APPM 5440: Applied Analysis I
Solutions to Problem Set One
(i) di a metric = dy(z1,y1) > 0 and di(x2,y2) > 0 which implies that

d(z,y) = di(z1,y1) +di(z2,2) >0 +/
N N

Also, d; a metric = d1 > 0 = d(x,y) = 0 if and only if both dy(z1,y1) = d1(z2,y2) =0
and dy a metric = di(x1,y1) = 0 and dy(z2,y2) = 0 if and only if 1 = y; and x93 = yo
which happens if and only if (z1,y1) = (z2,y2). Thus

d(z,y) =0 & r=y.

(ii)
d1 metric d

d(y,z) = di(y1,21) + di(y2, v2) = di(@1,91) + di(z2,92) = d(z,y)

(i) For z = (21, 22),

d(ﬂ?,y) = dl(:El)yl) + d2($27y2)

<di(z1,21)+d1(21,Y1)  <di(T2,22)+d1(22,y2)
< [di(zr, 21) + di(z2, 22)] + [di(21, y1) + di(22,92)]

= d(z,z)+d(z,y) v

i
. |2l lmae = max{|z1],[z2], ..., |znl} 2 0
since |x;| > 0 for all i =1,2,....
Furthermore, the only way for max{|xi|,|z2|,...,|zn]} = 0 is to have x; = z9 =
-,z = 0, or, equivalently, x = (0,0,...,0). /
(ii) For A € R, x = (z1,22,...,2n) = Ax = (Az1, Az, ..., Axy,). Thus,

||)\$||max = max{|>\:n1|,|)\x2|,...,|)\:1:n|}
= max{|A[ - [z1], [A[ - [z2], ..., [Al|lznl}
= [Mmax{|z1], |zal,..., |za|}

= A |7|lmae v/



(i) z = (z1,22,...,2,) and y = (Y1, Y2, - . ,Yn) imply that

r4+y=(r1+y, 2+ Y2, ., Tn+ Yn)-

So,
|z + Yllmae = max{|z1 + 1], lz2 +v2l,. ., [2n + yal}
< max{lay| + [y, [z2] + g2l |2n] + [yal}
= max{[z1], |zal,. .., [wnl} + max{[y],[y2], ..., [ynl}

= |[2llmaz + [[Yllmaz \/

3. By the triangle inequality,
d(z,z) < d(z,y) + d(y, ).

Thus,
d(l‘, Z) - d(y7 Z) < d(l‘, y) (1)

On the other hand,
d(y,z) < d(y,z) + d(z,z) = d(z,y) + d(z, 2)

implies that
—d(.il', y) < d(.ﬁl’, Z) - d(y7 Z) (2)

(1) and (2) together imply that
‘d(x7z) - d(y7z)‘ < d(a:,y),

as desired.

4. First note that

[
1=1=1-z+z| <|1 -2+ |z = 1—|z| <1 —=z|
and
* k+1
n
Zxk _l-a +
o 1—z.
So,
1 _$n+1 1 ﬂj‘n+1 |xn+1| |x|n+1 |x|n+1 want
— p— = == 6-
1—x 1—x l—z| [1—z |1—2z = 1—|z

That is, we want
"+ < e(1 — )



for large enough n.

Since |z| < 1, we know that |x|"*! goes to 0 as n — oo. Therefore, 3 N € N s.t.
2" < e(1 — |z|) V' n>N,

as desired.

. Since the sequence (d(x,,y,)) lives in the reals, we only need to show that it is a Cauchy
sequence. Then, by completeness of R we are done!

Let € > 0.
To show that (d(zy,yn)) is Cauchy sequence, we want to show that 3 N € N s.t.

|d($myn) - d($myym)| <e
whenever m,n > N.

Since (z,,) and (y,) are Cauchy sequences, we know that we can get d(x,, x,,) and d(yn, Ym)
as small as we want for large enough m and n.

Now, by two applications of the traingle inequality, we get

d(xn,yn) < d(xnv$m)+d($myyn)

< d(zp, xm) + d(@m, Ym) + A Ym, Yn)
S0
d(Tn, Yn) — AT, Ym) < d(Tn, Tm) + A(Ym, Yn)- (3)
On the other hand,

< d(ZEm, xn) + d(xm yn) + d(ym ym)

S0

d(ﬂjm,ym) - d($nayn) < d(fnm’xn) + d(ymym)
which is equivalent to
Now (3) and (4)) imply that

ld(zn, yn) — d(@m, ym)| < d(@n, 2m) + d(Yn, Ym)
(z5,) Cauchy implies 3 Ny € N such that d(x,,z,,) < £/2 for all m,n > Nj.
(yn) Cauchy implies 3 No € N such that d(yn,ym) < €/2 for all m,n > N,.

Take N = max{Nj, No}. Then both d(xy,,zn) < /2 and d(yn, ym) < €/2 will hold for all
m,n > N and thus

|d(xn7yn) - d($m7ym)| S d($n7$m) + d(yn7ym) < 6/2 + 6/2 =€
for all m,n > N.

Therefore, (d(zy,y,)) is a Cauchy sequence.



6. (Note: I'm going to change R" to R¥ so i can use the usual m’s and n’s for our Cauchy
sequences.) As mentioned in class, you do not need to verify that R¥ is a linear space and

that the given norms are proper norms. All you need to do is verify, for each norm || - ||, that
the space is complete with respect to the induced metric d(z,y) = ||z — y||-
Let (x,) be a sequence in R*. That is, each z,, is a vector z, = (Zn1, Zn2, - -, Tnk)-

(a)

Suppose that (z,,) is any Cauchy sequence with respect to the metric d(x,y) induced by
the Euclidean norm, || - ||.

Then for any € > 0, 3 N € N s.t.

d(zp,xm) < e vV m,n > N.

But,
A(Tn, Tm) = |[Tn = Tm|| = V(@01 = 2m1)? + (@2 — Tm2)? + -, (T — Tk
< V(@n — 2?2+ V(@2 — 2m2)? + - 4+ V (@nk — Tmk)? (A-ineq)
= |z — 2ol + |zn2 — Tma| + -+ [Tk — Tk
So

|xn1_xm1|+|$n2_xm2|+"'+|$nk_$mk|<€ VY m,n > N.

This implies that each |z,; — x| < € for all m,n > N for i =1,2,... k.

Thus, the k components of (z,,) form k one-dimensional Cauchy sequences in R. By
completeness of R, each of these component sequences converge, say lim, .o Tn; = T; €
Rfori=1,2,...,k.

Thus, (z,,) converges in R¥since

nh_)ngoa;n = nh_{lgo(x"l’x"?’ cey Tpk) = (1,20, .., xp) = x € R.
Therefore R* is complete with respect to the metric induced by || - || and is a Banach

space.

Suppose that (z,,) is any Cauchy sequence with respect to the metric d(x,y) induced by
the 1-norm, || - ||;.

Then for any € > 0, 3 N € N s.t.
d(xp, xm) < € VY m,n> N.
But,
A(@nsTm) = |[zn — 2w/l = |21 — 2| + T2 — Tma| + -+, [Tk — Tk

SO
|33n1_33m1|‘|‘|517n2_517m2|+"'7|$nk_$mk|<6 vV m,n > N.

The remainder of the problem is identical to part (a).



(c) Finally, suppose that (z,) is any Cauchy sequence with respect to the metric d(x,y)
induced by the max norm, || - ||maez. Then for any ¢ >0, 3 N € N s.t.

d(zp,xm) < e vV m,n > N.

But,
d(xnyxm) - Hxn - xm”ma:c = maX{’xnl - xml‘y ’xn2 - xm2‘7 Tty ‘xnk - xmk’}
SO
max{|zp1 — Tm1l, [Tn2 — Tmal, -+, [Tok — Tmkl} <V m,n > N
which implies that each of |z,; — Zmi| < eV m,n > N for each of i = 1,2,... k.

Again, the remainder of the problem is identical to part (a).



