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1 Conditional CDF's

We are used to playing with conditional distributions in terms of the PDF,
but there is more than one way to skin a cat. Here we will work with
conditional distributions in terms of the CDF.

To begin, the general form of a conditional CDF is as follows!:
Fxy(e|y)=PriX <o |Y <y = 2
Where Fxy(z,y) denotes the joint CDF and Fy (y) is the marginal CDF of
the random variable Y. Please note, this general formula can be applied
to continuous, discrete and mixture distributions. Dividing the joint CDF
by the marginal CDF allows us to normalize our conditional distribution
so that it maintains the necessary properties of the CDF only in terms of
the variable we are not conditioning upon. For example, if we looked at the
formula above, this particular conditional CDF only maintains the properties
of the CDF in terms of X.
Recall the properties of the CDF:

1) limy oo Fixy(z,y) = 0 and lim, oo Fiyxy (z,y) =1
2)Fxy(x,y) is a monotone, nondecreasing function for both X and Y’
3)Fxy(x,y) is continuous from the right for both X and Y

Remember, the conditional CDF retains all the same properties as the CDF
for only the random variable you are not conditioning upon. Later on, we

will use an example to demonstrate that these properties hold for conditional
CDFs.

Kingsbury, Nick. Joint and Conditional cdfs and pdfs. Connexions. 7 June 2005
<http://cnx.org/content/m10986,/2.8/>.



1.1 Continuous Conditional CDF's

We will begin by looking at the case where the variables are jointly contin-
uous. In terms of the CDF there is one primary method we use; it is direct,
in so far that we go from a CDF to a conditional CDF.

There is an alternative method that involves taking the conditional PDF and
transforming it into a conditional CDF. We will focus on the first method,

as it better helps us understand the conditional CDF as its own beast, inde-
pendent of the PDF.

1.1.1 Direct CDF Method

Transforming a joint CDF into a conditional CDF requires that we figure out
what the marginal CDF is. The marginal CDF of X can be found by taking
the limit of the joint CDF as Y approaches infinity:

Fx(z) = limy o Fxy(z,y)
And conversely for the marginal CDF of Y:
FY(y) = lim, oo FXY(x7 y)

Now that we know how to find the marginal CDF, we can use the following
equation to determine the conditional CDF, Fyy(x | y):

Fyv(e|9) = PriX <o | Y <y = Bpled



1.1.2 Moments in the Conditional CDF

It may prove useful to obtain the first moment of a conditional CDF. That is,
what is the expectation of a random variable X given that we know that the
random variable Y is less than a given value. Notationally, we are interested
in E[X | Y <y|. To do this, first recall the formula for the mean of the CDF:

E[X] = [°1 — Fx(z)dx — [°, Fx(x)dr
So our desired expectation will follow a near identical form:

_ (o1 _ IFxy(@y) g, 0 Fxy(zy)
EX Y <y]= [ 1 - Z2gi7de — Do T da

What you may notice here is that we are only integrating with respect to
X. This leads us to an interesting point about this expectation: it will vary

with Y. This makes intuitive sense, as you would expect that
E[X |Y <a] #E[X | Y < b].



1.1.3 Direct CDF Method Examples

Example 1: Taking a new spin on an example from the lecture on joint
density functions, where we were given the following CDF:

Oifr<Oory<0
Srylr+y)if0<zx<land 0<y<1
Fxy(z,y) = lifxr>landy>1
Sr(r+1)if0<zr<landy>1
Sy(l+y)ifz>Tland 0<y <1

First we will generally solve for the conditional CDF, which we can then use
to find our probabilities of interest.

To solve this problem we need the joint CDF (which we have) and the
marginal CDF (which we do not have, yet). Specifically, we need the marginal
CDF of Y:

0ify <0
Fy(y) = lim, o0 Fxy(z,y) = Sy(1+y)if0<y <1
lify>1
Deriving the conditional CDF":
_ Fxy(zy) _ .Say(zty)
Fxy(z|y) = )li“xt(y)y - ‘5yy(1+yz§




Plotting our conditional CDF, Fxy(z | y) = F)%Ez)y) - 55xyy((1xJ:;%)

This graph helps us to see that our conditional CDF maintains all the nec-
essary properties of the CDF. Overall, we can see the right continuity of X,
the limit of X as it approaches its lower bound of 0 is 0, the limit of X as
it approaches its upper bound of 1 is 1 and the conditional CDF is nonde-
creasing for X. It’s all there.

At first glance, one might think that the variables are independent, since
it does not appear that variation in Y affects the shape of the plot. This
is incorrect, varying Y does alter the distribution, just very minimally. To
show this, examine the following plot:

Input interpretation:
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What we’ve done here is fix the value of Y for our conditional CDF,
Exy(@y) ot two values of Y, 0.5 and 0.8. What you see on the plot is F);’;((:_%")E’),

Fy(y)
denoted by the blue line and F)If{((gf) , denoted by the pinkish line. These two
lines represent slices of the conditional distribution plotted above. Clearly,

the slices are not identical, but very, very similar.




Lets try and find Pr[X < z | Y < .5]. In this case, we are only looking
at a specific slice of the graph from above. Recall that Fy(.5) is equivalent
to the probability that Y < .5. With this in mind, we take the conditional

CDF, F}‘{,((z)y) = 5;3’((1:”;; y)), and fix Y = .5 to arrive at the following plot:

plot gx(x+0.5) x=0 1
Plot:
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Just looking at the graph above, you should be able to see that it maintains
the properties of the CDF.

Say we were looking for the probablity that X < .75 given that we know
Y < .5. To solve this, we would proceed as follows:

Pr[X < .75 | Y < 5|=F(.75] .5)

And we know that:

F(.75, 5)(75)(5)(.
F(75|Y < .5)=10 LIURALEE — 625
Examing the 2D plot above and tracing up from .75 on the horizontal axis
gives us a point that looks pretty close to .625 on the vertical axis, which is
what we are looking for. Using our conditional CDF, we have shown there is
a 62.5% chance that X is less than or equal to .75, given that Y is less than
or equal to .5.



For fun, lets find the first moment of this conditional CDF. To start, we
will derive the general form, E[X | Y < y].

EX|Y <yl=["1- Mdm — 0 Sey(@+y) 1.

Sy(1+y) oo 5y(1+y)
EX Y <y]=Jy1 - Z2Edr —0
EX|Y <yl=1-(;7)(G+3%)

As you can see, the expectation of X varies with Y. From here, one can just
plug in values for y as follows:

E[X |Y < .1] = .6515
E[X | Y < 5] = .6111
E[X | Y < .9] = .5877

See, tons of fun.



Example 2: Sometimes we want to find the probability that our random
variable, X, is within a certain range of values, given some range of Y.
Using the same CDF as above, we could ask, what is the probability that
X is between .2 and .4, given Y < .7. Notationally this is going to be
Prl2<X<4]Y <.7.

This can be found by taking the conditional CDF for X < .4 and subtracting
from it the conditional CDF for X < .2 as seen here:

PriX < Ay <.7]— Pr[X < 2|Y <.7]
Once again, recall that Fy(.7) is equivalent to the probability that Y < .7.

We can create a plot by fixing Y = .7 in our conditional CDF, %&y) =
Szy(z+y) ; : pr o
Syt to provide some intuition:
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We will begin by calculating the probability that X is at most .4 given Y is
at most .7:

PriX < A]Y <.7] = F(4].7) = £olssl) = SLDLED — 18— 9588

Next will will find the probability that X is at most .2 given Y is at most .7:

PrX <.2|V <.7] = F[.2].7] = Bt — SALOEED — 058 — 10588

Combining these results will yield our answer:

Prl2< X < 4|Y <.7] = .2588 — .10588 = .1529

In words, there is a 15.29% chance that X is between .2 and .4, given Y is
less than or equal to .7.



Method 2: Transforming a conditional PDF to a conditional CDF is done
in essentially the same manner as transforming a regular PDF to a CDF. For
continuous conditional PDF's; we utilize integration.

1.1.4 Method 2 Example
Using a joint density function that we just made up:

Ixy(z,y) =222 + 292 if0< 2,y < 1

fxy(z,y) = 0 otherwise
Since we desire f(z | y), we must first derive the marginal PDF of Y
Fr(y) = Jo 22%y + 2y°dx = 2% + 2y

We know from our initial lecture on joint density functions that a conditional
joint density function takes the following form:

flz|y) = fxy(zy) _ 20°y+2y° 2’4y
Iy () 2y2+32y y+3

Applying our formula from MGB we can convert the conditional PDF to a
conditional CDF through integration:

FX|Y<$ ly) = fxly(z | y)d=

Fxpy (x| y) = J§ 25dz

0 y+3
343
Fxyy(z | y) = 557
oL 313
Therefore, our conditional CDF, Fxy(z | y) = 13;3153,

Say we were asked to find the probability that X < .4 given that we know
Y <.7. We can employ our conditional CDF to determine the answer:

PriX < 4|Y < .7 = Fyy[4,.7) = 2720000 — 00081 _ 9916

This result tells us that if we know Y < .7, then there is approximately a
29.17% chance that X < 4.
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1.1.5 An Application of Conditional CDFs - Mixture Distribu-
tions

So let’s say we want to study some population of two distinct groups. As
discussed in a previous lecture, we know that we would want to create a
mixture distribution.

Lets assume that 90% of the population can be modeled by the following
distribution:

hz,y)=x+y
And we know the remaining 10% of the population can be modeled as follows:
glw,y) = 22y + 2y
So we know our mixture distribution would look like this:
flxy) = (9)(z +y) + (1)(22%y + 2¢%)

Where X and Y are bounded between zero and one for h, g and f. Now we
are interested in finding the conditional CDF of this distribution, Fxy(x | y).
What we want to show here is that:

FX|Y($ ly) = (~9)HX|Y(5E | y) + (-1)GX|Y<5U | )

xy(x x3 T
Fyy(z|y) = (9)% + (1)#%

So lets compute an arbitrary value and see what we find. For fun, lets find
Pr[X <.5]Y < .5], or notationally, Fx|y(.5 | .5):

Fxp (5 ].5) = (9)Hxpy(:5].5) + (1)Gxy (5| .5)

Fxy(5].5)=(9)42 + (.1)52

Fxy(5].5) =.3+.035=.335

Well, the result is less than 1, which we want, but how do we know that

it is right? Let’s try going through all of our steps to create our mixture
conditional CDF.

11



Starting from scratch, we can multiply out the probabilities into the dis-
tribution to get one big joint PDF"

flz,y) = (9(z+y)+ ((1)(22% + 2y°?) = 9z + 9y + .22%y + .2y

We know from above that in order to arrive at the conditional CDF,
Fxy(z | y), we need to find both the joint CDF of X and Y, Fxy(z,y), and
the marginal CDF of Y, Fy (y):

Fxy(x,y) = [y Joy(9a+ .9b+ 2a%b + .26%)da db
Fxy(z,y) = zy(s52%y + 452 + %; + .45y)

Fy (y) = limg 1 Fxy (2, y) = y(& + 45 + £ + 45y)
Therefore, our conditional CDF is as follows:

2
1 2 y
_ Fxy(zy) _ wy(gpz y+45c+ 5 +.45y)
Fxy(@ly) = =50 =~ /2
y(@+.45+ﬁ+.45y)

So now we can compute our desired probability in our alternate notation,
PriX <5|Y <.5:

Fxiy (5] 5) = B = it = 335

This is the same answer as before, but the steps to get there are much uglier.
The good thing is, we’ve shown in this example that we can apply our con-
ditional CDF techniques to mixture distributions.

12



1.2 Discrete Conditional CDF's
1.2.1 Derivation

So far, we've only been discussing conditional CDFs in the context of
jointly continuous random variables. We will now discuss the role of con-
ditional CDFs among discrete random variables. While one can certainly
apply the same formula initially presented in these notes, it proves to easier
to use an alternative method. This alternative method involves taking the
conditional PDF and transforming it into a conditional CDF.

Method: Transforming a conditional PDF to a conditional CDF is done in
essentially the same manner as transforming a regular PDF to a CDF. For
discrete conditional PDF's, we use summation.

Assuming X and Y are two jointly discrete random variables, the conditional
cumulative distribution of Y given that X = ¢ is given by:

Fyix(yle)=PY <y[X <
MGB defines the conditional CDF as follows:
FY|X(y | C) = Zj:ngy fY\X(yj | x)

To demonstrate this formula, we will extend an example from MGB, page
145.

13



1.2.2 Discrete CDF Example

We are rolling two tetrahedra (4 sided die). Essentially, tetrahedra are
pyramids with 3 sides and a base. We are interested in the downturned face
since it is the only unique result, as the 3 remaining faces of the tetrahedra
are sides of the pyramid. The random variable X represents the downturned
face of the first die and Y represents the downturned face of the die with the
largest downturned value. This can be a bit tricky so we will provide some
examples.

Case 1: If the downturned face of the first die is 2 and the second die is
4, X = 2 since it depends only on the first die, Y = 4 since Y takes on the
higher value of the dice.

Case 2: If the downturned face of the first die is 3 and the second die is
2, X = 3 since it depends only on the first die, Y = 3 since Y takes on the
higher value of the dice. You get the picture.

One question we could ask is what is the probability that ¥ < 3 given that
X =3.

Essentially, we need: Fy|x(3 | 3) = ¥;,,<s fyix(y; | 3), and we can solve
this using MGB’s definition, provided we know the conditional PDF's.
As it turns out, there are 3 conditional PDFs we need: fyx(1 | 3),

fyix(2]3), and fyx(3|3)

It follows trivially that fyx(1 | 3) = fy|x(2 | 3) = 0. This lies in the fact
that Y must always be at least as large as X. Hence, there is a zero percent

chance that Y is less than X since Y is restricted to be greater than or equal
to X.

So now we must find fyx (3 | 3):

frix(3]8) = B

14



To determine the value of fxy(3,3): Since there are 4 possible outcomes
when tossing a tetrahedra, the likelihood that X = 3 is i, in order for Y
to be 3, if the first roll is 3, the second roll can be 1,2 or 3, and that the

probability that the second roll takes on those values is %. This implies that:
fXY(3,3)1= (D) =15
fx(3) =1

Now that we have what we're looking for, we can find the answer:
3,3 >
frx(318) = B = ¥ =

Summing our three values yields the answer in terms of the discrete
conditional CDF:

Fyix(3]3)=fyix(1|3)+ fyx(2|3)+ fyx(3|3)=0+0+3 =3

3
4
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2 Review Questions

2.1 Discrete Case - Review Questions

1) Given the following joint PDF:
pxy(z,y) = %(m +vy), forx=0,1,2y=1,2
p(z,y) = 0, otherwise

a. Derive the joint CDF
b. Find Pr(X <1]Y =2)

Answer: a. Pxy(z,y) = 70X, 15(z +y)
b. PriX<1|Y=2)=Y. j&=@+2)=2+2=1

z=0 15 3

2) Observe the following table representing a discrete joint PDF:

Y/X[1 23] 4
1 T 3 [ L[4
4 4 4 4
9 A ol sl
40 40 40 40
3 3 1|3 |x
40 420 %0 %0
5 0 21410

First, verify that this is a proper PDF.
Second, find P(X <3|Y =4)
Third, find P(X <2 |Y <3)

Answer: Part one is simple. All one must do is sum all the values and
ensure they sum to one. Effectively you are verifying that
Zi:1 235/:1 Pxy(z,y) = 1.

Part two is a bit more complex. You are effectively summing up the values
of X from 1 to 3 when Y is equal to 4. Therefore,
PX<3|Y=4)=0+2+2=2=1

Part three follows similarly to part two, but this time you sum all the values
of X from 1 to 2 and Y from 1 to 3. Therefore,

1 1 3 3 5 1 _ 14 _ 7
PX<2|Y<3)=p+p+tititutn=1n=mn
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3) Let A and J denote the number of aces and jacks in a given poker hand,
respectively. If you have already been dealt two jacks, what is the probability
that you will receive at least two aces in your hand?

Answer: We are looking for a discrete conditional probability that utilizes
the CDF; that is, we want Pr(A > 2| J = 2). If we want to use the CDF to
find the answer, recall: Pr(X < a) =1 - F(a), or if using our notation,
Pr(A>2]|J=2)=1-[Pr(A<1|J=2)].

Recalling MGB’s definition of discrete conditional probability, where:

c pxy (2,Y)

PY\X(C | {L‘) = ZygcpY|X(y | ZE) = mey px (z)
Thus, we must find both the joint PDF [pa;(a, j)] and marginal PDF of Jacks
[ps(4)] to solve this problem.

pasla,j) =

For:
a=0,1,2,3,4
17=0,1,2,3,4
a+j<5H

()(5)
(3

5

ps(j) = For j =0,1,2,3,4

To arrive at our desired probability, Pr(A > 2| J = 2), we must find:
Pr(A<1|J=2) =3} pas(a,2)

a=0  p;(2)

Through a little algebra:

44
Lomaed 5t W) ~ gsas

= Pr(A >2|J=2)~1-.9845=.0155
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2.2 Continuous Case - Review Questions

1)Create a bivariate CDF and verify it has the properties of a CDF. Solve
for the conditional CDF, Fyy (X | Y =¢).

Answer: It will depend on the CDF you choose.

2) Given the following joint CDF:

Oifz<0Oandy <0

($+iyY)ifz>land0<y<1
F(r,y) = G2+ L) ifo<r<land0<y<1
(222 +1)if0<z<landy>1

lifr>1landy>1

Use the conditional CDF to determine the probability that X is less than or
equal to given Y is less than or equal to .25.

Answer: We want to solve for Pr(X < .8|Y < .25):

Pr(X < 8|Y < .25)=Fxy(.8].25) = %

Fxvy(.8,.25) _ (.5)(.82)+(.5)(.25%2) __ 35125 __
);Yy(.%) —  (5)4(5)(25) 53125 6611

Thus, our answer is that there is approximately a 66.11% chance that X is
less than or equal to .8 given that Y is less than or equal to .25.

3) Given the CDF:

0Oif X <OorY <0
(y+3)ifX>1land0<Y <1
F(z,y) = (%xy—l—%yc)lngXglandOngl
(%x—l—% Jif0< X <landY >1
1if X,V > 1

What is Pri.b < X < .9|Y < 4]7
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Answer: Solve it as the difference between two conditional CDFs.

1 2
PrX <91 < 4] = Bt = Gl = 2 =

1

2
PriX <.5|Y < 4] :F)?;(("i’)"l) = 3('5%)?21%('5) ==2=25

As Prib <X <9|Y<4]=PriX<9|Y<4-PrlX<5|Y <],
we get 9—.5=.4

So there is a 40% chance that X is between .5 and .9, given that Y is less
than or equal to .4.
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