
Homework 5 and 6
APPM 4720/5720 Spring 2017
Advanced Convex Optimization

Due date: Friday, Feb 24 2017
Theme: Convex optimization Instructor: Dr. Becker

Instructions Collaboration with your fellow students is allowed and in fact recommended, although direct
copying is not allowed. The internet is allowed for basic tasks. Please write down the names of the students
that you worked with. An arbitrary subset of these questions will be graded.

Reading Read chapter 4 in [BV2004]. We will skip sections 4.5 and 4.7 in lecture (geometric programming
and vector optimization), so please at least skim these to get an idea of the subject.

Homework 5
Both Homework 5 and Homework 6 relate to logistic regression. We follow Kevin Murphy Machine Learning
(2012). On our D2L website, we have included two pages of introduction to logistic regression from his
textbook, so we recommend you read that first.
We follow machine learning notation, and let w ∈ Rp be our decision variable, which represents weights

for the columns of the n × p data matrix X, where the ith row of X is xT
i . We use bold for vectors, while

scalars and matrices are not bold (but matrices are capital letters). Let

σ(a) def= 1
1 + e−a

= ea

ea + 1

be the sigmoid/logistic/logit function. See Fig. 1 left. This function is not convex, but − log(σ(a)) is
convex, and this is what is used in maximum likelihood.
We assume that we collect data xi, and a binary response variable yi which is the label, where

yi =
{

+1 with probabilityσ(wT xi)
−1 with probability 1− σ(wT xi)

.
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THE WOLFE CONDITIONS

A popular inexact line search condition stipulates that αk should first of all give
sufficient decrease in the objective function f , as measured by the following inequality:

f (xk + αpk) ≤ f (xk) + c1α∇ f T
k pk, (3.4)

for some constant c1 ∈ (0, 1). In other words, the reduction in f should be proportional to
both the step length αk and the directional derivative ∇ f T

k pk . Inequality (3.4) is sometimes
called the Armijo condition.

The sufficient decrease condition is illustrated in Figure 3.3. The right-hand-side of
(3.4), which is a linear function, can be denoted by l(α). The function l(·) has negative slope
c1∇ f T

k pk , but because c1 ∈ (0, 1), it lies above the graph of φ for small positive values of
α. The sufficient decrease condition states that α is acceptable only if φ(α) ≤ l(α). The
intervals on which this condition is satisfied are shown in Figure 3.3. In practice, c1 is chosen
to be quite small, say c1 $ 10−4.

The sufficient decrease condition is not enough by itself to ensure that the algorithm
makes reasonable progress because, as we see from Figure 3.3, it is satisfied for all sufficiently
small values of α. To rule out unacceptably short steps we introduce a second requirement,
called the curvature condition, which requires αk to satisfy

∇ f (xk + αk pk)T pk ≥ c2∇ f T
k pk, (3.5)

for some constant c2 ∈ (c1, 1), where c1 is the constant from (3.4). Note that the left-hand-
side is simply the derivative φ′(αk), so the curvature condition ensures that the slope of φ at
αk is greater than c2 times the initial slope φ′(0). This makes sense because if the slope φ′(α)

αl( )

φ (α f(x +) = kαk p )

acceptableacceptable

α

Figure 3.3 Sufficient decrease condition.
Figure 1: Left: The sigmoid function σ. Right: the sufficient decrease (Armijo) condition.
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We can write the above in the compact form p(yi | w,xi) = σ(yiwT xi) since σ(a) = 1 − σ(−a). If we
collect y = (yi)n

i=1 observations, then the probability of observing this realization of the random variable is
p(y | w, X) =

∏n
i=1 p(yi | w,xi) and so the negative log-likelihood (that is, make this into a function of w),

which we will use as our objective function, is

`(w) def= − log(p(y | w, X)) =
n∑

i=1
log(1 + e−yiwT xi).

Remark: The above definition uses the natural log, and assumes y ∈ {−1, 1}. If you use y ∈ {0, 1} then we
need to change ` and ∇` slightly.

Remark: With the function f(a) = log(1 + ea), we have some numerical issues that we have to be aware
of whenever |a| is large. Suppose a = 400 · log(10), then ea = 10400 is huge, and ea ≈ 1 + ea so we expect
f(a) ≈ a. However, the intermediate calculation of ea gives 10400, which is numerical overflow (i.e., in double
precision, this number is too large to store. In Matlab, you can see the limit with realmax, and is about
1.7977e+308). So this number is treated as Infinity or NaN, and we cannot take its log. To get around
this, when a is large, can write log(1 + ea) = log(ea(e−a + 1)) = a+ log(e−a + 1). This leads to our second
problem: how to find f(a) when a is small (i.e., very negative). If a = −20 log(10) then ea = 10−20, and
numerically, 1 + 10−20 = 1 because 10−20 is smaller than the “machine epsilon” (in Matlab, with double
precision, this is eps, and about 2.2204e-16), so evaluating f(a) would just give log(1) = 0. To fix this, use
Matlab’s log1p function (or numpy.log1p in Python) which calculates log(1+ ε) accurately for small ε using
a smarter method such as an explicit Taylor series expansion.
A similar numerical issue arises when we want to find f(a, b) = log(ea + eb), or more generally, f(x) =

log(
∑

i e
ai), known as the log-sum-exp function for obvious reasons. If a � b, then ea � eb and we lose

precision when we add these, so f(a, b) ≈ log(ea). We can restore some precision by multiplying by e−a, much
as we did in the above paragraph. In general, we subtract off maxi xi; this is known as the “log-sum-exp
trick.” In Python, this is implemented for you by numpy.logaddexp. Many of these logaddexp/log-sum-exp
functions are implemented so that evaluating them on the n×2 matrix [a, b] gives

∑n
i=1 log(eai + ebi), which

can be converted to
∑n

i=1 log(1 + eai) by using b ≡ 0.

Problem 1: Derive

∇`(w) = −
n∑

i=1
σ(−yiwT xi)yixi

using calculus (first derive σ′(a) = σ(a)(1− σ(a))), and implement this in Matlab or Python.
When implementing, rewrite this to use matrix multiplication instead of a sum, as the code
will be much faster. One way to do this is to define µ = (µi)n

i=1 with µi = σ(yiwT xi) and then
∇`(w) = −XT (y� (1− µ)) where � represents element-wise multiplication (.* in Matlab).

Problem 2: a) Derive ∇2`(w) =
∑n

i=1 µi(1− µi)xixT
i = XTSX where S def= diag(µi(1− µi)).

b) Assuming all data is real-valued (no ±∞), then 0 < µi < 1. Is `(w) convex? strictly con-
vex? strongly convex? Is∇`(w) Lipschitz continuous? If so, what constant? Prove/disprove
your answers (you may assume that X is full-rank and n× p with n ≥ p). Hint: the Lip-
schitz constant can be found as L = sup(w)‖∇2`(w)‖, where ‖ · ‖ is the spectral norm.
See wikipedia’s matrix norm page for background on the spectral norm. You may want
to use that it is sub-multiplicative, i.e., ‖AB‖ ≤ ‖A‖ · ‖B‖.

Problem 3: Problem 4.11 (a), (b), (d) from [BV2004].

Problem 4: Read/skim (but do not solve) the problems from chapter 4 of [BV2004]. In particular, 4.12,
4.15, 4.23, 4.24, 4.26, 4.28, 4.40, 4.44/2.37, 4.45, 4.57, 4.59.

Problem 5: Brainstorm 3 possible project ideas (a title for each one), and write a few sentences with more
detail on at least one of these ideas. These ideas are not binding.
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Problem 6: List at least 2 potential partners (and their emails) for the project, and at least one of these
potential partners should be someone you did not know from before the class. Make
sure to get the partners’ permission! Note: this is NOT binding, and you are not required to
be partners with these people for the final project.

Homework 6: logistic regression and gradient descent
Problem 1: Make a gradient check. We will want to use `(w) and ∇`(w) in our code, but first we want

to be sure we implemented them correctly. Write a function gradientCheck which takes as
in put a function f , its purported gradient ∇f , and a starting point x0 (or information about
the size of its domain), and then run several checks that this indeed is the gradient. Here are
some ideas (these are all valid ideas, but some are more robust to roundoff errors than others;
you may wish to implement all of them). Note: all of these tests use a length-scale h, and you
should make a loop where h decreases every time, as we are interested in the behavior as
h→ 0 (assuming f is well-scaled, we should not expect reliable results below about h = 10−8

if working in double-precision; see Nocedal and Wright’s chapter 8).

a) Make a finite difference approximation of the gradient vector g using gi ≈ f(x0+hei)−f(x0)
h

where ei is the ith unit vector, and then compare this to ∇f(x0).

b) Same as above, but use a centered-difference approximation gi ≈ f(x0+hei)−f(x0−hei)
2h

c) This check is faster as we only evaluate f at one new point. Pick x1 in the domain of f , and
then verify that |f(x0)−f(x0+hx1)| = O(h) while |f(x0)+〈∇f(x0), hx1〉−f(x0+hx1)| =
O(h2). See Dolfin Adjoint documentation for details

d) Combining the checks (b) and (c) above, and assuming f has 3 continuous derivatives,
then we can make an O(h3) check as follows. Pick x1 as in (c), and let x̃ = x0 + hx1,
then:

f(x̃) = f(x0) +∇f(x0)T (x̃− x0) + 1
2(x̃− x0)T∇2f(x0)(x̃− x0) +O

(
‖x̃− x0‖3)

f(x0) = f(x̃) +∇f(x̃)T (x0 − x̃) + 1
2(x0 − x̃)T∇2f(x0)(x0 − x̃) +O

(
‖x0 − x̃‖3) .

Subtracting these equations gives

−2 (f(x̃)− f(x0)) + (∇f(x0) +∇f(x̃))T (x̃− x0) = O
(
‖x̃− x0‖3)

= O(h3).

e) Run this gradient check code on some function/gradient pairs that you are sure you have
done correctly (e.g., try a 1D linear, quadratic, and cubic — do you get the results you
expect? Try a large dimensional quadratic. Is your code robust to scaling f and g to
be large or small?). Run your check when you purposefully calculate the gradient slighly
incorrectly. Can you use your check to reliably distinguish correct gradients?
Then run this on your logistic function/gradient pair to confirm that you implemented

the gradient correctly. If you implement all the checks, then the output might look
something like this (the columns correspond to h, and then the tests (a)–(d) including
the O(h) sanity check from (c)):.
1.5e+00 1.9e-01 5.4e-02 6.4e+04 1.4e+04 1.3e+04
1.5e-01 1.6e-02 6.2e-04 1.3e+03 1.1e+02 1.0e+01
1.5e-02 1.6e-03 6.1e-06 9.4e+01 5.4e-01 4.2e-03
1.5e-03 1.6e-04 6.1e-08 7.7e+00 7.0e-03 4.8e-06
1.5e-04 1.6e-05 6.4e-10 8.7e-01 6.2e-05 4.6e-09
1.5e-05 1.6e-06 3.4e-10 2.9e-01 2.5e-06 9.4e-11
1.5e-06 1.6e-07 1.1e-09 9.6e-03 8.5e-09 2.2e-11
1.5e-07 4.3e-08 2.2e-08 4.2e-03 7.2e-10 3.0e-11
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f) Note that it is hard to observe the higher-order behavior, as numerical issues will be an
issue when h is small, and this break-down point is higher for higher-order methods. In
the above example, the third-order method gains 3 decimal places of accuracy for every
factor of 10 decrease in h, but this only happens for h in the regime 100 to 10−4, as
smaller h leads to numerical issues. For central differences, the error actually increases

when h < 10−5. See the figure:
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Deliverables: Please upload your gradientCheck function to the google drive folder, and
include a write-up/print-out from the results of part (e).

Problem 2: Linesearch: in practice, using a constant stepsize t is restrictive and leads to sub-par perfor-
mance. Using a backtracking linesearch that never increases the stepsize at future iterates is a
quick theoretical fix when you do not know the Lipschitz constant, but also sub-par in practice.
For nonlinear programming (e.g., non-convex objectives), there are quite a few considerations,
including this discouraging wisdom:

“A line search algorithm that incorporates all these features is difficult to code. We
advocate the use of one of the several good software implementations available in the
public domain. See Dennis and Schnabel ’83 [92], Lemaréchal ’81 [189], Fletcher ’87
[101], Moré and Thuente ’94 [216] (in particular), and Hager and Zhang ’05 [161].”

— Nocedal and Wright, Numerical Optimization 2006

Standard line search criteria are the Wolfe conditions (consisting of the Armijo condition
for sufficient decrease (see Fig 1 right), and a curvature condition to prevent short-steps),
and the Goldstein conditions. We also need a linesearch procedure which tells us how to
generate potential step-sizes, that are then tested against the criteria.
However, if the function is convex, and we use a backtracking linesearch procedure, then

everything simplifies a bit, and we really only need to test the Armijo condition. Specifically,
assume we are at the point xk and have a search direction pk (for gradient descent, pk =
−∇f(xk)). The procedure looks like
1: Initial estimate t
2: Parameters 0 < ρ < 1 and 0 < c < 1 . Typical values are c = 10−4 and ρ = 0.9
3: while f(xk + tpk) > f(xk) + ct〈∇f(xk), pk〉 do
4: t← ρt
5: end while

The test statement in the “while” loop is the Armijo condition (or more exactly, the Armijo
condition is when f(xk + tpk) ≤ f(xk) + ct〈∇f(xk), pk〉). If pk = −∇f(xk), then the test is
accepted when f(xk + tpk) ≤ f(xk)− ct‖∇f(xk)‖2. In general, the second term is negative as
long as pk is a descent direction (specifically, 〈∇f(xk), pk〉 < 0 is the definition of a descent
direction). One can prove this linesearch procedure will terminate; for example, if c = 1

2 , then
t = 1

L should be accepted.
What is a good estimate for the initial stepsize to try? A simple idea is to use the final

stepsize from the previous step, but this can be unnecessarily small. You may want to do this,
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but increase the stepsize by a factor of 2 (or increase it if the previous linesearch procedure
had satisfied the Armijo condition on the first try).
Deliverables: None, just include the linesearch in your code for Problem 3 below.

Problem 3: Code a gradient descent solver. It should take the function and gradient as input (it is up to
you for the convention, but you may want to follow the convention of your favorite first-order
solver from HW 4), and you should be able to control the stopping tolerance (for now, you can
stop when the change in the variable from one iterate to another is small than a tolerance),
the maximum number of iterations, etc. Allow both fixed stepsize and linesearch options.
Deliverables: No print-out or write-up required, but upload the code to the Google drive

folder.

Problem 4: Logistic regression for spam email classification (adapted from exercise 8.1 in Murphy).
Consider the email spam data set discussed on p300 of (Hastie, Tibshirani, Friedman The

Elements of Statistical learning 2nd ed, 2009). This consists of 4601 email messages, from
which 57 features have been extracted. These are as follows:

• 48 features, in [0, 100], giving the percentage of words in a given message which match a given word on
the list. The list contains words such as “business”, “free”, “george”, etc. (The data was collected by
George Forman of HP labs, so his name occurs quite a lot.)

• 6 features, in [0, 100], giving the percentage of characters in the email that match a given character on
the list. The characters are ; ( [ ! $ #

• Feature 55: The average length of an uninterrupted sequence of capital letters (max is 40.3, mean is 4.9)
• Feature 56: The length of the longest uninterrupted sequence of capital letters (max is 45.0, mean is 52.6)
• Feature 57: The sum of the lengths of uninterrupted sequence of capital letters (max is 25.6, mean is

282.2)

Load the data from spamData.mat, which contains a training set (of size 3065) and a test set
(of size 1536). You can get this online in Matlab format at https://github.com/probml/
pmtk3/tree/master/data/spamData or in plain text at ftp.ics.uci.edu. If you use the plain
text version, there is no predefined testing/training set, so just shuffle the data then pick a
training set of size 3065 and use the rest for testing (or, use the Matlab format data along with
scipy.io.loadmat).
There are different methods to pre-process the data, e.g., standardize the columns of X (we

can standardize the rows of X, but this just is absorbed into w). For this problem, transform
the features using log(xij + 0.1). One could also add some regularization to the loss function
(e.g., add λ/2‖w‖2 for a small λ) which can help generalization error, but this is not necessary.
Also note that you need to transform the labels from {1, 0} to {1,−1}.
Run your gradient descent solver with the logistic function (using the training data only) to

obtain a classifier w. From w, make your classification according to whether σ(wT xi) > 0.5
or not. Your mis-classification rate should be around 0.052 on the training data, and around
0.059 on the testing data, which is not bad! Optional: which features are most important?
(the labels are at ftp.ics.uci.edu).
Deliverables: No code is necessary, but please have a write-up that discusses your final

results (see above paragraph) and any issues, and also include a plot of function value vs
iteration (you may use fminunc_wrapper_simple.m to help with his).
Optional Re-run this using a fancier algorithm (which you do not need to code yourself),

e.g., in Matlab, Schmidt’s minFunc uses L-BFGS by default, or use Goldstein’s FASTA which
uses a Nesterov accelerated method.

Appendix: Logistic Regression for Classification, yi ∈ {0, 1}
For your reference, we derive the logistic loss when the labels yi are in {0, 1} and not {−1, 1}.
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In the case yi ∈ {0, 1}, logistic regression corresponds to the following binary classification model:

p(y|x,w) = Ber(y|σ(wTx)) = (σ(wTx))I(yi=1)(1− σ(wTx))I(yi=0) (0.1)

where σ(wTx) = 1
1 + exp(−wTx) = (1 + exp(−wTx))−1. For simplicity define µi = σ(wTxi) (note that

this is not quite the same µi that we used for yi ∈ {−1, 1}). The negative-log likelihood is then given by:

`(w) = −
N∑

i=1
log[µI(yi=1)

i · (1− µi)I(yi=0)]

= −
N∑

i=1
[yi log(µi) + (1− yi) log(1− µi)]

= −
N∑

i=1
[yi log((1 + exp(−wTxi))−1) + (1− yi) log(exp(−wTxi) · (1 + exp(−wTxi))−1).

Using properties of the logarithm and some algebra, this simplifies to:

`(w) = −
N∑

i=1
−yi log(1 + exp(−wTxi)) + (1− yi)(−wTxi)− (1− yi) log(1 + exp(−wTxi))

=
N∑

i=1
log(1 + exp(−wTxi)) + (1− yi)wTxi.

Now, we derive the derivative with respect to our decision variable w. For the j-th component, we have:

∂`(w)
∂wj

=
N∑

i=1

− exp(−wTxi)xij

1 + exp(−wTxi)
+ (1− yi)xij

=
N∑

i=1
σ(wTxi)xij − yixij .

That is,
∇`(w) =

∑
i

(µi − yi)xi = XT (µ− y). (0.2)

The Hessian can be found in a similar manner.
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