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Chapter 8

Light Scattering and the
Raman Effect

8.1 Background

The Raman effect is a light-scattering phenomenon. When light of frequency vy or vg
(usually from a laser or, in the prelaser era, from a mercury arc lamp) irradiates a sample
(Figure 8.1), it can be scattered. The frequency of the scattered light can either be at
the original frequency (referred to as Rayleigh scattering) or at some shifted frequency
Vs = VI £ Umolecular (referred to as Raman scattering). The frequency vmolecular is an
internal frequency corresponding to rotational, vibrational, or electronic transitions
within a molecule. The vibrational Raman effect is by far the most important, although
rotational and electronic Raman effects are also known. For example, the rotational
Raman effect provides some of the most accurate bond lengths for homonuclear diatomic
molecules.

In discussing the Raman effect some commonly used terms need to be defined (Fig-
ure 8.2). Radiation scattering to the lower frequency side (to the “red”) of the exciting
line is called Stokes scattering, while the light scattered at higher frequencies than that
of the exciting line (to the “blue”) is referred to as the anti-Stokes scattering. Finally,
the magnitude of the shift between the Stokes or the anti-Stokes line and the exciting
line is called the Raman shift, Av = jv; — vg|.

Classical Model

When an electric field is applied to a molecule, the electrons and nuclei respond by
moving in opposite directions in accordance with Coulomb’s law. The applied electric
ficld thercfore induces a dipole moment in the molecule. As long as the applied electric
ficld is not too strong, the induced dipole moment is linearly proportional to the applied
electric field, and is given by

Hing = oE, (8.1

in which the proportionality constant « is called the polarizability and is a characteristic

of the molecule.
The intensity of the scattered light is proportional to the square of the magnitude
of the induced oscillating dipole moment. If some internal motion of the molecule (vi-

293
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incident light
VQVQU%+ sample
A%

I

scattered light:
v; (Rayleigh)
and

Vg = ViV,
(Raman)

molecular

Figure 8.1: Scattering of light by a sample.

brational, rotational, or electronic) modulates this induced oscillating dipole moment,
then additional frequencics can appear. Classically, this means that the polarizability
has a static term ap and a sinusoidal oscillating term with amplitude a4

a = ag + o cos(wt) (8.2)

with w(= wmotecular) being some internal angular frequency. As usual, it is convenient to
use angular frequency w(= 27v) for theoretical work and frequency v (or wavenumber,
D) for experimental work. For example, a vibrational mode @; has

. Jda
8Qi Q:=0

so that if the polarizability does not change with vibration, that is, if (8a/0Q;)l0 =
0, then there is no vibrational Raman effect. Classically, the oscillating polarizability
causes the induced dipole moment to oscillate at frequencies other than the incident wy.
To see this, let us represent the applied electric field E as Eg cos wit. Upon substituting
(8.2) into the magnitude of (8.1), we get

Qi (8.3)

g

tind = oF =aFEycoswyt (8.4)
tind = (g + a;ycoswt)Eg coswit

= agEycoswit + aj Ey coswit coswt
a1 Eg cos(wy — w)t + o Eg cos(wr + w)t

= agFEgcoswit + 5 (8.5)
The trigonometric identity
— 6
cosfcosgp = cos(6 — ¢) + cos(0 + ¢) (8.6)

2

has been used in the final step of equation (8.5). The first term is unshifted in frequency
and corresponds to Rayleigh scattering (Figure 8.2). The lower frequency term with
wp — w corresponds to Stokes scattering, while the higher frequency term with wy + w

8.1 Backgrc

Figure ~ -

Raman « -+

correspe:. :
is very 1 -
intensit~ -

The -

StOk S o= 2T
is less th =2
(Rayleizt. =

8.4 and

than red
populatic:

for a not.:

Ther:

in

oS

the indu -
metric 1t

molecular -

Z-axes 1. "

or



* Raman Effect

dipole moment,
be polarizability
' ¥

(8.2)
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Rayleigh
ine

Stokes scattering anti-Stokes scattering
N

Z I
N | : rd
1 rotational
: Raman effect
vibrational : vibrational
Raman band i Raman band
I x\
]
]
1
< Wib—>< Voi—>
Vi-Voib Vi Vi+Vyip

vV—>

Figure 8.2: Schematic diagram of a Raman spectrum showing vibrational and rotational
Raman effects.

corresponds to anti-Stokes scattering (Figure 8.3). This simple classical derivation (8.5)
is very deceptive, since it predicts that Stokes and anti-Stokes scattering have the same
intensity: this is not usually the case.

The energy-level diagram for Stokes and anti-Stokes scattering shows that anti-
Stokes scattering will be weaker because the population in the excited vibrational level
is less than that in the ground state (Figure 8.3). For a classical oscillator the scattering
(Rayleigh and Raman) is proportional to the fourth power of the frequency (see section
8.4 and problem 7). (The sky is blue because air molecules Rayleigh scatter more blue
than red sunlight.) Thus if we introduce the Boltzmann distribution of vibrational
populations, the ratio of the intensities of the bands is given by

Anti-Stokes intensity  (vf + vyip) e evie/ AT

8.7
Stokes intensity (v — vuip)t ®.7)

for a nondegenerate vibration.

There is one additional complication. For highly symmetric molecules such as CHy,
the induced dipole is in the same direction as the applied electric field. For less sym-
metric molecules, however, p; 4 and E can point in different directions because the
molecular response to the applied electric field can be different along the X-, Y- and
Z-axes in the laboratory frame. In matrix notation, equation (8.1) becomes

Hing = ok (88)

or
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anti-Stokes

scattering
Stokes B
scattering

Vi Vi+Vip

Vi Vi=-Vib

%
¢

b

Figure 8.3: Energy-level diagram showing Stokes and anti-Stokes scaltering.

wx axx Qxy Qxz Ex
wy | =1 axy ayy avz Ey |, (8.9)
1z axz Qyz Qazz Ey

in which o is a 3 x 3 symmetric matrix. This symmetric matrix is called the polariz-
ability tensor.

The polarizability tensor a can be simplified by working in the appropriate principal
axis system of the molecule, analogous to the principal axis system for the moment of
inertia tensor (Chapter 6). As the polarizability tensor is a real, symmetric matrix,
it is always possible to construct an orthogonal transformation matrix X from the
normalized eigenvectors of @. The matrix X represents a rotation of the coordinate
system, r' = X7 !r or r = Xr’, with r* = (z,y,z). As discussed in Chapter 3, the
diagonalized matrix o' is related to a by the similarity transformation

o =XlaX. (8.10)
The &' matrix consists of the eigenvalues of a and has the form,
Qgrgr 0 0
!

a = 0 Oty 0 , (8.11)
0 0 Qi

8.1 Backgroun

or ¢z = G- -

assumed. Nu-- C

a molecule d
The polar.. =

or

in the princ:i
2 Jam 2\
Qy = Gz SO "I
and the eliip= .
scattering .75
the moleci. ==
Forac:- =
parallel t
the z-axi~ :»

and the pr -7

The mea:. .- -4
optical - 77- "
the depe.. 7. =°
Polar. .-
intermol 2T
methods 7 -
~ for H: = =
large r. -7+ 3
of & tewi- -
be a vibo o0
electrons - .
for both 7- 777«
the polar.. .oil
Raman ¢
infrared .. 7t
molecule @ - 21
Simpl T
coordina’ ~ '/,
in Figure ~ 7.

mean p(r; FRQOE-
different - : .-
with @ b . o
functionn ~ a
p the opp =it
souv s R-ma



Raman Effect

tLering.

(8.9)

d the polariz-

riate principal
he moment of
netric matrix,
< X from the
he coordinate
hapter 3, the

(8.10)

(8.11)

8.1 Background 297

Of Gz = Opig/y, Qy = Oy, and a, = @, if the molecular principal axis system is
assumed. Note that unless required by symmetry, the principal axes of polarizability of
a molecule do not coincide with the principal axes of the moment of incrtia.

The polarizability ellipsoid of a molecule is defined by the equation

rtar =1 (8.12)

or

1%+ ayy2 +ay2t=1 (8.13}

in the principal axis system. The ellipsoid has maximum total dimensions equal to
2/\/az, 2/,/0y, and 2/ /a; along the -, y-, and z-axes. For a spherical top, a, =
0y = o so the cllipsoid is a sphere; for a symmetric top or linear molecule, a; = oy
and the ellipsoid has a circular cross section in the zy-plane. For the normal case of light
scattering with wavelength A substantially greater in size than that of the molecule,
the molecule behaves as if it werc represented in shape by the polarizability ellipsoid.

For a diatomic molecule such as Hs or HCI, it is convenient to label the polarizability
parallel to the molecular z-axis as a)(= ), and the polarizability perpendicular to
the z-axis as a1 (= ay = oy). The mean polarizability is given by

a=(ay+2aL)/3 (8.14)

and the polarizability anisotropy 7 is defined as

Y=o - ay. (8.15)

The mean polarizability & can be deduced, for example, from a mcasurcment of the
optical refractive index (see problem 7) and the anisotropy v from a measurcmeat of
the depolarization ratio p (see below) of Rayleigh scattering.

Polarizability is an important molecular property that plays a role in, for example,
intermolecular interactions. The polarizability of a molecule can be calculated by the
methods of ab initio quantum chemistry. The results of such a calculation’ of & and
~ for Hs are displayed in Figure 8.4 as a function of the internuclear distance, r. At
large r, the value of & approaches that of two H atoms, while at short r the value
of & tends to that of the He atom. At r = 7, = 0.742 A, 8a/dr # 0 so there will
be a vibrational Raman effect for Hy. As the bond stretches from equilibrium, the
electrons are less tightly held by the nuclei so the polarizability increases. In general
for both heteronuclear molecules such as HCl and homonuclear molecules such as Hg,
the polarizability ellipsoid will change as the molecule vibrates, lcading to a vibrational
Raman effect. The Raman effect is thus less restrictive than normal dipole-allowed
infrared vibrational spectroscopy, which has no allowed transitions for a homonuclear
molecule because dp/0r = 0.

Simple arguments based on changes in the polarizability as a function of the normal
coordinates @0; can be made for a typical polyatomic molecule such as CO3. As shown
in Figure 8.5, raotion along the symmetric stretching coordinate ¢J;, will change the
mean polarizability so that 0&/3Q, # 0 and v; is Raman active. The situation is
different for v and v3 because of the high symmetry. The polarizability again changes
with @ but the values at +Q and —@Q are identical by symmetry, (i.e., a(Q) is an ecven
function) so at Q = 0, 9&/9Q = 0 for vy and v3 (Figure 8.5). For the dipole moments
p the opposite situation prevails with 0p/0Q, = 0, Op/0Q2 # 0, and du/0Q3 # 0,
so v1 is Raman active but vy and v3 are infrared active. This is an example of the rule
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riA

Figure 8.4: The polarizability of He as a function of internuclear distance r calculated by ab
initio methods.'

Figure 8.5: The polarizability of COz as a {function of the three normal coordinates @\, @2,
and @3 (shown schematically).

of mutual exclusion that applies to molccules with a center of symmetry, and will be
discussed later.

Quantum Model

The quantum mechanical theory of the Raman effect was developed in the early 1930s
by Placzek.? The starting point is the same as in Chapter 1 with a two-level system
with energy levels E and Ej as depicted in Figurce 1.8. An oscillating clectric field
is applicd to the system, E = Egcoswt, with the wavelength A assumed to be much
bigger than the molecular dimensions. In the case of Rayleigh and Raman scattering,
the electric field is not in resonance (i.e., w # (E) — Ep)/F = wyg), but instead induces
an oscillating dipole morment that re-radiates. In quantum mechanics this means that
we are looking for (see equation (1.66)) the transition dipole moment,
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Mo (t) = (¥1 |p| ¥o), (8.16)

with ¥ () and ¥e(t) being the solutions of the time-dependent Schrédinger equation
(1.29) for the two-level system. The intensity of the scattered radiation is proportional
to |[Mjo/%. The interaction of electromagnetic radiation and the system is taken into
account with the electric-dipole interaction term, equation (1.26), naniely

H' = —p-Eqcos(wt). (8.17)

In this case p is an induced moment, and g and Ep need not point in the same direction.

Rather than solving the Schrédinger equation as outlined in Chapter 1, pertur-
bation theory (Chapter 4) will be used to obtain an expression for the transition
dipole moment, Mo(t). In what follows the states in the molecule are labeled as
|n) = |0y, k) = |1), and |r), with |r) being the additional states in the molecule not
depicted in Figure 1.8. The application of the small perturbing electric field, equation
(1.6), alters the wavefunction ¥, of the system so that

U, =0+ o4 (8.18)
The zeroth-order solution to the time-dependent Schrédinger equation,
5 0wy
HOG® —jp—" (8.19)
ot
is
\1,510) - w;O)e_iEnt/ﬁ — wISZO)e—iwnt7 (820)

with wg‘” being the solution of the corresponding time-independent equation,

HOyO = O,0) (8.21)

The perturbed Schrédinger equation is

(I:I(O) —p-Ey cos(wt)) v, = iﬁ%, (8.22)
and using equation (8.18) to first order leads to
(A~ p-Eocoswt)) (v + wh)) = m% (v +wiM), (8.23)
or, equivalently, when the zeroth-order equation is subtracted, to
HOwD iﬁ’d\pg) = - Eg cos(wt)¥®, (8.24)
n n

The first-order correction can be obtained by assuming (with some foresight) a
solution of the form

W = gfeHontelt ¢ ymemtlon—wlt, (8.25)

Substitution of the assumed solution (8.25) into equation (8.24), using cos(wt) = (e™* +
e~*!)/2, and then equating terms with equal time dependence lcads to two separate

equations,
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HOpt — (En+ o)yt = p-Eop? /2, (8.26)
and
HOy- —(E, — )y, = p-Egw® /2. (8.27)

The right-hand side of equations (8.26) and (8.27) can be manipulated by the trick of
inserting unity (Chapter 4), in the form 1 =} |¢£0))<¢,(~0)| so that we obtain

plol) - Bo =3 [N ulp?) - Eo. (8.28)
By defining the matrix clement ., of p by
= (), (8.29)
we may write (8.26) and (8.27) as
HOpl — (B + o)y = Zum Eoy /2 (8.30)
and
HOYs — (B — o)y =D i, - Eop® /2. (8.31)

The 1; and v, wavefunctions can also be expanded in terms of the complete,
(0) : ; .
orthonormal set of ¥’ functions, i.e., as

= cfyp® (8.32)
and
Z(‘ 0, (8.33)
which results in the expansion coefficients ¢ and c,; being given by
o = E:—‘% (8.34)
and
- _#enBo/2 (8.35)

“ T FE _E.+hv

from equations (8.30) and (8.31). The time-dependent first-order correction (equation
(8.25)) to the wavefunction is thus

n ﬁ Zw (/J'rn Eq e~ Hwntw)t + HBrn - Lo Eo e iwn ~w)t) , (8'36)

Wrn — W Wrn +w

with wrr, = (Er — En)/A.
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Rayleigh scattering involves no frequency shift of the scattered light (i.e., k = n for
M, (t)) and is based on the oscillating part of the quantum mechanical dipole moment,

ie.,

Moan(t) = (Un [l W) 2 (B0 + 00 ) 9O + w1
o (O ) (O (D) + (D ] D)
= M+ M) (8.37)

to first order. The term MSSZ, given by

(O | T ) = (W 1] Y} = B (8.38)

has no time dependence and is just the dipole moment of the molecule in state |¢,,).
This term does not result in any light %cattering and hence can be discarded leaving,

to first order, My (t) = (1)( t), with M§, (t) given as

—wwit . E ) m (N . EO)
M(l) _ € I“‘nr(/"‘rn 0 ro\Hnr
na(t) 2hK zr: Wrn — W + Wrn + W
uut
unr Horn E ) Hrn(“‘nr i EO)
. 8.39
+ 2h Z( Wrn +w + Wrp — W ( )

Rayleigh scattering is thus proportional to |Mf"22 obtained 11'~31n(T equation (8 39).
In exactly the same way, the transition dipole moment M (t) leads to transitions
from state |n) to state |k} with

MYt
’m( ) 2h Wep — W Wrk + W

Hwhn—w)t Z (Hkr(u‘rn i EO) + p‘rn(u‘kr i EO))

r

gt Wkn it Por (Brn - Eo) | Bon(pir - Eo)
o r\Mrn rn \Mkr 0 ) 8.40
E 2k Z( Wy + W + Wrk — W ) (8.40)

Once again, the zeroth order term,

(U | D) = pyetent (8.41)

has been discarded because it corresponds to a regular transition dipole moment of the
type that has been discussed in Chapter 1, so that it does not contribute to Raman
scattering.

For the Raman effect it is assumed that wg, = (Ex — Ey,)/k can be positive (Ey >
E.) for Stokes scattering or negative (E, < E,) for anti-Stokes scattering, and that
enough energy is available from the incident photon to induce the transition from |n >
to |k >, i.e., w > Wkn OF W — Wkn > 0 (sometimes referred to as “Klein?—* conditions”).
In addition, the second term on the right-hand side of equation (8.40) has an oscillating
dipole moment at a high angular frequency of wgy, +w, which is interpreted® (somewhat
surprisingly!) as a two-photon transition, and will not be considered further. The first
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term on the right-hand side of equation (8.40) has the correct angular frequency wi, —w
associated with the Raman effect.

The expression for the oscillating transition dipole moment for a Raman transition
from state |n > to |k > is thus given in first-order perturbation theory as

ei(wkn —w)t

(1) . Mir (”rn . EO) “’rn(#’kr ) EO)
M)(t) = —; > ( ) (8.42)

T

Consider the applied electric field to be given in terms of its laboratory Cartesian
components as

Eo = Eoxi+ Eovj + Eozk (8.43)

while the oscillating transition dipole moment also has Cartesian components,

Ml(cln) = Mx nl + My,knj + Mzknk, (8.44)

as do the matrix elements of the dipole moment:

Hyn = IJX,rni + NY,r'nj + IJZ,rnR- (845)

To make the meaning of equation (8.42) clearer, consider for example the X component
of M,(cln) (t) on the left-hand side in response to the Z component of Eg on the right-hand
side, in which case we may write

giwhn—w)t UX krlhZrn | BX,rnlZ k
M nt:———E : ’ TREEE ) E 8.46
Xn () 2k ( Wrn — W * Wrk +w ) 04> (8.46)

T

for comparison with the corresponding term from equation (8.9), namely,

px =axzEz. (8.47)

Before the comparison can be made, the substitution of Egz coswt for E in equa-
tion (8.47) needs to be made and then the kn-matrix element formed using the \Il,(co) t)

and \IISLO) (t) wavefunctions to give

Mx kn = (Vi (t)|dxz|¥n(t)) Eoz coswt. (8.48)

Converting the cosine to its exponential form and using \III(CU) = w,(co) e~wkt and UL =
WD etnt leads to

1 ~ (Wkn —w i (w w
Mx kn = §<¢,(c0)[axz|¢,(b0))Eoz (e’( kn—wit 4 gUwknt )‘) , (8.49)

and once again the high frequency term with wgn, + w can be ignored. Comparison of
equations (8.46) and (8.49) leads to the conclusion that

1 UX krlZrn | BX,rnlZkr
- —_ = 3 1 k] 9 8.50
axz h Z < Wrn — W * Wrk +w ( )

or in general

=5 D (“Z’kru”’"" + ““’""”J”") (8.51)

" Wrpn — W Wrk +w
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Figure 8.6: Energy-level diagram for the Stokes Raman scattering of fiw into fi(w — wkn) and
the dipolc matrix elements ur» and p-r that contribute to the polarizability tensor elements

Qeqj .

with i,j = X,Y, Z. The elements of the polarizability tensor are thus given by a sum of
dipole matrix element products divided by energy denominators as depicted in Figure
8.6 for the case of Stokes Raman scattering of an incident photon at fiw to A(w — wiy)-

The polarizability, equation (8.51), contains resonance denominators that cause a;;
to become large if the frequency of the applied electric field approaches that of an
atomic or a molecular transition—i.e., if w approaches w,,. In this casc, a single term
in the sum dominates and results in the resonance Raman effect. The resonance Raman
effect also leads to an enhancement in the Raman scattering, and with large (but finite!)
values of j, when an extra damping term is included in the denominator of equation
(8.51).1

The selection rules for Raman transitions from state |n) to state |k) are, as usual,
obtained by inspection of the transition dipole moment integral (8.42)

Mg = (‘Ilk“l"qln)v (8'52)

which is given in equation (8.46) in terms of the polarizability tensor elements a;,
equation (8.51). It is convenient to define formally a polarizability operator &;; as

by = E (Mz|7' (rluj uw)(rﬂi) (8.53)

Wrp — W Wrk t+w

so that taking matrix elements
iy = (k|dyj|n) = /¢;&ij¢n dr (8.54)

leads to the polarizability tensor values, o , of equation (8.51).
In terms of Raman selection rules, the time dependence of equation (8.52) is of no
consequence, and they are determined by the symmetry of ¥, ¥n, and &;; in equation
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Figure 8.7: Raman spectrum of liquid H20 in the O—H stretching region. The peak o the
right is the vy symmetric stretching mode, while the peak to the left is due to the 2uv; overtone
and the O—MH stretching mode of two (or more) hydrogen-bonded H2O molecules.

(8.54). The &;; operator is made up of dipole moment operators fi; and 5,1, = z,y, 2.
This means that in the molecular frame the six elements of the polarizability tensor
(Qggy Clyy, Ozz, Qgy, Qzz, a0d ;) all transform like the binary products of coordinates
x?,y?, 2%, ry, 2z, and yz when the symmetry operations of the point group are applied.
The symmetry of these binary products (or properly symmetrized combinations) are
listed on the right side of character tables. Thus the direct product

L(y7) ® I'(ai;) ® T(to) - (8.55)

must contain the A; irreducible representation in order for the corresponding integral
to be nonzero and give an allowed Raman transition from [0) to |1) .

For example, 22, 2, and 22 for the HoO molecule have A; symmetry, while zy, zz,
and yz have Az, By, and By symmetry, respectively. Thus the three normal modes of
Hy0, v1(ay), v2(a1), and v3(bs), are all Raman active (Figure 8.7).

Notice that if a molecule has a center of symmetry, then both g (for fundamentals)
and o;; have ¢ symmetry and consequently ¢, must also be of g symmetry. Thus all
Raman active fundamental transitions have g symmetry, if the molecule has a center
of symmetry. Correspondingly, all infrared active fundamentals must have u symmetry
since g has u symmetry. This leads to the rule of mutual exclusion, which states that
no fundamental mode of a molecule with a center of symmetry can be both infrared
and Raman active. Comparison of infrared and Raman band positions can thus be a
simple but powerful tool in deducing molecular geometry.

For the tetrahedral molecule CCly all four vibrational modes (1(a;) 459 cm™!,
va(e) 218 em™!, v3(t2) 762 cm™?, v4(t2) 314 cm™!) (see Figure 8.8) are Raman active.
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Figure 8.8: Vibrational Raman spectrum of liquid CCly.

This is in contrast to the infrared spectrum in which only v3 and v4 are observed. The
partially resolved doublet near 775 cm™! in the Raman spectrum is actually two Fermi
resonance transitions (762 cm™!, 790 cm™!) made up of nearly equal mixtures of v3(t2)
and v, + V4(t2).

Polarization

The typical Raman scattering geometry is shown in Figure 8.9. The intensity of light
scattered parallel (I;;) and perpendicular (1) to the incident electric field vector can
easily be measured with polarizers. The ratio p = I /1), called the depolarization ratio,
is an important clue in the assignment of a vibrational Raman spectrum, because it
depends on the symmetry of the vibrational mode.

From the theory of the Raman effect, it is known that a symmetric vibration has
0<p< % for lincarly polarized incident light.>8 For a non-totally symmetric vibration,
p = % for linearly polarized incident light, and the band is said to be depolarized. If
unpolarized light is used---as was done, for example, using a mercury arc lamp in the
prelaser era-—then p = g for a non-totally symmetric vibration.>% Thus a mcasure-
ment of the depolarization ratio will often distinguish between totally symmetric and
nonsymmetric vibrations. Totally symmetric vibrations, such as the C-—Cl stretching
mode (v1(a;) 459 cm™!') in CCly, tend to be strong scatterers with depolarization ratios
close to zero (Figurc 8.10), whereas this mode is forbidden in the infrared spectrum.

The physical origin of polarized scattering for a symmetric vibration is easy to
understand in classical terms. For example, in the case of a symmctric vibration for a
spherical top, the induced dipole is always parallel to the incident radiation and the
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Y4

I

Figure 8.9: Parallel and perpendicular Raman scattering.
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Figure 8.10: Vibrational Raman spectrum of liquid CCls showing the depolarization of the
bands. The upper trace corresponds to I and the lower trace to /.

molecule behaves like a tiny sphere (Figure 8.11): i.e., the polarizability ellipsoid is a
sphere. The scattered light is also polarized parallel to the incident light polarization
and p ~ 0 (Figure 8.11). Molecules with Oy, Ty, or I, symmetry behave in this way for
totally symmetric (a,) vibrations.
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p~0

Figure 8.11: Polarized light scattering by a sphere.

8.2 Rotational Raman Effect

The dipole moment induced in a nonrotating molecule when an electric field is applicd
is given in the laboratory frame by

© = akE, (8.56)

or, written explicitly in matrix format, by

J15% oxx axy oxz Ex
KLy = axy Qyy ayy Ey . (8.57)
[1%4 axz Oyz Qzz Ey

Since the polarizability tensor, like the moment of inertia tensor, is represented by a
real symmetric matrix, it is always possible to find an orthogonal transformation which
diagonalizes . This new molecular coordinate system is obtained by a rotation of the
molecular z-, y-, and z-axes such that the off-diagonal components of « are eliminated,

a 0 0
o= 0 a 0 |. (8.58)
0 0 o

As far as light scattering is concerned, the molecule is represented by the polariz-
ability ellipsoid. A spherical top molecule has a spherical polarizability ellipsoid and
thereforc behaves like a tiny sphere when an eclectric field is applied. The oscillating
clectromagnetic field is applied and the scattered light is detected in the laboratory
frame of reference. The rotation of the molecule therefore modulates the scattered light
for all molecules except spherical top molecules (Figure 8.12).

The rotational Raman effect is less restrictive than is microwave rotational spec-
troscopy because symmetric linear molecules without dipole moments such as Cly and
COg have pure rotational Raman spectra. However, spherical tops such as CHy, SFg,
and Cgp will not have observable rotational Raman spectra because an anisotropic po-
larizability tensor is required. In simple terms, an applied electric ficld can only exert
a torque on a molecule if the molecule is more polarizable along one direction than
another.
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Figure 8.12: Light scattering by a rotating molecule is modulated by the rotational motion.
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The rotational selection rules are obtained by evaluating the integrals
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in which the @;; are the direction cosines, the v¥; are rotational wavefunctions (v e Froe

and @ are both functions of the Euler angles 8, ¢, x, Figure 6.27) and ay; is the 0]+ 1 ';'

polarizability component in the molecular frame. The direction cosines are required ' The - .-
(Chapter 6) in order to transform between the laboratory and molecular coordinate
systems. Selection rules for rotational Raman spectroscopy are derived from matrix
elements of the products of the direction cosine matrix elements. As a result, AJ = +2
transitions are possible. In simple terms, since there are two photons involved in a

Raman transition, transitions with AJ = +2 are possible.

Compare the previous results with pure rotational microwave transitions in which where —
spaced 1 a7
of Nz.
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. - 8.3 Vi

= Zui/wi‘@iwo dr I1=X)Y,7; i=z,, 2. (8.60) Diatomic
2
The sci- -
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the direction cosines result in the selection rule, AJ = +1. spectrus: o
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Figure 8.13: Stokes and anti-Stokes S(0) transitions for the rotational Raman effect.

Diatomic Molecules

The selection rules for the rotational Raman cffect in linear Y% molecules are AJ =
0,£2. Only S-branch transitions (AJ = +2) are observable since the AJ = 0 transitions
correspond to the unshifted Rayleigh line. The definition of the S branch as AJ =
J' — J" means that both the Stokes and anti-Stokes transitions arc S-branch lines
(Figure 8.13), although this seems confusing at first sight. The definition of AJ is
Jupper — Jlower, N0t Janal — Jinitial, and as depicted in Figure 8.13, J = 2 is always above
J = 0. As shown in Figure 8.13, AJ = +2 for both the Stokes and anti-Stokes 5(0)
lines. The situation is analogous to microwave transitions of a linear molecule for which
only R branch (AJ = +1) transitions occur in both emission J +1 — J or absorption
J +1 « J, although the initial and final states are different.
The transition frequencics are given by

b o= ot (B(J+2)(J+3)—BJU+1))
= o+ B(4J +6) (8.61)

where + corresponds to anti-Stokes and Stokes transitions, respectively. The lines are
spaced by about 43 from each other. Figure 8.14 shows the rotational Raman spectrum
of N2 .

8.3 Vibration-Rotation Raman Spectroscopy

Diatomic Molecules

The selection rules for vibration-rotation Raman spectroscopy for '$* diatomic mole-
cules are Av = £1 and AJ = 0, £2. The vibrational transitions with Av = +2, £3, ...
are allowed weakly for the anharmonic oscillator, similar to infrared vibration-rotation
spectroscopy.
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Figure 8.14: Rotational Raman spectrum of N2. Notc the intensity alternation due to nuclear
spin statistics and the x's that mark instrumental artifacts called grating ghosts.

The rotational selection rules AJ = ~2,0,2 result in O, @, and S branches, respec-
tively, as shown in Figure 8.15. The vibration-rotation Raman spectrum of Ny is shown
in Figure 8.16.

The equations for the three branches are

g =g — (6B"+ (5B' — B")J" + (B’ - B"}(J")?)  J"=0,1,2,... (8.62)
b =iy~ ((B"-B")J"+(B'-B"YWJ") J'=0,1,2,... (8.63)

and
I;O . l;() _ (2.8/ N (3B/ + BII)JH 4 (BI - BI!)(JII)Q) Jn — 2‘ 3’ . (864)

in which &y = # — AGy, for the 1 — 0 Stokes spectrum. Notice that at high resolution
(Figure 8.16), the Q-branch lines can be resolved at high J because of the ABJ? term
in equation (8.63).

8.4 Rayleigh and Raman Intensities

Classical Theory

As discussed in Chapter 1, an oscillating classical dipole moment

§ = g coswt (8.65)
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Figure 8.15: Energy-level diagram and spectrum for vibrational Raman scattering of a linear
molecule.

radiates with total average power P (watts) given, from electromagnetic theory,” by

47 1
36063

amie
§EO~XZ|H0|2- (8.66)

In scattering, the incident electric field polarizes the molecule and induces a dipole
moment, p;.,q = aE, equation (8.1). The electric field oscillation is given by

E =Eqcoswt (8.67)

SO Minq Oscillates at the same angular frequency w and radiates with a total average
power
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0-branch Q-branch S—branch
ey,

S SN S B R N M e — g
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Figure 8.16: Vibration-rotation Raman spectrum of N;. Note the intensity alternation due to
nuclear spin statistics.

4mic(aEy)?
360)\4

In terms of the incident intensity I = egE3c/2 (equation (1.43)) the electromagnetic
wave leads to

P= (8.68)

8m3all
p=22 (8.69)
3e2t

for the scattered power per molecule. A scattering cross section g,y can be defined as

%
Oscat = T = W
and can be evaluated if a value for the mean polarizability o = & is available.

This scattering causes the extinction of a beam of light of intensity I falling on a
sample through an equation similar to Beer’s law, as depicted in Figure 1.12,

(8.70)

I = Lye sVl - [je=oscarl (8.71)

with the cross scction oy, due to scattering out of the beam rather than absorption.
In general, when a beam of light of intensity Iy is transmitted through a sample, the
light can be absorbed (with o = 04,5} as discussed in Chapter 1 or scattered (with
Oscat including both Rayleigh and Raman effects) as discussed here, so that the total
extinction of the beam (0aps + Fscat) is given as

I = [ge™ (TabsHTscat) N1 (8.72)

The mean polarizability & can be computed for use in equation (8.70) by ab snitio
methods (e.g., Figure 8.4 for Hy) or obtained from refractive index data (Problem 7). In
this example, the Rayleigh scattering of light by air leads to the attenuation coefficient
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B 32m3(n —1)26

Qgcat = Wa

with N the air density in molecules/m?, n the refractive index of air (Chapter 1,

Problem 2) and ¢ = 1.05, a small correction for the anisotropy of the Np and Oy

molecules. Rayleigh scattering of sunlight leads to red sunsets and blue skies because
of the A~* dependence of the attenuation coefficient geaq Of air.

Because Raman and Rayleigh scattering are so weak, a typical laboratory cxperi-
ment does not involve measurement of the small intensity change in an incident lascr
beam as given by cquation (8.71). Rather, a typical Raman experimental geometry is as
shown in Figure 8.9, with the incident electric field Eq polarized parallel to the Z-axis
and traveling in the X direction. The total scattered radiation, I’, is detected at 90°
traveling in the Y direction, and polarized in the X and Z directions. A polarizer could
be used to measure III! and I’ scparately, but generally just the total intensity I’ is
detected. The observed intensity of the scattered light, I’, in this typical 90° scattering
geometry is given from electromagnetic theory” as

(8.73)

I'= o2, (8.74)

per molecule. The prime is used on the scattered intensity I’ because the units are watts
per steradian (not watts/m?). The incident radiation of intensity Iy is an irradiance
(Chapter 1) and has the usual units of watts/m?. The oscillating electric ficld Eq is
along the Z-axis so the induced moments needed for scattering are

Uz =azzEoz (8.75)
ux = axzEoz. (8.76)

If there are Ny molecules per m3 in the initial state |0) in the scattering volume Vg,
and the incident intensity is Iy = epc|Fp|?/2, then the scattered intensities become

2

™
Iy = 3y a5 NoVslo, (8.77)

’ 2 2
1= =y @xz NoVslo, (8.78)
EGA
and
’ ’ ’ ? 2 2

I'= I+ 11 = 55 (@ z +azz)NoVsh. (8.79)

0

The molecules in the sample, however, generally have random orientations except
in the case of a single crystal, so that the polarizability elements must be averaged over
the different molecular orientations.>® The transformation between the laboratory and
molecular coordinate systems is given by direction cosines ®;; (Chapter 6), and as
shown in equation (8.59). The resulting average is given in terms of two quantities: the
mcan polarizability & defined as

o= (o +oy+az)/3 (8.80)
and the anisotropy -, defined as
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7% = ((ag — ay)® + (o — 02)% + (0 — az)?) /2 (8.81)

in the principal axis system. For the cascs of linear and symmetric top molecules for
which a; = oy, 7 reduces to o) — a1 (equation (8.15)). In particular, the required
orientational averages are

4502 + 4?

(%z) = 15 (8.82)

2

2 v 1
(aXZ) - 15’ (883)

and
4552 + 72

(0%2) +(okz) = —F— (8.84)

The final intensity expressions for the scattered light arc thus given in terms of & and
v as

2 (45a% + 42
I o= I NoVsl 8.85
I Y ( 5 ) oVslo, (8.85)
7\"2 ,72
I, = I (1) NoVso, 8.86
L €2\ (15) 0rsio (8-86)
and
2 /4562 + 742
j - NoVslo. 8
eiM ( 45 ) 07850 (887)

The depolarization ratio p = I, /1| has the simple expression

372

T 4502 + 442
As expected, for spherical tops 7 = 0 so p = 0 and the scattered radiation is lincarly
polarized as if the molecule was spherical. Expressions (8.81) to (8.88) assume linearly
polarized incident radiation as from a laser, but if unpolarized natural light is used, a
slightly different set of expressions is obtained.®

As always some care with units is needed. The units of &% and 7% can be deduced
from the basic equation (8.1) and are C2 m* V=2 or C* m* J=2. The units to be used
for the incident intensity Iy are W m~2 and the scattcred intensity I’ is in W sr™!,
with Ng in molecules per m3.

One of the main problems with scattering (Raman and Rayleigh) intensities, ', is
that equations such as (8.87) depend upon the particular experimental conditions, such
as the 90° viewing geometry, the state of the incident polarization, the size of the scat-
tering volume, and so forth. To remove at least some of the experimental parameters,
a quantity called the differential scattering cross section (do/d?) is defined by some
authors as

P (8.88)

I 2 562 2
do ™ (45a + 7y )7 (8.89)

dQ ~ NoVsly €2\ 45
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with units of m? per steradian. The concept of a differential scattering (or Raman)
cross section is not particularly useful, and it is just as easy to use the full equations
such as (8.87).

Vibrational Intensity Calculations

The general scattering intensity equations, (8.85) to (8.89), can be applied to the spe-
cific case of the vibrational Raman effect. Raman intensities of vibrational bands can be
estimated in the “double harmonic” approximation analogous to infrared vibrational
band intensities (Chapter 7). In the Raman case, the harmonic oscillator model is as-
sumed for each vibrational mode as in the infrared, but it is the polarizability expansion
(rather than the dipole expansion), that is truncated after the linear term: i.e.,

aai]-

or

a5(T) = Qe,ij + (r—re) (8.90)

Te

for a diatomic molecule. For the Raman transition from v to v/, the matrix element
(v'|a;(r)|v) is needed with

aai]‘

5| Wl —refo). (8.91)

(V'] (r)[v) = @e,5(v'|v) +

Te

The first term on the right-hand side of equation (8.91) is zero because ¥, and 1,
are orthogonal within a single electronic state, and the second term leads to the usual
harmonic oscillator selection rules Av = 1 (Chapter 7). Using equation (7.56) with
T =71 —Te gives

(v+1lr—re|v):< h )I/QW (8.92)

21ABW

for the v + 1 « v transition of the diatomic A—B with reduced mass pap.
The polarizability tensor elements a;; for the fundamental vibrational band (v =

1+ 0) are
Ao\"? bay, h 2 B,
Q7 = =
Y 2UARW or |, 872uARVI0 or

Equation (8.93) can be combined with equation (8.87) to yicld the intensity expression

(8.93)

Te

h 45(a')? + 7(v')?
I = NoVsl 8.
86[2])\4[LABU10 ( 45 0vsso ( 94)
with
da Oo da
1 x Y z
a = <—8r + B + 5 )/3 (8.95)
and

. do,  Bay\’ day, B, \? da, Baz\’
A2 z y ¥y z z z
) (< ar ar) +(8r 3r> +(0r 6r> /2. (896)
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In equation (8.94), the primes on & and v denote derivatives, while on I the prime
indicates that the units are watts/sr rather than watts/m?.

The lower state population density Ny can be replaced by the total population
density NV using the usual relationship for a harmonic oscillator from statistical ther-
modynamics,

N N

JVO o= q = —————-—1 _e—hylolk'r3

(8.97)
in which g is the partition function for a simple harmonic oscillator. The final inten-
sity equation for Stokes vibrational Raman scattering for the fundamental band of a
diatomic thus becomes

, h(v — 110)*NVs I, (45(6/)2 + 7(7’)2) ‘

_ 8.98
8edct paprio(l — e~ hrra/kT) 45 (8.98)

For polyatomic molecules the polarizability is expanded in terms of the normal mode

Q. with

aaij !

Qi = Qe iy T T . 8.99
J(Q’C) )17 ko ‘0 Q’C ( )
The expression for the scattered intensity for mode Qy is then
b (4560 + T
I = — k k2 ) NoVsl, 8.100
k 866)\4U’€ ( 45 0vsio, ( )
with the definitions
170 Do da
&), = Z o Y Z) 3 8.101
¢ (acek 5G: " o0:)’ (8.101)

and

do, o )2 (8(1 dax )2 (aa da )2

ry2 __. z K K] Z 2 T

vwE=ilags 55 ) 1l — ¢ + - 2 8.102

) ((an s0.) "\o. "8a.) T\sa “aa.) )P B
For a polyatomic molecule, the equation corresponding to (8.98) for Stokes Raman

scattering by a fundamental mode Q is given similarly by

. kv —w)'NVsly (45(&L)z + 7(’712)2>

I - 8.103
k Bec gy 45 ( )

with ¢, the total vibrational partition function. The formula (8.88) for the depolariza-
tion ratio also applies, but with the polarizability derivatives, @ and +', replacing the
polarizabilitics, @ and .

The units of polarizability, &, are not always easy to understand becausc the SI
units of C m? V~! obtained from the basic equation (8.1) are often not encountered.
If equation (8.1) is used with cgs units, then surprisingly the dimensions of & are cm3
so a values arc traditionally reported in A3 (1 A® = 1072* ¢m3). One can imagine
that the polarizability ellipsoid has this “pseudo volume” in these non-SI units. The
conversion from polarizabilities in A3 to C m? V~! involves multiplication by the factor
of dzeg x 1079, j.e.,

ry
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a/(Cm?V™!y = 1.1126501 x 10~ %a/(cm?) (8.104)
= 1.112650 1 x 10~%a/(A") (8.105)

Ab initio computer programs use atomic units internally, and the atomic units for
polarizability can be deduced from equation (8.51). The atomic units for a are aje? / Ey,
with ao the Bohr radius and Ej, the hartree (1 hartree = 2 Ry, = 2194746312 cin™!).
The numerical conversion factor from atomic units is given as

a/(Cm? V™) = 1.6487772 x 10" Yo/ (aZe?E; ). (8.106)

8.5 Conclusions

There has been a renaissance in Raman spectroscopy with the availability of lasers,
Fourier transform spectrometers, and sensitive array detectors. Although Rayleigh scat-
tering is weak and Raman scattering even weaker (typically 107° of the incident radi-
ation), Raman spectroscopy has a number of important attributes.

Raman spectroscopy has different selection rules than do direct electronic, vibra-
tional, and rotational spectroscopies, so it provides complementary information, cspe-
cially for centrosymmetric molecules. Raman spectroscopy uses visible light to obtain
electronic, vibrational, and rotational information about molecules. Since the technol-
ogy for generating, manipulating, and detecting visible light is often more advanced
than the corresponding infrared and millimeter wave technology, this can provide an
important expcrimental advantage. The water molecule is a relatively weak Raman
scatterer but a strong infrared absorber. Because of this fact, Raman spectroscopy is
often the technique of choice for the vibrational spectroscopy of molecules in aqueous
cnvironments. For example, the vibrational spectroscopy of biological samples (which
are altered by dehydration) is usually best carried out by Raman scattering.

Problems
1. Which normal modes of ethylene are Raman active? (Sec Problem 1 of Chapter 7.)

2. For thz moleccules in Problem 2 of Chapter 7, which modes are infrared active
and which are Raman active?

3. Discuss the Raman activity of the normal modes of the molecules in Problems 4,
5,12, 14, 15, 16, and 17 of Chapter 7.

4. For the ICI molecule the following spectroscopic constants are listed in Huber and
Herzberg’s book:

we = 384.293cm™!
wWeZe = 1.501em™!

B, = 0.1141587cm™!
a. = 0.0005354cm™".
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(a) Predict the pure rotational Raman spectrum. What will be the Raman shift
of the two lines closest to the exciting laser line?

(b) Predict the pattern of the Stokes vibration-rotation Raman spectrum for
the fundamental band. What will be the Raman shifts of the S(0) and O(2)
lines from the exciting laser line at 5145 A?

5. Fill in the following table with a yes (Y) or a no (N) to indicate allowed spectro-
scopic transitions. Answer yes if one or more modes or transitions are allowed,
and no if all modes or transitions are forbidden.

Rotational | Vibrational
Molecule | Rotational | Vibrational Raman Raman

H,O
SFg
CS,
N,O
Allene

Benzene

Cl,

6. The vibrational Raman spectrum of the SO%’ anion of Cz, symmetry exhibits
four bands in aqueous solution: 966 cm™! (strong, p); 933 cm™! (shoulder, dp);
620 cm~! (weak, p); and 473 cm™! (dp) (p = polarized; dp = depolarized). Assign
the symmetries of the bands and describe the motion of the normal modes.

. The attenuation of sunlight by Rayleigh scattering is described by equation (8.71).

(a) Derive equation (8.73) using the Lorentz-Lorenz relationship between the
mean polarizability & and the refractive index n:

n? -1

alN = 3eg———.
@ €0n2+2

N is the molecular density in molecules/m3.

(b) At 500 nm, what is the amount of direct sunlight (1 — I/I) removed by
Rayleigh scattering as measured by a person on the earth’s surface? Use the
refractive index for air (at 1 atm) given in Question 2 of Chapter 1. Assume
that the atmospheric pressure p (and the density N, the quantity n — 1,
and consequently 0yca¢) obey the barometric law, p/po = e %/, with z the
height above the ground and the atmospheric scale height, H, taken as 8
km. Do the calculation for a solar zenith angle of 0°, i.e., the sun is directly
overhead. Take the temperature as 15°C and ignore its variation with height.

. The mean polarizability & of Ny gas has been found to be 1.778 A3 by measure-
ment of the refractive index (Problem 7) at 5145 A. The polarizability anisotropy
v has been determined to be 0.714 A3 by measurement of the depolarization of
scattered light from an argon ion laser operating at 5145 A.
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(a) What was the measured depolarization ratio?

(b) The argon ion laser beam has a power of 1 W and is focused to a 10 pm spot
(i.e., approximately a cube with 10-pm sides) in Ng at 1 atm pressure. A 2-
cm diameter lens with a focal length of 10 em collects the photons scattered
at 90°. What is the scattered power detected, assuming no optical or detector
losses? How many photons/s are detected?

. Pecul and Coriani (Chem. Phys. Lett. 355, 377 (2002)) have calculated the deriv-

atives of the mean polarizability & = da/dr and v = Jv/0r at r, for Na. At
5145 A, they obtained &' = 6.61 and 4/ = 7.80 in atomic units. (Hint: Atomic
units for & and 7' are ape?E; ', while atomic units for & and v are a2e?E} ")

(a) What is the depolarization ratio for the fundamental Stokes Raman vibra-
tional band?

(b) For the experimental conditions of Problem 8, compute the scattered power
for the Stokes Raman fundamental band at 2330 cm™!.
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