1 Econ 7818 a few questions on populations,

sampling, joint density function of the sam-
ple, etc.

Set 4, Dec 27, 2009

1. Assume a rv X with some population density function fx(z). Assume
a random sample of size n from this density function. Part 1: Specifiy
and describe the joint density function for random samples of size n taken
from this population. A statistic of a sample of size n is of the form
s = s(X1, Xa, ..., Xp,), where X, is the j'* draw. Describe to the reader
how you would, in general terms, determine the expected value of s, E[s],
and the variance of s, o2

Part 2: Now choose and specify a functional form for fx(z); choose a
density function with one or two parameters. Do not choose the normal.
Specify the joint density function of samples of size n given your specific
fX (.’E)

Part 3: Specify a specific functional form for s = s(X1, Xa, ..., X;,) - not
the sample mean. Determine E[S] and o%; if you can’t determine E[S]
and 0%, at least show the math you would need to solve.

Part 4: Now assume specific numerical values for the parameter in your
fx(z), assume n = 25, 50 or 100, and pull 100 random samples. (Don’t
force your reader to look at all of these numbers.) Briefly describe the
process you used to derive your random samples.

Part 5: Calculate and plot the 100 values of your S statistic. That is,
show me the simulated sampling distribution for your statistic. Does the
distribution look as you expected? Choose some specific number, m, and
determine the probability that s > m.

this was a mathematica assignment 2007

2. Assume the very simple discrete-density function: f(z) = .2 if x = 1,
flz)=.5ifx =2, f(z) = .3 if v = 3, and zero otherwise. Graph the den-
sity function. Specify and graph the CDF. Now assume a random sample
of 10 observations, X7, Xo,...X7¢ from this density function. Specify the
joint density function for the sample fx, x,...x,,(X1,X2,...X10). Inter-
pret fx, x,...x1,(X1,X2,...X10) as a probability. Be as specific as you
can in your interpretation.

Now assume a random sample is drawn and it is 1,1,3,2,2,2,3,1,2,1.
In this sample, there are four 1’s, four 2’s, and two 3’s. What is the
probability that you would draw this sample.

What sample has the highest probability of being drawn when the sequence
in which the ones, twos and threes matter. What is this sample and what



is the probability of drawing it. What sample has the highest probability
of being drawn when the sequence of ones, two and threes drawn does not
matter. What is the probability of this sample and what is the probability
of drawing it.

a partial answer: The CDF is
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The joint density function for the sample is fx, x,,..x, (X1, X2, ...X10) =
2N 5Nz 3(10-N1=N2) where N is the number of 1’s, Ns is the number of
2’s, and (10— N1 — N3) is the number of 3’s observed. Note that since this is
a discrete distribution fx, x,.. x,, (X1, X2, ..X10) = 2N1 5Nz 3(10-N1—N2)
is the probability of observing the sample X, Xs,...X19.! Note that this
probability is for for the ones, twos and threes in the sample in the order
they are sampled.

The probability of observing drawing the sample (1,1,3,2,2,2,3,1,2,1)
(different sequences are different samples) )is fx, x,,..x,,(1,1,3,2,2,2,3,1,2,1) =
(:2)4(.5)4(.3)2 = 9.0 x 1075, not very high.?

1If the density function is discrete, we can strictly talk about the probability of observing
a sample rather than just the likelihood of observing a sample. If the density function is
continuous, we are limited to talking only about the likelihood of a sample being drawn.

2Keep in mind the distinction between the probability of observing a particular sequence
of observations and the probability of observing a sample with a given number of 1’s, 2’s and



Which sample(s) have the highest probability of being pulled when se-
quence matters? It is those that have the N7 and Ny that maximizes
(.:2)M(5)N1(.3)1~M=N2 There is only one, Ny = 10 (all 2’s are drawn).
The probability of drawing this sample is (.2)°(.5)19(.3)% = 9. 7656 x 10~4.
You might find this surprising. Note that the probability of drawing this
sample is extremely low.

Contrast the sample with the highest probability of being observed when
sequence matters (all twos) with the sample with the highest probabil-
ity of being observed when sequence does not matter - only the num-
ber of 1’s, 2’s and 3’s matter. To find this probability one maximizes
Nl!N2!(1(1)07!N17N2)! (.2)N1(.5)N1(.3)1 = N1 =Nz with respect to N3 and Na. The
probability is maximized when N; = 2 and Ns = 5, and the maximum
probability is #(2’3)!(.2)2(.5)5(.3)3 = 2520(3.375 x 1075) = 0.085 05.

3. Assume the very simple discrete-density function: f(z) = py if = 1,
fl@)=pyif z =2, f(z) = (1 — py —p2) if = 3, and zero otherwise.
Assume 1 > p1,pa > 0 such that(1 — p; — p2) > 0 Now assume a random
sample of 10 observations, X1, X5, ... X719 from this density function. Spec-
ify the joint density function for the sample fx, x,,.x,,(X1,X2,...X10).
Now assume that a random sample is drawn and it is 3,2, 3,2,2,2,3,1,2, 1.
In this sample, there are two 1’s, five 2’s, and three 3’s. Find those values
of @ and B that maximize the probability of drawing this particular sam-
ple. Then find those values of o and B that maximize the probability of
geting drawing a sample with four 1’s, four 2’s, and two 3’s.

The joint density of the the sample is fx, x,.. x0 (X1, X2, ...X10) = (p1)V* (p2) V2 (1—
p1 — p2)t0~M1=N2 where where N is the number of 1’s, Ny is the number

of 2’s, and (10 — N7 — N3) is the number of 3’s observed. Find the p; and

p2 that maximize (p1)3(p2)®(1 — p1 — p2)?. The maximizing values are .3,

.5 and .2. This can be seen with a grid search over values of p; and ps

(1)2(1)°(1—.1—.1°%=5.12x 1078
(1)2(:2)5(1 — .1 —.2)3 = 1.0976 x 10~5

(1)%(.3)5(1—.1—.3)3=5.2488 x 10~
(1)%(4)°(1—.1—- .43 =1.28x10"°
(.1)%(.5)5(1 — .1 — .5)3 = 0.000 02

3’s - often many different sequenes can generate the same number of 1’s, 2’s and 3’s.

Note that there are ﬁ%! = 3150 different sequences that generate 4 1’s, 4 2’s and 2 2’s,

so while the probability associated with each specific sequence of 4 1’s, 4 2’s and 2 2’s is
9.0 x 106, the probability of observing 4 1’s, 4 2’s and 2 2’s is 3150(9.0 x 10~6) : 0.028 35.

So, when we talk about the probability of observing a sample we need to distinguish be-
tween the probability of observing a sample when the sequence matters and the probability
of observing a sample if the sequence does not matter.



2.0995 x 107°

(1)2(.6)%(1 — .1 — .6)°

1.3446 x 107°

(D271 —1-.7)3

3.2768 x 1076

((1)%(.8)%(1—.1—.8)3

1.372 x 1077

(2)2(1)%(1 — .2 — .1)3

2.7648 x 10~6
1.215 x 107°

(2)2(.2)°(1 — 2 — .2)3

(2)2(.3)%(1 — .2 — .3)3

2.6214 x 1075

(2)2(4)3(1 — .2 — 4)3

3.375 x 107° the largest one.
2.4883 x 107°

(2)%(5)°(1 —.2—.5)

(2)2(.6)%(1 — .2 — .6)3

6.7228 x 1076

(3)2(1)5(1— .3 —.1)3 =1.944 x 107

(22751 —.2-.7)3

3.6 x 1076

(.3)%(:2)°(1—.3-.2)3

1.3997 x 107°

(.3)2(.3)5(1 — .3 —.3)3

2.4883 x 102
2.95 x 1075

(.3)%2(4)°(1 — .3 — .4)3

(.3)%(.5)5(1 — .3 —.5)3

6.9984 x 1076
2.0 x 1077

(.3)2(.6)3(1 — .3 — .6)3

(4)2(1)3(1 — 4— 1)

3.2768 x 1076

((4)2(.2)°(1 — .4 —.2)3

1.0498 x 1075

((4)%(.3)°(1—.4—.3)3

1.3107 x 1075
5.0 x 106

(4)2(4)5(1 — 4 — 4)3

((4)2(.5)°(1 — .4 — .5)3

1.6 x 1077

(5)2(.2)5(1 — .5 — .2)3 =2.16 x 106

(5)2(1)5(1 — .5 —.1)3

4.86 x 106

(.5)%(.3)°(1— .5 —.3)3

2.56 x 106

(5)2(4)3(1 — .5 — .4)3

9.72 x 108

(.6)2(.1)5(1— .6 —.1)3

9.216 x 1077

(.6)2(.2)(1 — .6 — .2)3

8.748 x 1077

(.6)2(.3)5(1 — .6 — .3)3

3.92 x 1078

(72(1)5(1— .7~ .1)3

1.568 x 10~ 7

(7)2(.2)3(1 — .7 — 2)3

6.4 x 1079

(.8)%(.1)°(1— .8 —.1)3

.5, but let’s play more.

.2 and po

We know that the answer is p;

.2 and graph

First I assumed, I knew p;q

(2)2(p2)°(1 = .2 = p2)?
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The function is maximized at ps = .5 if p; = .2
Then T assumed, I knew that ps = .5 and graphed(p;)?(.5)°(1 — p; — .5)3
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The function is maiximized at p; = .2 if p, = .5




So, summarizing to here, p; = .2 and ps = .5 are those values that maxi-
mize the probability of observing the specific sample drawn. But, what is
the probability of observing two ones, five twos and three threes, indepen-
dent of the order they are drawn. It is the same: p; = .2 and py = .5. The
probably of observing two ones, five twos and three threes in any order is
W%(ply(pgf(l —p1 —p2)3. Since p; and py do not appear in the
first term, the p; and py that maximilzes (p1)23(p2)°(1 — p; — p2)? are the
10

same p; and po that maximize TET0-3-5)1"

. there is some other stuff I might mine from assignment 7 in 2006, see the
assignment 7 tex file.

. Give me an example of a nonrandom sample and explain why it is not ran-
dom. Start by identifying the population you are sampling from. Contrast
your nonrandom sample with a random sample.

answer: provide an example of a sample. Show that the process that gen-
erated the sample was sufficient to generate a random sample. Random
samples can look very nonrandom. A statistics prof had his students turn
in random samples, a sample of ten from the set of all integers between
zero and ten. His claim was that he could tell who "cooked the books".
His claimed as fakes those examples that looked random - he got it right
most of the time. That said, no, one cannot tell by observation, whether a
sample is a random sample? The process, not the outcome, is what deter-
mines whether a sample is a random sample. Samples are like estimates,
what makes them good or bad is the process that generated them.

. Assume a univariate random variable. Explain to the reader the density
function for a random sample (distribution of the sample) . Now specifiy
some density function for the population that is a function of at least one
parameter. Now assume you have a random sample of five observations
and specify those five observations. Write down the density function for
your random sample. Finally find the value of the population density
parameter(s) that maximize the density function for your sample.

. “Make up and answer a question on X that you think would be a good
question to ask about X on the final. For example, write a short essay
that introduces the reader to how one might derive the distribution of a
statistic that is a function of one or more random variables, given knowl-
edge of the joint density of those random variables. To answer such a
question you would want to introduce the topic rather than present the
most advanced stuff on the topic, and your answer would probably have
a lot of explanatory words. I would want to see how you would explain in
your own words.

"X", could be the above, or sampling distributions, or the central-limit
theorem.



8. MGB define a random sample as: The sample (z1, 22, ..., z,,) is a random
sample from fx(z) if

fxy Xo,ox, (X1, T2, oy ) = fx(x1) fx(x2)... fx(zn)

where fx, x,,...x,(1,Z2,...,Z5) is the joint distribution of the sample
(MGB 223).

With this definition in mind, discuss taking a random sample from a pop-
ulation with a finite number of members, m, where m > n.

Discussion: We need to distinguish between random sampling with and
without replacement. With replacement, one can take a random sample
of any size, n, (even greater than the population size) by taking taking n
independent draws from fx(x); note that the population is unaffected by
the draws, so fx, (z1) = fx,(x2) = ... = fx,, (®m) = fx(x). This is not
the case if one samples from a finite population without replacement.

In the words of MGB, "We might further note that our definition of ran-
dom sampling has automatically ruled out sampling from finite population
without replacement since, then, the results of the drawings are not inde-
pendent." MGB page 225.

Put simply, it cannot be done: random sampling requires that the joint
distribution of the sample be the product of the density functions for
each draw, fx,(z;) for draw ¢, and that all of these density functions be
identical, fx,(x;) = fx(x)Vi. If one takes draws without replacement from
a finite sample, one will violate these properties of required joint density
function.

Give the following more thought. For example, if the population
consists of 10 individuals, 5 females and 5 males and, on the first draw
one draws in such a way that each member of the population has an equal
chance of being drawn and a female is drawn, on the second draw one is
drawing from a population with 4 females and 5 males; the probability of
drawing a female has changed: fx,(2x2) # fx, (1)

Further thought: Some loosely state, I have, that a sample is random
if each individual in a population has an equal chance of being in the
sample. This is not quite correct. It is correct to say that if a population
is finite the sample is a random sample if on each draw each member of
the sample has an equal chance of being drawn (this would imply a joint
density function of the required form), but this would require sampling
with replacement.

Further thought: Consider the condition that after a draw, each occu-
pant of the urn has an equal chance of being drawn on the next
draw. This condition is necessary for a sample of n draws to be random,
but not sufficient.

One could forsake the MGB definition of a random sample, and define ran-
dom sampling in such a way that is possible to take a random sample from



a finite population when sampling without replacement. For example, one
could define a sample as a random sample of size n if it was drawn in such
a way that every sample of size n has an equal chance of being drawn.
This definition and the MGB definition are equivalent if the population
size is infinite or one samples without replacement. With this alternative
definition of a random sample, the probability of drawing any sample of
size n, with replacement is m ™" = L. and, without replacement, 1/(m),,.
Note that 1/(m), — m™™ for finite n as m approaches infinity. This
alternative definition of randomness is how Feller defines it. This alterna-
tive definition is fine but in the population is finite, one cannot write then
joint density function of the "random sample" as the product of identical
density functions. Think about this bit more, page 30 Feller

9. Assume that there are n students in our class and that one, and only one,
is named Karan. Imagine that we draw, without replacement, a random
sample of size of size r from the class.?> What is the probability that
Karan appears in the sample? Does not appear in the sample? Now
answer these same two questions assuming that one randomly samples
with replacement.

answer without replacement: Consider first the probability of Karan
not appearing in the sample. On the first draw the probability of Karan
not appearing is 2==. For the second draw, the probability of not drawing

Karan assuming Karan is still in the urn, is 272 For the third draw it
n—r 4
n

is 7= 2 The product of these for r draws is the probability of not
obseving Karan in a sample of size r, taken without replacement. And the
probability of Karan being in the sample is one minus this, which is .

For example, if n = 32 and the sample size is 16, Karan has a 50% chance
of appearing.

Note there are other ways of writing " and .

r n—r (n—1)!

For example, in increasing messiness, ;- = Pl 1),n,r Checkmg
this last mess, Ww = 0.5, and (22321),1;2,8 =025=_= @ = 0.25,
so it is probably correct.

(n—1)! _
For example, "=~ ('En)lr)r = =0 = (7(1":_11,2)((”;11’)!) where (n), is

the number of samples sample of size r taken without replacement from a
population of size n, and (n — 1), is the number of samples sample of size
r taken without replacement from a population of size n — 1 (excluding
Karan)

As an aside, and of interest, the probability of Karan on the first draw is

% = %, and the probability of him appearing in the sample is -, as shown
above. But £ = 7(1) is the sum of these probabilities (not the product).

3Note that MGB would say one cannot take a random sample from a finite sample if one
samples without replacement. So, I being a bit fudgy, here.

4For example if 7 = 4, we have ”;!zj.%g,zzg = ";4




Note that one can derive the answer by taking the formula is question 1,
IVI—K)

pifi] = (k)

Karan), n = f, the sample size, and M = n equals the population size, and

, noting that here K = 1 (one zombie in class, named

(ot {no1) — n—r)lr! n—1)r!
k=1, so Pr[l] = (l)((ﬁ;l) == 25— = E:L—ll))!!((n—r))!'n; = Er—ll))!'n: =

s (n—r)lr!

Now consider random sampling with replacement. Here I am going to
start by determining the probability that Karan does not appear in the
sample. Recollect that if one randomly samples with replacement there
are n” samples and each sample has a -1 = (1)" chance of appearing.
Further note that (+) is the probability of Karan being chosen on each
draw, so (1 — %L) is the probability, of him not being drawn on a draw.
So, the probability of him never being drawn is (1 — %)r = (%)T
In which case, the probability of him being in the sample one or
more times is 1 — (1 — %)r =1- (";1)r. Note that (1 — %)T = nﬁ

where K is the number of samples that contain one or more Karans.
Solving K =n" (1 — %)T

For example, and without replacement, if n = 32 and r = 16, there are
n” = 3216 = 1.2089 x 10%* samples, the probability of Karan being in the
sample, one or more times, is 1 — (1 — %)T =1- (1 — 3%)16 = 0.398 29
and n” (1—1)" =326 (1 3—12)16 = 7.2742 x 10?3 of the samples contain
at least one Karan.




