A bit on sampling distributions
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Note that X is a random variable - it varies from sample to sample. so does any other
function of (X,X,...,X,), such as .5X; +.25X,, min(X,X>,...,X,), and X3.

Since statistics are random variables, they have density functions (in this case called
sampling distributions because the realization of the statistic will vary across samples)

Understanding sampling distributions is the foundation of understanding econometrics.
Every estimator (no matter who good or bad) has a sampling distribution. We choose one
estimator over another on the basis of their sampling distributions. That is, we choose the one
with the “better” sampling distribution.

Denote the density function for the sampling distribution of X, f%(x). In comparison, denote
the sampling distribution of X3, fx,(x3). We have found the expected values (means) of these
two sampling distributions/density functions

The mean of (%), E[X], is t., and the mean of fx, (x3), E[X3] is i.
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Possible sampling distribution of X



We can also determine the var[X]

var[X] = var[% Xn:Xi]
i1

- sza’"[ZXi] because var[aX] = a*var[X]
" i=1

%var[Xl + X2 +...+X]
n

- #(var[Xl] +var[Xa] +.. . +var[X,])

because var[X| + X2] = var[X1] + var[X>] if X; and X, are independent, which they are if it is
a random sample.
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That is var[X] = <. It decreases, approaching zero, as n approaches oo.
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Summarizing E[X] = u, and var[X] = 2= V fy(x; i, 02), independent of the particular
form of fx(x) if the sample is random.

Remember that we determined a bit ago, that X3 was also an unbiased estimate of u,. What
is var[X3] and how does it compare to var[X]?

var[X3] = o2

L : 2 < . .
Compare this with var[X] = 2. Both X and X3 are unbiased estimates of u, but we prefer the
former to the latter because it has a much smaller variance. That is, we like its sampling
distribution better because it is more concentrated around gy. f

What to conclude? Ceteris, paribus, if two estimators are both unbiased. Go with the one
that has the smaller sampling variance.

If one wanted to estimate p, with X, would you prefer a sample size of 1, n, or n + m?
Why? Ceteris paribus, more data/information is always better, assuming it is good data

Choose one or two other examples of statistics and
derive the mean and variance of their sampling
distributions.



For example, consider the statistic X/10. What is its expectation? What is its variance and
how does it relate to the variance of X.

In your sampling distribution assignment you
simulated a sampling distribution of the max X from
samples of size N drawn from the normal
distribution.

You found that the mean of the maximums increased as N increased, and the variance
approached zero as the sample sizes increased.

MGB (sec 3.2 ’Distribution on Minimum and Maximum) has some theorems on the
distribution of max and min.

Theorem 5: If X7, ... X, are independent random variables and Y, = max[Xi,...X,] then
Fr,0) = [ [Fx()
i~1

And if Xi,...X, are independent and identically distributed with common cummulative
distribution function Fx(.), then

Fy,n) = [Fx(0]"

A corollary: if Xi,...X, are independent and identically distributed with common probability
density function fx(.) and cummulative density function Fx(.), then

fr.() = n[Fx,0)]" )

How does this apply to your assignment about the sampling distribution of the max from a
normal? The cdf for the max is the cdf for the normal raised to the power of the sample size.

A little intuition

What is the probability that some number y is at least as large as the largest X;. It is
PriX; < y;...;X, < )]



If the X’s are independent then

If each of the X’s is an independent draw from the same distribution (e.g. a random sample)
then

PrXi < y;...; X, <]
= [Fx,]"

We just proved the above theorem. The corollary follows because it is always the case that

OF (x) ﬂX)

Deriving the sample distribution of the statistic, S

Since fz(x) is a distribution, and since we can find the mean and variance of that
distribution as a function of fx(x), can one determine the form of f3(x) from knowledge of

Sx(x)?

In theory, Yes, but it can be difficult. MGB have some examples on pp236-238. Note that
just because fx(x) has a Snerd distribution does not mean that f;(x) has a Snerd distribution.
Most of the time it won’t.

If, and only if, X~N(u,,02), is X~N(u,, c2/n)
For details see MGB (pp241 and 246)



However, there is a theorem called the Central Limit Theorem (MGB 234 and G?) that
implies that if x1,x2,...,x, is a random sample

asn - o fy(x) - anormal distribution

even if fx(x) is not normal.

This result will prove useful because
@ often we cannot determine the form of f(X) even though we know fx(x)
@ often the normal will be a fairly good approximation for f3(x) even when 7 is small.

In theory, one could assume some arbitrary density function fx(x) and some arbitrayr
statistic s = s(x) and then theoretically derive the sampling distribution of s. However, this is
often very difficult if not impossible.



