given in Section 3.3 to the unsmoothed estimator. However, it is again noted that

there is no formal validity to do so.

5 Concluding Remarks

In this paper, we have shown that the fixed effects smoothed quantile regression es-
timator for panel QR models has a limiting normal distribution with a bias in the
mean when n and 7' grow at the same rate. We have further considered two methods
of correcting the bias of the estimator, namely an analytic bias correction and the
half-panel jackknife method of Dhaene and Jochmans (2009), and theoretically shown
that they eliminate the bias in the limiting distribution. Importantly, our results allow
for dependence in the time dimension and cover practical situations. The contribution
of this paper is to open a new door to the bias correction of common parameters’
estimators in panel QR models, which we believe is an important research area.

Many issues remain to be investigated. Substantial differences from smooth non-
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linear panel models are the facts that the FE-SQR estimator requires the choice of the
bandwidth and its asymptotic bias consists of nonparametric objects. In particular,
the estimation of the bias term is more complicated than in smooth nonlinear panel
models, and the choice of the bandwidth is a topic to be further investigated in fu-
ture work. Moreover, in this paper, we have suggested a consistent estimator for the
asymptotic covariance matrix. However, as observed in the simulation experiments,
the inflation of the empirical variance of the analytically bias corrected estimator might
be problematic for practical inference. Therefore, extensive numerical studies, such as
those of Buchinsky (1995) for the cross section case, will be helpful to determine a
good way of making practical inference in panel quantile regression models, which will

be pursued in another place.

A  Proofs

For any triangular sequence {a,;}?_, and any sequence ¢, — 0, we use the notation
ani = 0(€,) if maxi<i<, |an;| = o(e,). We also define O(+), 0,(-) and O,() in a similar
fashion. For x,y € R, we use the notation z V y = max{z,y}. For x € R, [z] denotes

the greatest integer not exceeding x.

A.1 Proof of Proposition 3.1

Put Mnl(aaﬁ) = T_l Zzzl(yit - — w;t/@){T - Ghn (yzt - — w;t@)}a Mnl(an@) =
T3y — a — BT — I(yw < a+ x,B)} and Ai(a, B) = EMu(a, 8) —

M,,; (o, Bo)]. Without loss of generality, we may assume that o, = 0 and By = O.
Let || - ||y denote the ¢; norm. For 6 > 0, define N5 := {(a, B) : |a| + ||B||1 < 0} and
N§ by its complement in R, We first show that for any § > 0,

inf min A;(a,3) > 0. (A1)

i>1 (a,8)ENg

To see this, use the identity of Knight (1998) to obtain

atz), B
Ai(awﬁ) =E [/0 {E(S’wll) - T}dS )

from which we can see that each map (a, B) — A;(«, B3) is convex by differentiation. By
condition (A5), we can expand A;(«, 3) uniformly over (a, 3) such that |a|+||3]|1 = ¢

and 7 > 1 as

Ai(a, B) = (a, B)ELfi (0l ) (1, ) (1, 27 ](a, B) + 0(67), d = 0.
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By condition (A4), there exists a positive constant ¢ independent of i such that
(o, BE[fi(Olain) (1,25, ) (1, 1)) (a, B) = ellal + [|1B]]1)?, Vi > 1.
Thus, there exists a positive constant dy such that for any 0 < § < dy,

inf  min  A;(a, 8) > 0. (A.2)

izl fa|+(|Bl1=0

Now, pick any 0 < & < g and any (o, 3) € N§. Take r = 6/(|a] + ||B]l1), & = ra and
B = rB, so that |a|+]||B||1 = . Because of the convexity of the map (&, B) — A(a, 3),
we have A;(a, B) > r~'Ay(&, 8). Thus, by (A.2), (A.1) holds for 0 < § < 8. It is then
obvious that (A.1) holds for any § > 0 since the left side of (A.1) is nondecreasing in
6> 0.
Next, we shall show that
max  sup  |My(a, B) — M,;(0,0) — Ay(a, B)| 2 0. (A.3)

1Si<n (a,8)eAxB

Observe that

Mm(a, ﬁ) - Mm<0, 0) — Ai(Oé, ﬁ)
= {Mm’(avﬁ) - Mm(gﬂﬁ)} - {an(07 0) - MnZ(()? 0)}
+ {an(a713> - Mm<0’ 0) - Az(a,,@)}

By the proof of Horowitz (1998, Lemma 1), the first and second terms are O(h,,) uni-
formly over (a,8) € A x B and 1 < i < n. It remains to prove that third term is
0p(1) uniformly over (a,8) € A x B and 1 < i < n. This can be shown in a similar
way to the proof of (A.2) in Kato, Galvao, and Montes-Rojas (2011) (see also their
Remark A.1) with a suitable change according to the fact that the observations are
now dependent in the time dimension. Since the most of arguments are similar to
the proof of their (A.2), we only state the point to be changed. The only point that
should be changed is the place where they apply the Marcinkiewicz-Zygmund inequal-
ity to evaluate both the terms of their (A.4). Instead of the Marcinkiewicz-Zygmund
inequality, we now apply a Bernstein type inequality for S-mixing processes (see Corol-
lary C.1 below) with the evaluation of the variance term by Lemma C.2. Because of
the exponential S-mixing property (condition (A1)), and the uniform boundedness of
x;; (condition (A2)), taking s = 2logn and ¢ = [v/T] in Corollary C.1 and using the
fact that (logn)/v/T — 0, it is now shown that for any fixed € > 0, for large n,

max P { sup ’an(a718> - an(ovo) - AZ(Q7IB)’ > 6} S 2 (n_2 + ﬁBa[ﬁ]> .

1<i<n (o,B)EAXB
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Because (logn)/v/T — 0, the right side is o(n~"'). Thus, by the union bound, we have

max sup |Mm(a /8) m(o 0) Z(Oé,,@” £> 0

1<i<n (o,B)EAXB

Therefore, we obtain (A.3).
We shall show 3 5 0 = Gy. Pick any § > 0 and put € := = infi>1 minga gene Ai(a, 8) >
0. Observe that when ||8||; > 6,

n Y {Mii(ds, B) — M (0,0)}

>n~t Y0 ming gyevenaxs{Mni(a, 8) — M,;(0,0)}

>n! Zizl min(q, ﬁ)GNCﬂAxB{Mm(O‘a B) — M,i(0,0) — Ai(e, B) }
+inf min A;(a,3)

i>1 (a,B)ENE

> —max sup |[Mi(o, 8) — M,;(0,0) — Aj(ar, B)| + €.
1<i<n (,B)eAXB

By definition, n~ ! 327, Mi,i(ds, B) < n~t 320 M,,;(0,0). Thus,

P(HBHI > ) < P{max sup  |M,; (o, B) — M,,;(0,0) — Aj(a, B)] > 6} — 0,

1<i<n (o,B8)EAXB

which implies that 8 2 0.
We next prove max;<;<y, |G| % 0. Pick any 6 > 0 and put € as before. Recall that

Q; = arg minge 4 Mm-(oz,[;). When |&;| > 6 for some 1 <i <mn,

Mi(@i, 8) = M (0, B)
= min {M,(a, 6) m(O,B)}

|a|>d,acA
= \a|I>r(lslge My (e, :6) M,,;(0,0)} — {Mn'L(Owé) — M.,,;(0,0)}
= | |£%1HEA{M”Z(Q B) m(07 0) - Ai(a’ B)} te

= {Mi(0, 8) = Mi(0,0) = 2:(0, B)} = A4(0, )
—2max sup [M,;(a, B) — M,,;(0,0) — Aj(a, B)| + € — max A;(0,B).

1<5<n (aﬁ)EAXB 1<j<n

Thus, we obtain the inclusion relation

C {max sup  |Mi(a, B) — M,;;(0,0) — Ay(r, B)| > g} {fgfng< 0,8) > %}

1<i<n (o,B)EAXB

= Aln U Agn.

By (A.3), P(A1,) — 0. On the other hand, since A;(0,3) < 2M||3||, the consistency
of 3 implies that P(Ay,) — 0. Therefore, we complete the proof. H
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A.2 Proof of Theorem 3.1

Recall the definition of H (az,ﬂ) and H (o, B) in Section 2. Put H (az,,@)
E[Hgi)(ai,ﬁ)] and H? (o, B) := [ n ( ,B)]. The proof of Theorem 3.1 consists of a
series of lemmas. Throughout the proof, we assume all the conditions of Theorem 3.1.

Lemmas A.1-A.3 below are used to derive a convenient expansion of ﬁ

Lemma A.1. Take 61, — 0 and 09, — 0 such that max;<;<p |&; — cuio| = Op(d1,) and
||B — Boll = Op(02,). Put dy, := (615, + G2n )7 + 07, A7 + 61,02, + 03, + 63, Then, we

In''n

have

&; — aip = siHL) (o, Bo) — Yi(B — Bo) — 27 si £V (0) (6 — avio)?
+ si[{HL) (64, B) — H (a0, Bo)} — {HL (64, B) — HLY (ai, Bo)}]
+ Op(dn), (A.4)
B—By= Fﬁl{—”_lz?ﬂHg)(O&io, Bo)yi + HP (e, Bo)}
— T S S (i, B) — B (a0i Bo)} — {H (64, 8) — HE (0w, Bo)}]
I, {HP (&, 8) - <2><ao,ﬁo>} {H (&, B) — HP (a0, By)}]
+ T {(20) ! 00, il — i0)?} + Op(dn)- (A.5)

—

:gz

Proof of Lemma A.1. The consistency result shows that (&, B) satisfies the first order
condition (2.4) with probability approaching one. The first order condition implies
that

0= Hm (cio, Bo) + { ( B) — Hg)(aouﬁo)}
+ [{HY (a4, B) — HY (s, Bo)} — {HS (64, B) — HE (i, Bo))]

Expanding Hrg)(di,ﬁf) around (o, 3p) and using Lemma B.1, we obtain (A.4). On
the other hand, the first order condition implies that

0 = HP (o, Bo) + {H? (6, B) — H? (w0, Bo)}
+ [{HP (&, B) — HP (a0, Bo)} — {HP (&, 8) — HP (a0, Bo)}].  (A.6)

Expanding 265 ( ,B) around (o, Bp) and using Lemma B.1, we obtain

= —% ‘ E[fl(olwﬂ)wzl](&i - 042'0) - {% ZE[fl<O|wll)wllwzl]} (/8 ﬁo)
B % , E[fi(1)<0|wil)wi1](di - 041'0)2 + Op(dy). (A7)
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Plugging (A.4) into (A.7) yields that Y ( .B) — (ao,ﬁo) is expanded as

3

- _ZHT” aan/BO) _F /6 /60 QLZ CVZO

——E}nmmdxé (a0, Bo)} — {HY (65, B) = HY (s, Bo) Y] + Op(d).

(A8)
Combining (A.8) and (A.6) leads to (A.5). O
Put
1) = {H (65, B) — HY (a0s, Bo)} — {H umv—ﬂﬁm%mn
I? = (H® (&, B) — H (a, Bo)} — {HP (&, B) — HP (a0, Bo)},
fi =T Zt:l Kh, (uit), fz(l _(Th2)_ Zt—l (uit/hn)a
g =TS0 K, (wn)zi, g = —(Th2)™ S0 KO (u /o).
Lemma A.2. We have
1Y = ~{(f; — Blfi)) = ha(f1” = E[fIV]) Hdi — o)
+0,[{(log n) /(Thy)"/*}62, + {(logn) /(Th3)/*}63, ], (A.9)
[P = 0P (i — Elgi]) — ha(g" — E[gM])} (i — o)
+ 0p[{(log n) /(Thy)/*}62n + {(log n) /(Th3)"/?}5 ], (A.10)

where 01, and ds,, are given in Lemma A.1.

Proof of Lemma A.2. We only prove (A.9) since the proof of (A.10) is analogous. Ob-

serve that ]T(i) is decomposed as J;; + Ji2, where

Ji = {H) (4, B) — H) (63, B0)} — {HL (6, B) — Hy (6, Bo)},
Jio = {H}) (61, B0) — H,) (a0, Bo)} — {Hyi (8, B0) — Hyi (i, Bo) -
By Taylor’s theorem, J;; = {8gHSZ»)(07i, Bi) — 8gH7(L?(ézi, B:)}Y (8 — By), where for each
i, B; is on the line segment between B and By. Now, by Lemma B.2, 83]1-]1&-)((341-, Bz) —
OgH 1)(04 ﬁz) = 6p{(logn)/(Thn)1/2}, implying that J; = ép[{(logn)/(Th)1/2}52n].

Similarly, use Taylor’s theorem to obtain
Jio = —{(fi = E[fi]) = hu(F"” = BIFD) H i — cvo)
+ {04, (6, Bo) — 04, H, (61, Bo) }éi — cvo)?, (A-11)

where for each 1, 54@ is on the line segment between &; and «;9. By Lemma B.2, we have
02 H(l)(a,, Bo)— 02 2 g6, By) = 0,{(logn)/(Th3)*2}, implying that the second term
of Jip in (A.11) is 0,[{(logn)/(Th3)*?}2 ]. Therefore, we complete the proof. O
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Lemma A.3. maxj<i<n ‘OAél — Oéi0| = Op{(T/ lOg n)_l/Q}.
Proof of Lemma A.3. By Lemmas A.2 and B.2, both n™* Y | 'yilfi) and I\?) are of

order Op{maXlgign |CAYZ — Oél'()’ —+ Hﬁ — ,60“} Thus, by (A5),

B —Bo =T, {—n 'S0 HLY (o, Bo)yi + HP (e, Bo) }
+ Op{lfgg; | — ol + (|8 — Boll}-
By the exponential S-mixing property (condition (A1)), the uniform boundedness of
x;+, and the discussion following Corollary C.2 below it is shown that the variance of
the term n~! Z;”;l{HE}) (ctio, Bo)y: +HY (e, Bo)} is O{(nT)~'}. Thus, combining the
fact that the expectation of that term is O(h]) by Lemma B.1, we have
18— Boll = O (nT) ™2 4 1} + 0, { max [ — ool

= Op{T_l/Q + lrgfé}; |d1 — O[Z‘0|}.

Using this bound, together with Lemma A.2; we obtain by (A.4)
Q; — g = SiHSZ‘)<aiO: Bo) + 0, {T /> + max & — ol }-

We now bound the term max;<;<y, |H,(11i)(ozi0, Bo)|. Observe that
Hgi)(aim Bo) = {Hg)(az‘o, Bo) — Hui(cio, Bo)} + Hyi(cvio, Bo)
= {Hgi)(%o, Bo) — Hui(cio, Bo)} + O(hy,).

We wish to show that

max |HS¢)(042‘07ﬁ0) — Hyi(cio, Bo)| = Op{(T'/ log n)~1/2). (A.12)

1<i<n

Because of the fact that each term in the sum Hgi)(aig,ﬁo) is uniformly bounded
by some constant independent of ¢ and n, applying Corollary C.1 to that sum with
s = 2logn and ¢ = [(T/logn)'/?], and using Lemma C.2 to evaluate the variance term,

we have

P {|H£711,L)(OZ’LO; ﬁ()) - Hni(az‘o’ ﬂ0)| Z const. X(T/ log n)—l/Q}
<2 {TL_Z + (Tlog n)1/2Ba[(T/logn)1/2]} ’

where the constant is independent of i and n. Since the right side is 6(n™!), we obtain
(A.12) by the union bound. Therefore, we obtain the desired result. O
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By Lemmas A.1-A.3,

dz’ — Qo = Sinzli)(Oéioy 50) - ’YZ/(é - 50) - 27151']‘.@’(1)(0)(@1' - 041'0)2
— s{(fi = ELfi]) = hu( ) = EIFD}di — io) + 0,(T + (1B — Boll)
= s;HY (ai0, Bo) + 0, {118 — Boll + (logn)*/(ThY?)}, (A.13)

where we have used Lemma B.2 to obtain the last equality. Put

Bi =00 sy (fi — BIAD — ha(F — EIFVDIES (i, Bo),
By :=n"' 0 si{(gi — Elgi]) — ha(@!" — E[g) IS (0, Bo),
By = (20) "' S, s2u {H (o, Bo) )2

Plugging (A.13) into (A.9) and (A.10), and using Lemma B.2, we obtain
) = =Bt o (T +18=Bol), 17 = = Batop (T~ + 8= Foll)- (A14)
On the other hand, since maxy<;<, [H (oo, Bo)| = O, {h%, + (T/logn)~/2},
n S vi(ds — auo)? = By 4 0,(T71 + 18— Boll). (A.15)
Plugging (A.14)-(A.15) into (A.5), we obtain

B— B = Fgl{—n‘lz?leﬁ) (o, Bo)vi + HP (e, Bo)}
+ T, (Bi = By + By) + 0,(T " + 18— Boll). (A.16)

The first term on the right side of (A.16) is is expected to follow a central limit
theorem. We will establish this fact in Lemma A.4. On the other hand, B;, By and
B3 are expected to contribute to the bias. We will establish the limiting behavior of

these terms in Lemmas A.5 and A.6.

Lemma A.4. Recall the definition of V' given in condition (A8). We have
VT {—n" " L (i, Bo)v: + HY (0, Bo)} 5 N(0, V).

Proof of Lemma A.4. For any fixed ¢ € R?, put z;; := {7—G}, (uit)—i—hnf(hn (wie) }c (xi—
v;). Note that z;; depends on n. By the Cramér-Wold device, it suffices to show that
(nT) V23 ST 2 N N(0,c'Ve). Observe that by Lemma B.1,

T

=33 = = 30 3 (e~ Eleal) + O (7)),

=1 t=1 i=1 t=1

and the second term is o(1) because of the fact that h? = o(T~') = o{(nT)~/2}.
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Put Z; := z;—E[2;1]. We first evaluate the variance of the term (nT)~*/23"" | ZL Zis.

By a standard calculation,
Elz] = E[{{r — G, (un)} (i — %) }] + O(hn).
and uniformly over both @ and 7,

E[{r — G, (un) }*|za = ]
= 72 — 27E[G, (un) @i, = @] + E[Gh, (un)?| i = ]

_ o)+ /OO /: Z K (1)K (v)dor dus f(u]2)du
_ 2o / / (o min{vy, v } ) K (00) K (03)dvydvs
=7(1=7)+O(hy (A17)
On the other hand, uniformly over (i,7) (j > 1),
Cov(zi1, zin15) = E[{T — G, (i) {7 — G, (Ui,1+j)}cl($z'1 - ’Yz')cl(a?z',lﬂ —7i)| +O(hy,),

and uniformly over both (21, x14;) and (4, ) (j > 1),

E[{7 — Gp, (wi)H7 — G, (wi145) Hea = @1, @114 = T14]
= —72 4+ O(h})) + E[Gh, (uin)Gh, (u;, 147)|Tin = X1, T 145 = T1y]
= -7+ O(h})

/ / / / Ul Uz)dvldvzfz ](Uh UL +j ’wla 331+g)duldu1+]
u1/hn Jui4j/hn

= —T + O(hg) + / / .F;J(hnl)l, ]’LnU2|CI31, w1+j>K(’U1)K<’U2)d’U1dU2

= —T2 + FZ'J'(O, 0’581, :D1+j) + O(h;)

=E[{7 — I(un <O)H7 — I(wia1; < 0)}ea = @1, @i14; = T1yy] + O(hy),  (A18)

where the fourth equality is due to the fact that K(-) is an r-th order kernel. Put Z;; :=
{7 — I(uy <0)}c(xs — ;). Then, by (A.17) and (A.18), Var(z;;) = Var(Z;1) + O(hy,)
and Cov(z1, zi14;) = Cov(Z1, Zi14;) + O(hy,) uniformly over (i, 7) (j > 1). Thus,

T
1 1J]
Var [ —= ZZ”> = Z ( ) Cov (21, 2i145)
(ﬁ t=1 41<T—1
= Z (1 |LT|) Cov(Z, Zi1yj) + O(hy, + ThY)
l71<T-1
1 7
=Var | — Ziw | + O(h, +Th,),



and h,, +Th; — 0. Therefore, we have

1 e 1 < 1 i
ar (\/ﬁ 2 Zzit> Z\/ar ( Z’Z”> = Var <—T ZZ”> +o(1)

=1 =1 i=1
=c | = an 1) — ,V .
c (n ; ) c+o(l) = Ve

We wish to show a central limit theorem for the term (nT)~/23 7 77 7. Put

Ziy = T71/2 Z; Zi. Observe that z;,, ..., Z,, are independent. Viewing that
1 n
. Z = =)
nT =3 Vi i=1

we check the Lyapunov condition for the right sum. By the previous result, it suf-
fices to show that >_7" | E[|ziy[*] = o(n%?). By conditions (A2) and (A6), z; is uni-
formly bounded. By the exponential S-mixing property (condition (A1l)) and The-
orem 3 of Yoshihara (1978), it is shown that E[|z; [*] = O(1), which implies that
S E[zis ] = O(n) = o(n®?).17 Therefore, by the Lyapunov central limit theorem,
we have n= 123"z, % N(0,dVe). O

Lemma A.5. Recall the definition of wfj) given in condition (A9). Bs is expanded as

B3 = <2n Z $2ws I/l) +0,(T7H).

Proof of Lemma A.5. Put zy := T_Ghn<uit)+hn[~<hn(uit) and Z = z; —E[z;1]. Then,

by Lemma B.1 and the proof of the previous lemma, we have
E[{HL,) (a0, B0)}*] = E[{H, (o, Bo) — E[HL (o, Bo)]}*] + (E[HL (cvo, Bo))”

(1 M) Cov(zi1, zi114) ¢ + O(h2")
jl<T—1

(1 — %) Cov{I(uy < 0), I(uj1; <0)}| +0(T7h)

|g|<T 1

’ﬂ ~ |

—l—o .

Thus, E[B;] = (n™* Y., s?w,; 1)/(2T)+0(T h.

1"Theorem 3 of Yoshihara (1978) is stated in terms of a-mixing processes. However, since each
a-mixing coefficient is bounded by the corresponding S-mixing coefficient, Theorem 3 of Yoshihara

(1978) holds with a-mixing coefficients replaced by S-mixing coefficients.
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We next evaluate the variance of any linear combination of Bs. For any fixed

c € R?, put a; := s?c'v;. Then,

Var{n_l 2?71 a;(T™! Zzll zit)*}
=n"?Y L, zVar{( Y )
<n Y a2E[(T Y 2)Y)
<8n 23 BT Z0)Y + O(n~thi). (A.19)

Since |Z;| is uniformly bounded by some constant depending only on K(-), by the
exponential S-mixing property (condition (Al)) and Theorem 3 of Yoshihara (1978),
it is shown that the first term on (A.19) is O(n~'T~2). Therefore, we obtain the desired
result. O

Lemma A.6. Recall the definitions of wfl and w( ) given in condition (A9). By and

By are expanded as
27 —1 1 - (1) 1
Bl ' E ’7@ ﬁ 5 SiWni Yi =+ Op (T )7
_ 2 -1 } : 2 : (2) 1
B2 — 7 71 + Op(T )

i=1

Proof of Lemma A.6. We only prove the expansion for B;. The expansion for B, can
be shown in a similar way. Put z;; := 7 — G, (ui) + ho K, (ug) and Zy := zy — E[zi).
Recall that E[z;1] = O(h") by Lemma B.1. Observe that

E[(fi — BT S , za)] = EIf(T S0 za0)] + O(hy)
=T Y ElK, (i) z] + O(hG),

We evaluate the term E[K}, (u;s)zi]. First,

o

E[K (ui1)211] / K(u){r — G(u)} fi(uhy)du + / WK ()2 f5(uhy)du

— 00

= (0 {r—/ K(u du+/ZuK(u)2du}+O(hn).

Since K (-) is symmetric about the origin, the third term inside the brace is zero, and

/ K ()G (u)du = {—%G(u)Z] Oooo -
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Thus, we have E[K},, (ui1)zi] = (7 — 1/2) £i(0) + O(hy,). Second, for |j| > 1,
Bl (wn)siae] =7 | K ()fiuh,)du
- / / K (u1)Gh, (u145) fi,j(uihp, i) durdug

+ hy, / / K(u) U1+g)fz;(ulhmu1+yh Jduydug

= sz + O hr)
hnv
/ / { fz] ulhnaulJr])dulJr]} K(“l)K(U)duld'U
— / Fis(0,w)du + O(T),
where the O(R])) term is independent of ¢ and j. Therefore, we have
B(fi — ENTT Zl 2] = T 1 = 1/2)£:(0) + T 'w +o(T7). (A20)
Similarly, observe that
E[(f" —E[f")(T L, zi)] = T2k KO (uy/h O(ht
[(f; i DT 2o zit)] > et Dot EIK D (s /) 2] + O(hy,).

We evaluate the term h 2E[K® (u;s/hy)z]. First,

o

BE(R O (b)) = bt [ KOs — G i(uha)du
+h; / KW (u)K (u) f;(uhy,)du
_ - / R (u)K (u) fi (uhy)du + O(1)
— 1 (0) / _uK(ufdu+0(1) = O(1),
where the second equality is due to the fact that

/ K w) fi(uhy)du = — /_K W) () £; (whn)du — h / K2(u) £ (uhy,)du

/ KW (u)K (u) fi(uhy,)du + O(hy,).
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Second, for [j| > 1, we have

o0

h 2EIK W (wiy fh)zis 4] = hi'r KO () fi(uhy,)du

- / / V()G (wr5) fij (uih, uy g ) duydus

oo

+/ K( ) (uy) Ul+g)fzg(“1hmul+gh duydu

o0 v —00

= [ RGO k)
+ /oo h K (ur) K { f(10 (ulhn,ulﬂ-)dulﬂ-} duydv
hn/ / K (uq) ulﬂ)f( 0) (ulhn,u1+jhn)du1du1+j
— oY

where the O(h!!) term is independent of ¢ and j. Therefore, we have

hEI(FY = BN S0 20)] = O(T hy + 1) = o(T7Y). (A.21)

Combining (A.20) and (A.21), we obtain

E[B]| = % : (272; ! Z Zs W'l "yZ) +o(T7h). (A.22)

It remains to evaluate the variance of any linear combination of B;. For any fixed
c € R? put a; := s;c/v;. Then,

Var{n™" 37 a:(fi = E[fi) (T 2/, )}
=n"?3, a? Var{(f; = E[fil) (T 2/, z)}
<n S aZB((fi — BIADA T X0, 2)?
<2 YL a2B[(fi — BUADHT S, (20 — Elza)) ¥
+2n72 30 a2(Elzal PE[(fi — E[f)Y). (A.23)

By the proof of Lemma B.2 below, E[(f; — E[fi])?] = O{(Th,)*}. Thus, by Lemma
B.1, the second term on the right side of (A.23) is O(n'T'h2"!). Put wy :

K(ui/hy), Wy :=wy — Elwa] and Zy := z;; — E[2;1]. Observe that

E[(fi—EfDHT ™ Cm (za—Elzal) 1] = T2 o ity et Sooey Bl ZiuZio)-
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It is standard to show that E[w? 23] = O(h,). We wish to show that

> Elw;wiz)) = n)s Y B[z} zq] = O(T?hy),
sF#t s#t
> Blwpz] = O(T°hy), Y E[iZiwaz) = O(T%hy,),
s#t s#£t

> Ewlzz] = O(T%hy), Y ElWuwaziza) = O(Thy),
s,t,u:distinct s,t,u:distinct

> Elwawiz) = 0(T%h,), > Elwuwaziuzi] = O(Thy).
s,t u:distinct s,t,u,v:distinct

The first four equations are relatively standard to derive. Thus, we concentrate on
deriving the last four equations. The evaluation below is similar to the proof of Yoshi-
hara (1978, Theorem 1), but the situation is slightly different from his. For the sake of
completeness, we provide a proof of the last four equations. In what follows, C' denotes

some constant independent of s, ¢, u, v and i, n. Its value may change from line to line.

Evaluation of ) E[w2Z;1Z:,]: We first show that for any § > 0,

s,tu:distinct
> B[} zuzu] = O{(Th)/")) v (T°h,)}. (A.24)
s<t<u
Consider the case that s <t < u and u —t >t — s. In that case, E[|w? z;|'*°] < Ch,,
E[|zi|'T] < C and E[|w? 22, |'"°] < Ch,. Thus, since E[z;,] = 0, by Lemma 1 of
Yoshihara (1976),

Z |E[w ZthmH < Chl/(1+6 Z Bi(u_t)a/(ur(s)

s<t<u s<t<u
u—t>t—s u—t>t—s

T-2T—-s—1j-1

<ChYOINT NN RGO (j=u—tik=t—s)
s=1 j=2 k=1

J=1

< OThY/ (1),

Similarly, we have

Y Blwizaza]l <E[@h] Y [Elzezu)l+ Y El(@h - E[@h])zezul

s<t<u s<t<u s<t<u
t—s>u—t t—s>u—t t—s>u—t
6/(1490 1/(146
< Ch, Bi(u — )1+ 1 CThL/(+)
s<t<u
t—s>u—t

T-2T-s—1 j

<Ch Y 3TN Bilk)Y ) 4 OTRY )

s=1 j=1 k=1

< CT?h, + CThY 0+,
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Therefore, we obtain (A.24). Since 6 > 0 is arbitrary, taking J sufficiently small, we
have Thy 0 = O(T?h,,). By repeating the same argument, we have

> E[zuzu] = O(T%hy,).
s,t,u:distinct

Evaluation of )

the same argument as in the previous case, we have

— — — - — — _2 . .
s,t,u:distinct E[wiswitzitziu] and Zs,t,u:distinct E[wiswitziu]‘ By using

> EimizZiz = O(T°h,), Y Elwuwz,] = O(T°hy).
s,t,u:distinct s,t,u:distinct
Evaluation of )
u < vand t —s > max{u —t,v — u}. In that case, for any § > 0, E[jw;|'*] <
Chy, B[ Wit ZiZin|'°] < Ch,, and E[| ;5250 Ziw|* %] < Ch2. Thus, by Lemma 1 of
Yoshihara (1976),

st vedistinet E[w;sw;;ZiuZin]: Consider the case that s < t <

Z |E[wiswitzwzw]| < Chi/(”‘” Z ﬁi(t o 8)5/(1+5)
s<tsu<v s<t<u<v
t—s>max{u—t,v—u} t—s>max{u—t,v—u}

T-3T—-s—2 j

< ORI S I )

s=1 j=1 k=1 I=1

< CTh2/ (1+9) Z]26 6/(149)

7j=1

< OTh (%9,
Similarly, we have

Z ’E[U_}isu_)itziuziv” < CThTQl/(lJré)

s<t<u<wv
v—u>max{t—s,u—t}

Consider now the case that s <t < u < v and u—¢ > max{t — s,v —u}. In that case,
by Lemma 1 of Yoshihara (1976), for any § > 0,

|E[W;s0itZinZin] | < | Cov(WisWit, ZinZiv)| + |E[WisWit|E[ZiuZiv |

< CRYHD G, (y — )9/ 0+0) 4 R+ (1 — D/ g (1) )9/ (149),

Thus,

T-3T-s—2 j j
S [Elwiizazal < CTRY 4 CR/0 N
s=1

s<t<u<wvw

i=1
u—t>max{t—s,v—u}

< OTRY (9 L CT2p2/(+9),
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Taking § € (0, 1], we have
Z E[wisu_}itgiuziv] = O(T2hn)
s<t<u<wv
By repeating the same argument, we have

Z E[U_)iswitziuziv] = O<T2hn>

st u,v:distinet
We have shown that the first term on the right side of (A.23) is O(n 'T~*h,;% x
T?h,) = O(n~'T—2h1). Therefore, Var(c'B;) = O(n 'T72h,;! + n~'T1p2 1) =
o{(nT)~'}. Combining (A.22), we obtain the desired result. O
By (A.16) and Lemmas A.4-A.6, ||B— Bo|| = O, {(nT) Y2+ T~} = O,{(nT)"1/?},

and

VAT -T;Y(By — By + By) = | = lis- wh -—w(2~)+% + 0,(1)
n 1 2 3 T " n ~ ] ni Vi ni 2 p
L \/pb,

where b is given in (3.2). Therefore, we obtain (3.1). O

A.3 Proof of Theorem 3.2

It suffices to show that b 2 b. To this end, we first show that

~ p ~ P AN _
max [ = sl 50, max |7 — vl B0, T =T 40,1, (A25)

We use the notation in Appendix B below. Without loss of generality, we may assume
that a0 = 0 and By = 0. Then, §; can be written as §; = 1/]31'(0%',6), where ﬁ-(a,ﬁ)
stands for fi(o)(a,ﬁ). By Lemma B.2, we have fi(a;,3) = E[fi(a;ﬁ)”a:di,gzﬁ +
0,{(logn)/(Th,)"/?}. Observe that E[f;(a, 8)] = {E[fi(a, B)]-E[/i(0, ) }+E[£:(0, 0)],
E[£;(0,0)] = fi(0) + O(h1) = fi(0) + 0,{(log n) /(Th,,)"/?} and

E[fi(, B)] — E[i(0,0)]|
<E V_ K () fi(uhn +  + &y Blan) — filuhn|n)}|du

[e.9]
o0

<Cyllal+ MIgl) [ K (w)ldu (220

— 00

By the proof of Theorem 3.1, maxi <<, |ds| = O,[{(logn)/T}/?] and ||B|| = 0,(T~/?),
so that fi(&,B8) = f:(0) + o,{(logn)/(Th,)"*} = fi(0) + 6,(1), which, by con-
dition (A5) (c), implies that §; = s; + 0,(1). Similarly, we can show that 4, =
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~i+0,{(logn)/(Th,)*/?} = ~;+6,(1). To prove the second assertion of (A.25), observe
that

P60 B) + 4. (@, B)
= E[ (0 B)laca,pp + 051 >+{%+5p( YHEL (0, 8)]laza, ps + (1)}
= —E[g{"(0,0)] +6,(1) + {7 + 5,(VHE[/"(0,0)] + 5,(1)}
= v; + 0p(1),

where the second equality is due to Lemma B.2. The third inequality can be deduced
from the evaluation analogous to (A.26). Similarly, we can show that I, = T, 4 0,(1),
so that T = T1 4 0,(1).

We next show that

oM =M 15,1), 02 =w® +5,(1), 0¥ =w® 1+5,(1). (A.27)

nt nr nt

Step 1: proof of (217(3) = wg) + 0,(1). The proof is similar in spirit to the proof of
Hahn and Kuersteiner (2011, Lemma 6), but we need a different technique because of

the non-differentiability of the indicator function. Observe that

wg’,) — Z (1 |§J) Cov{I(uy <0),I(u1+; <0)}

l|<man
+ Z (1 “7{’) Cov{I(uj <0),I(uj14; <0)},
mn1<]j|<T—1

and the latter sum is shown to be o(1) by condition (A1) and Lemma C.2. Therefore,
it suffices to show that

max max |0;(7) — 0i(4)] = o(m; ). (A.28)

1<i<n 1<[j|<mn

By the proof of Theorem 3.1, max; <<, |a;| = O,[{(logn)/T}"/?] and ||B|| = o0,(T~/2),
so that by condition (A5),

max max [E[(un < atalyB) (wiar; < ataly8)]laa,gop—0i(i)] = Op[{(logn) /T}H?).

1<i<n 1<[j|<mn

Thus, taking into account that m,, /T = o(m,,'), it suffices to show that

1 min{7,T—j}

T E {gaﬂ<uit7 Lit; Ui t+j, mi,t-{—j)
t=max{1,—j+1}

max Imnax sup
1<i<n 1<|j|<mn, (o, 8')' ERPH1

- E[ga,ﬁ(uib Ti1; Ui 1+, $¢,1+j>]} = O;D(m_l)a (A-29)

where go,g(Uit, Tit; Wi s Tivrg) = L(wy < o+ xy,B)1(wiry; < a+ ), ;3). We make

use of Talagrand’s inequality for S-mixing processes (see Appendix C).
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Fix any 1 < i <n and 1 < [j| < m,. In what follows, terms const. and o(-) are
interpreted as terms independent of i and j. Put & := (wi, Ty, Uiy, T,y ;). Observe
that {&,¢t = 0,+1,42,...} is f-mixing, and letting 3(-) denote its B-mixing coeffi-
cients, we have B(k‘) < Bi(k—7]) for k > |j|. Write gog(&) = Gog(Wits Tit; Witrjs Tittj)
and define the class of functions G = {g. g : @ € R, 8 € RP}. The class G is uniformly
bounded by 1, and by Lemma 2.6.15 and Theorem 2.6.7 of van der Vaart and Wellner
(1996), there exist constants A > 5e and v > 1 (independent of ¢ and j) such that
N(G,Li(Q),¢) < (A/e)? for every 0 < € < 1 and every probability measure () on R**2.
Take ¢ = [(T/logn)'/?]. By using Lemma 1 of Andrews (1991) and the classical result
of Parzen (1957) on the variance evaluation of sample autocovariances, it is shown that
SUD (o gy erett VAr{) (| gap(&:)/1/@} < const.. By the exponential 3-mixing property
(condition (A1)), r3(q) = o(n?) with 7 = [T'/(2¢)]. Therefore, by Propositions C.1
and C.2, with probability at least 1 — o(n™2) (take s = 3logn when applying those
propositions),

1 min{7T,T—j}

sup S {00s(6) — Elgap(€)]}| < const. xy/{ogn)/T.

(o, 3) €RPTL T temax{1,—j+1}

The right side is o(m,,!), so that by the union bound, we obtai (A.29).

Step 2: proof of @7(111) = wflli) +0,(1). To begin with, since w = O(1) by condition
(A9), we have

NS ( 'J'){ﬂ() 50} +o(1),
1<|j|<mnp

so that

@5 = wni | < malfi = f(O)] +my max 16:() = &x(i)] + o(1).

nu
<ljlsm

Because f; = £i(0) + o{(logn)/(Thy,)"/?}, the first term on the right side is a(1). It

remains to show that

A. ) —_ - ] = 71
B, 19U) 0N = ol

which can be shown in a similar way as (A.28). In fact, the problem reduces to showing

1 min{7T,T—j}

Th, Z {90,8,h (Wits Tit; Wity 5 Tigsj)

t=max{1,—j+1}

max max sup
1<i<n 1<|j|<my, (o, 3') ERPF1

— Elga,gn, (Wi, i wiatg, i) = op(my, '), (A.30)

where ga g1 (Uit, Tit; Wiy js Tirs) = K((wy —a—xiB8) /M) (ui < a+x) . 8) K ((uis —

a -, iB)/h) (Ui < o+, ;B). Arguing as in the previous case, it is shown
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that the left side of (A.30) is O,(h;,;*+/(logn)/T), which is o,(m;") under the present
assumption.'®

Step 3: proof of d)g) (2) + 0,(1). This step is completely analogous to the
previous case.

We have now shown (A.25) and (A.27), so that

=1
_ Ffl 1 - (1) (2) Si wnz)yl 1
—tn ﬁzsl wnifyi_wnz—i_ 9 +0p()
=1

Therefore, we obtain the desired conclusion.

B Miscellaneous lemmas

In this section, we summarize some miscellaneous results used in the proof of Theorem
3.1. Lemma B.2 is a modification of Lemma 3 of Horowitz (1998). Throughout the

section, we assume the conditions of Theorem 3.1.
Lemma B.1. We have
(a) H (o, Bo) = O(hr), H (e, Bo) = O(hy,);
(b) Oa, HS (0tio, Bo) = —£i(0) + O(h});
(¢) 02, HS (i, Bo) = — £17(0) + O(hy);
(d) g (o, Bo) = Do, H (a0, Bo) = —E[fi(0lmir)mir] + O(h,);
() O HiY (@0, Bo) = —n "SI E[fi(Olaa )@y ] + O(hy,);
() 02, HP (co, Bo) = —E[f" (0|min) @] + O(h;1);

(9) Oa, 03, H é?(m) 05,05, H (0, B), 03, HY (0, B), 02,05 H (015, B), 0, 03,05, H (0, B)
and Op,0s,0p H, (al,,@) are O(1) umformly over both (c,;,8) € Ax B and 1 <
i <nforl<j k1 <p,i.e., forinstance, maxi<i<, SUP (4, gyeaxp |0 0p; H, m)(az,ﬁﬂ =
O(1) asn — oo for 1 < j<p;

18We conjecture that the left side of (A.30) is O,{+/(logn)/(Thy)}, but we do not pursue this small

improvement here.
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(h) 8061 aﬁj

(e 5) %% e, B), 2 HY (e, B), 02,05, HY (ct, B), 0a, 05,0, Hy

and %ﬁﬁkﬁgl e, B) are O(1) umformly over both (a,3) € A" x B and
1<i<n for1 <jk1<p.

Proof. The proof is immediate from conditions (A2), (A5) and (A6). O
Put
F0,8) = (1 TI) SE KO (= a = 20,8) /), = 0.1,
9, B) = (1) (Thi*H) ' oL KU‘)((uzt —a—ayB)/h,), j=12,
Qz'(j)(@,,@) = (_1)] (ThHl) ' Zt 1 ((Uzt — o= w;t/@)/hn)wit’ j=0.1,
7 (0. B) = (—1Y (ThE) " YT KO ((wie — a — @,8) [hn)ais j = 1.2,
Jile, B) := (Tha) ™ 2200 K ((wi — @ — ayB) /h )@y,
T, B) == —(Th2) ™ S KO ((uie — a — a,8) /hn) iy,

where KW (u) = d K (u)/du? and K©(u) stands for K(u). The same rule applies to

Lemma B.2. Uniformly over both (o, 3) € RP™ and 1 < i < n,

(a) (o, B) -
(6) (. 8) -
(c) 9 (c, B) —
(d) g7 (a, 8) -
(¢) Ji(a, B) —
() I (e, B) -

B[/ (@, B)] = o, {(logn)/(ThZ+)1/2}, j =0,1;
E[f (v, B)] = op{(log n) /(ThZ+1)1/2}, j =1,2;
ElgY” (a, B)] = o,{(log n) /(ThZ+1)1/2}, j =0, 1;
ElgY (o, B)] = op{(log n) / (T2}, j = 1,2;
ELJi(o, B)] = 0p{(logn) /(Tha)"/2};

E[J" (a, B)] = 0,{(logn)/(Th3)'/?}.

As in Horowitz (1998), we employ empirical process theory to prove the lemma,

but since the observations are dependent in the time dimension, we use a concentra-

tion inequality for S-mixing processes, which is developed in Appendix C. Before the

proof, we introduce some notation. Let F be a class of measurable functions on a

measurable space (5,S). For a functional Z(f) defined on F, we use the notation

|Z(f)|l7 := supser|Z(f)|. For a probability measure ¢ on (S,S) and a constant
e >0, let N(F, Lg(Q), €) denote the e-covering number of F with respect to the L;(Q)

norm || - [|, @)

, where k£ > 1.
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Proof of Lemma B.2. We only prove (a) with j = 0. The other cases can be shown in
a similar way. Put & := (wit, ©it), Gapn(u,z) = K(u—a—x'8)/h) for (a, B) € RPH!
and h > 0, and G,; := {9 — E[g(&1)] : ¢ € G.}. We apply Propositions C.2 and C.2
to the class G,;. The pointwise measurability of G,; is guaranteed by the continuity of
K (-). Because of the boundedness of K (-), the class G,,; is uniformly bounded by some
constant U (say) independent of ¢ and n. Since condition (A6) guarantees that K(-) is
of bounded variation, by Lemma 22 of Nolan and Pollard (1987), there exist constants
A > 5e and v > 1 independent of ¢ and n such that N(G,;, L1(Q),Ue) < (A/e)? for
every 0 < € < 1 and every probability measure @ on RP*HL,

Let ¢ € [1,7/2]. We wish to bound the variance of the sum »°7 | f(&:)/1/q. It is
standard to show that E[g, g1, (&i1)?] < const. xh,, and E[ga.g 4, (§i1)*Ga ., (E1145)%] <
const. x h? where the constants are independent of a, 3,1, j and n (the second assertion
uses the fact that the joint densities f;;(u1, w141, €14;) are uniformly bounded,
which is assumed in condition (A5) (e)). Thus, by Lemma 1 of Yoshihara (1976) (see

Lemma C.2 below), we have | Cov(ga.g,h,(&i1), Ya.8.h, (&i1+5))] < const. xhnﬁi(j)l/Q,

which implies that

sup Var {Z g(&t)/\/a} < const. x {1 + 22@(]’)”2} h,, < const. Xh,,,

9€Gni t=1 Jj=1

where the constant on the last expression is independent of i, n and ¢ (recall that condi-
tion (A1) ensures that Y77 sup;s; fi(j)"/? < 00). Take ¢ = ¢, = [(Thy/logn)"/?]. By
the exponential S-mixing property (condition (A1)), r3;(q) = o(n™') with r = [T//(2q)].

Therefore, by Propositions C.1 and C.2, for all s > 0, with probability at least

1—e*—0o(nt), we have
T
Zg(fit) < const. x {\/Thy(s Vlogn) + s\/Th,/logn},

t=1 Oni

where the constant is independent of ¢, n and s. Taking s = 2logn and using the union

bound, we obtain the desired result. O

C Some stochastic inequalities for [-mixing pro-

cesses

We introduce some stochastic inequalities that can be applied to S-mixing processes.
These inequalities are used in the proofs of the theorems above, and are of independent
interest.

The first object is to extend Talagrand’s (1996) concentration inequality to (-

mixing processes. We recall Talagrand’s inequality for i.i.d. random variables.
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Theorem C.1 (Talagrand (1996); in this form, Massart (2000)). Let &,i = 1,2,...
be i.i.d. random variables on some measurable space S. Let F a pointwise measurable
class of functions on S such that E[f(&1)] = 0 and sup,cg | f(z)| < U (see van der Vaart
and Wellner, 1996, Section 2.3 for pointwise measurability). Let o be any positive
constant such that 0 > sup ;e E[f(&1)%]. Put Z :=suppcx| Y1 f(&)|. Then, for all
s > 0, we have

P{Z > 2E[Z] + Coy/ns + sCU} < e°,

where C is a universal constant.

In what follows, let {&;,t € Z} be a stationary process taking values in a measurable
space (S,S8). We assume that S is a Polish space and S is its Borel o-field. For a
function f on S and a positive integer ¢, define o2(f) := Var{f(&)} + 223;}(1 —

7/a) Cov{f (&), f(&i4;)}, which is the variance of the sum Y7 | f(&)/\/a. Let 5(j)
denote the S-mixing coefficient of {&;}.

The main technical device we use is a blocking technique developed in Yu (1993,
1994) and Arcones and Yu (1994). The blocking technique enables us to employ
maximal inequalities and the symmetrization technique available in the i.i.d. case. We
introduce some notation and a key lemme related to the blocking technique. Divide

the T-sequence {1,...,T} into blocks of length ¢ with ¢ € [1,7/2], one after the other:

Hy={t:2(k—1)g+1<t<(2k—1)q},

T ={t:(2k—1)g+1 <t < 2kq},
where k = 1,...,7:=[T/(2q)]. Put Z) := (&, t € Hy). With a slight abuse of notation,
for a function f: S — R, we write f(Zx) = >y, f(&). Let = = (ft,t € Hy), k=

1,...,r be independent blocks such that each =, has the same distribution as Z;. The

next lemma, which is a key to the blocking technique, is due to Eberlain (1984).

Lemma C.1. Work with the same notation as above. For every Borel measurable
subset A of S, we have

‘P{(El,...,ET) eA}—P{(EI,...,ET) EAH < rB(q).

Suppose that we have a pointwise measurable class of functions F on S such that

sup,cg | f(x)| < U for some constant U. For each f € F, observe that

SR < DD FE DD f&)

k=1 teHy k=1 teTy

< + + (T —2¢r)U.
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Since the first and second terms on the right side have the same distribution, for all

{

s > 0, we have

T

PG

=1

> 2s + (T—2qr)U}

Z Z > f&)| =2s
€Hy, T k=1 teTy
ST S s =
k=1 te Hy, r k=1 teTy,
f&)|| =
k=1 teH,
ZQP{ T f(Ek) 28}
k=1 F

By Lemma C.1, the last expression is bounded by

(s

Recall that =, k= 1,...,r are i.i.d. blocks. By Talagrand’s inequality, for all s > 0,

"

where o7 is any positive constant such that sup;.zo2(f) < op < 2qU?. Therefore, we

[1

s} +2r5(q).

f

we have

T T

> FER)

k=1

> 2E

+ CogVsT + quU} <e®

k=1 F F

obtain the next proposition:

Proposition C.1. Work with the same notation as above. Then, for all s > 0, we

have

"

For the evaluation of the term E[|| >>7_; f(Zx)||#], the next proposition is use-

T

> f&)

t=1

r

> FER)

k=1

24E[

+ CoyvsT + SQCU} < 2e°+2rp(q).

F F

ful. Recall that for a probability measure @ on (S,S) and a constant ¢ > 0, let
N(F,Li(Q),€) denote the e-covering number of F with respect to the Li(Q) norm
|| . ||Lk(Q)7 Where k? Z 1.

Proposition C.2. Work with same notation as above. Assume that there exist con-
stants A > 5e and v > 1 such that N(F,L(Q),Ue) < (A/e)" for every 0 < e <1 and
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every probability measure () on S. Then, we have

AU / AU
quU log Ve + \/Eﬁoq log V4 ,
Oq Oq
f

where C' is a universal constant and A’ = /2A.

<C

(C.1)

Proof. The proof is based on the proof of Gine and Guillou (2001, Proposition 2.1),
but some modifications are needed. Recall that =, k = 1, ... ,rare i.i.d. Let ep,...,¢,
be i.i.d. Rademacher random variables independent of =, ..., Z,. By Lemma 2.3.1 of

van der Vaart and Wellner (1996), we have

e {3 =) ]ng S 6 (E
F k=1 F
ok |3 aEy ] 2)
k=1 H

where H = {¢(&,.... &) = DL, f(&)/(qU) : f € F}. We shall bound the right
side of (C.3). Without loss of generality, we may assume that 0 € H. By Hoeffding’s
inequality, given {Z, : k = 1,...,r}, the process ¢ ~— S_, exp(Zk)/+/7 is sub-
Gaussian for the L,(Q,) norm, where @, is the empirical distribution on S that
assigns probability 1/r to each block Z. Thus, by Corollary 2.2.8 of van der Vaart
and Wellner (1996), we have

k=1

Z exp(Zn) [V
M

1 5r (G2 /715,
< o/ Viog N(H, L>(0,), e)de
0

where E, stands for the expectation with respect to €;’s and C is a universal constant.

Let P, denote the empirical distribution on S that assigns probability 1/(¢r) to each
&,t € Us_ Hy. Since for @;(€1,...,&) = S0, fi(&)/(qU), fi € F, i=1,2,

- 2{901 é — pa( é )}2 = qgr—lljg Z{fl(ék) - fz(ék)}Q

< (E) - folE
_quZ|f1 k)|

< ﬁHfl — follL, iy

we have N(H, Ly(Q,),€) < N(F, Li(P,.),Ue?/2) < (24/€*)". Thus,

IS0y o Er)2/rlIs?
E[ <V / . JIog(VZA ) de

=2CV Av 1Ogede.

VIR o e @2l €

T

ZékSO( k)T

k=1

H
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Integration by parts gives

d
€2 € e2y/log e ‘
< loga+%/ k;gede, a>e,

a " €

from which we have

Therefore, we have

r r 1/2
E ero(= T 20V 20E =)/ lo 24
[; vo(Zr) /v ) < ;s@( k)?/ ) \/ ST oG
<20V, | B[ | |3 ¢ (E02r >

] IOg T — ?
wl Bl Zim eER)?/rllnd

where the second inequality is due to Holder’s inequality, the concavity of the map
x +— xlog(a/z) and Jensen’s inequality.
Now, by Corollary 3.4 of Talagrand (1994),
s |3 e |
k=1 H
and the right side is bounded by 10r because 03 < 2qU?. Since the map z — zlog(a/x)
is non-decreasing for 0 < z < a/e and A > 5e, we have

k=1

2

<% L gp

Z exp(Zk)

k=1

H

E Z%‘P(ék)/\/;
k=1 H
2 r N 20 AU 2
qU? ~r — y o
Put
Z:=E [ Zekgp(ék) ] :
k=1 H
Then, Z satisfies
2 AU AU
7 < CWUU; log YU | g0 7108 VIAU.
q o

q Oq
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where C' is another universal constant and A’ := v/2A. This gives

A'U AUN? 2 AU
Z < 4Cvlog \/C—I— + \/1602112 (log ﬂ—) + C’WU \/_
Tq

o qU? a4

AU
< 8Cwvlog Y— VaAy +vC \/_\/_Jq log Ve
9q Vau 9q

VIAU | i, [ aau
Oq VU Oq

where the second inequality is due to va + b < y/a+ Vb for a,b > 0, and C" is another
universal constant. Combining (C.2) and (C.3) yields the desired inequality. O

<C [v log , (C.3)

In the case that F is singleton, i.e., F = {f}, Proposition C.2 gives a Bernstein

)

—_
—

type inequality for S-mixing processes. In that case,

E[ Zf(ék) ]:E[
<

—
—

< \/@Uq(f)'

Although such inequalities are known in the literature (cf. Fan and Yao, 2003, Theorem
2.18), we present the special case of F being singleton as a corollary, since its form is

more convenient in the present context.

Corollary C.1. Let f be a function on S such that sup,cq |f(z)] < U and E[f(&1)] =0
Then, for all s > 0, we have

gl

where C is a universal constant.

T

> (&)

=1

> C{\/(sVv1)To,(f —|—qu}} <2e™" +2rB(q),

In applying those inequalities, the evaluation of the variance term 02( f) is essential.
For S-mixing processes, Yoshihara’s (1976) Lemma 1 is particularly useful for that
purpose. Since it is repeatedly used in the proofs of the theorems above, we describe

a special case of that lemma.

Lemma C.2. Work with the same notation as above. Let j be a fized positive integer.
Let f and g be functions on S such that E[f(&1)] = Elg(&1+5)] = 0, and for some

positive constants & and M,

BILF ) Bllg(€a)I™] < M, Bl f(&1)g(&140)]7] < M. (C4)
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Then, we have
| Cov(f(&1), g(€1s;))| < AMMOFD) g(5)0/(1+0)

A direct consequence of Lemma C.2 is that if there exist positive constants ¢ and
M such that (C.4) hods for for any positive integer j and >, B(j )Y/ (149 < o0, then
the infinite sum 7%, Cov{f(&), g(&1+;)} is absolutely convergent, and in particular,

for any positive integer q,

{fot /\f} < 4MHOFD) {H?ZB 6/1+5}

j=1
If B(j) decays exponentially fast as j — oo, i.e., for some constants a € (0,1) and
B >0, B(j) < Ba’, then 3377, B(j )5/1+5)<ooforany6>0
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