
1 Maximum likelihood estimators
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Simply put, if we know the form of fX(x; θ) and have a sample from fX(x; θ),

not necessarily random, the ml estimator of θ, θml, is that θ which maximizes

fX1,X2,...,Xn(x1, x2, ..., xn; θ)

Remember that fX1,X2,...,Xn(x1, x2, ..., xn; θ) is the joint density function of the
sample, written as a function of θ.

In this context, we call the joint density function of the sample, the likelihood
function.1 That is

L(x1, x2, ..., xn; θ) = fX1,X2,...,Xn(x1, x2, ..., xn; θ)

θml is called the maximum likelihood estimator of θ because it is that estimate
of θ that maximizes the likelihood of drawing the given sample, x1, x2, ..., xn.

Numerous students have used used Maximum likelihood estimation for their
projects.

We find θml by maximizing L(x1, x2, ..., xn; θ) with respect to θ.

Maximum likelihood estimation is probably the most versatile tool in the
econometrician’s tool box.

Note that one needs to assume a form for fX(x; θ) to get the ml estimator.

There are numerous ways to find maximum likelihood estimates.

• One can do it the old-fashioned way: take partial derivatives of L with
respect to each element in θ, set all of them equal to zero, solve the system
for the θ, and then check second-order conditions for a maximum.

• Let Mathematica or other such program find those values of θ that maxi-
mum the likelihood function. These techniques use search algorithms. In
Mathematica use the commandMin.Turn it into a maximization command
by having it minimize − lnL.

1The sample is considered given, and the liklihood function identifies the likelihood of
drawing that sample as a function of the parameter values.
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1.1 Look what happens when the sample is a random sam-
ple

If the sample is a random sample from fX(x; θ) then

L(x1, x2, ..., xn; θ) = fX1,X2,...,Xn(x1, x2, ..., xn; θ)

= fX(x1; θ)fX(x2; θ)...fX(xn; θ) =
nY
i=1

fX(xi; θ)

because each observation is an independent draw from fX(x; θ).

That is, θml is that θ which maximizes
Qn
i=1 fX(xi; θ).

Further note that the θ which maximizes
Qn
i=1 fX(xi; θ) is also the θ that

maximizes ln[
Qn
i=1 fX(xi; θ)]; that is, the θ that maximizes lnL is θml.

And

lnL(x1, x2, ..., xn; θ) = ln[
nY
i=1

fX(xi; θ)]

=
nX
i=1

ln [fX(xi; θ)]]

1.2 Some examples of maximum likelihood estimates

1.2.1 Assume the rv X has a Bernoulli distribution

That is, assume

f(x; p) =

 px(1− p)1−x if x = 0
px(1− p)1−x if x = 1

0 otherwise

where 0 < p ≡ θ < 1.

We want pml. Assume we have a random sample of 10 observations (the
sample consists of zeros and ones. In this case

L(x1, x2, ..., xn; θ) =
10Y
i=1

fX(xi; θ)

=
10Y
i=1

pxi(1− p)1−xi

2



So, pml is that p that maximizes pml. pml is also that p that maximizes

lnL(x1, x2, ..., xn; θ) =
10X
i=1

ln [fX(xi; θ)]]

=
10X
i=1

ln
£
pxi(1− p)1−xi¤

=
10X
i=1

{xi ln p+ (1− xi) ln(1− p)}

=
10X
i=1

xi ln p+
10X
i=1

(1− xi) ln(1− p)

= ln p
10X
i=1

xi + ln(1− p)
10X
i=1

(1− xi)

Note that
10X
i=1

xi = 10x̄

and
10X
i=1

(1− xi) = 10−
10X
i=1

xi = 10− 10x̄ = 10(1− x̄)

so

lnL(x1, x2, ..., xn; θ)

= ln p
10X
i=1

xi + ln(1− p)
10X
i=1

(1− xi)

= 10x̄ ln p+ 10(1− x̄) ln(1− p)
To find pml we want to maximize 10x̄ ln p+ 10(1− x̄) ln(1− p) with respect to
p.2

Make up a sample with 10 observations and use the Min command in Math-
ematica to find pml.

Then do it the old fashion way in terms of any random sample with 10
observations. That is, use calculus to maximize 10x̄ ln p + 10(1 − x̄) ln(1 − p)
with respect to p.

d lnL

dp
= 10x̄(

1

p
) + 10(1− x̄)( 1

1− p)(−1)

= 10x̄(
1

p
)− 10(1− x̄)( 1

1− p)
2Note that the information in the data required to find the ml estimate iscompletely

contained by the sample average, x̄. x̄ is deemed a sufficient statistic because it contains
sufficient information to estimate the parameter
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Set this equal to zero to find the critical point

10x̄(
1

p
)− 10(1− x̄)( 1

1− p) = 0

, Solution is: {p = x̄}. That is, x̄ (the sample mean) is the maximum likelihood
estimate of p.

The Bernoulli and Binomial - a simpler way to solve the above
problem Our sample of n consists of n repeated Bernoulli trials (draws). It is
well known that the number of sucesses (ones) in those n trials has a Binomial
distribution. That is, if one has

Pn
i=1 xi sucess in n trials

f(
nX
i=1

xi) =

µ
nPn
i=1 xi

¶
p(
P
xi)(1− p)n−

Pn
i=1 xi

where
µ

nPn
i=1 xi

¶
is the binomial coefficient. If n = 10

f(
10X
i=1

xi) =

µ
10P10
i=1 xi

¶
p(
P
xi)(1− p)n−

P
xi

Therefore, another way to write the likelihood function (and log likelihood func-
tion) for our problem is

L(x1, x2, ..., xn; θ) =

µ
10P10
i=1 xi

¶
p(
P
xi)(1− p)n−

P
xi

and

lnL(x1, x2, ..., xn; θ) = ln

µ
10P10
i=1 xi

¶
+ (
X

xi) ln p+ (
n−P xi) ln(1− p)

So

d lnL

dp
= (

X
xi)
1

p
− (n−

P
xi)(

1

1− p )

= 10(x̄)
1

p
− 10(1− x̄)( 1

1− p )

Set this equal to zero and solve for p to determine that pml = x̄, just what we
got when we did it the other way.
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1.2.2 Assume the rv X has a Poisson distribution

X has a Poisson distribution if

fX(x) =
e−λλx

x!
for x = 0, 1, 2, 3, ....

where λ > 0. The Poisson is a discrete distribution that can take only integer
values. It is often the distribution of choice is one wants to count something;
e.g. the number of times American’s get married, or, to make a bad pun, the
number of fish caught in a day of fishing. For the Poisson3

E[x] = λ = var[x]

Assume that the number of marriages by individuals has a Poisson distribu-
tion. This seems reasonable since the number of times one has been married is,
hopefully, a nonnegative integer.

Further assume a random sample of 5 observations (0,0,2,2,7).
Write down the likelihood function and the log likelihood function

L(x1, x2, ..., x5;λ) =
5Y
i=1

fX(xi;λ) =
5Y
i=1

e−λλxi

xi!

and

lnL(x1, x2, ..., x5;λ) =
5X
i=1

ln fX(xi;λ)

=
5X
i=1

ln

·
e−λλxi

xi!

¸

=
5X
i=1

ln(e−λλxi)− ln(xi!)

=
5X
i=1

ln(e−λ) + ln(λxi)− ln(xi!)

5X
i=1

−λ+ xi ln(λ)− ln(xi!)

= −5λ+ ln(λ)
5X
i=1

xi −
5X
i=1

ln(xi!)

= −5λ+ ln(λ)5x̄− ln(xi!)
3 It is obviously restrictive to assume that the mean and variance are equal. This restriction

can be relaxed by, for example, assuming a negative binomial distribution. See, for example,
Green page xxx
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Since the term containing xi! does not contain λ, x̄ is a sufficient statistic. The
following is a graph of the liklihood function with x̄ and λ on the horizontal
plane and lnL on the vertical axis. One could use this graph to find λml for
any given value of x̄. Note how lnL is always negative.
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Now graph some slices of the above. Assuming x̄ = 1
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Note that ln(xi!) is not a function of λ, so maximizing (−λ + ln(λ)x̄) is
equivalent to maximizing lnL(x1, x2, ..., x5;λ).

d lnL

dλ
= −5 + 5x̄ 1

λ

Set this equal to zero and solve for λ

−5 + 5x̄ 1
λ
= 0

, Solution is: {λml = x̄}

In the numerical example, x̄ = 2.2 (the average of 0, 0, 2, 2, 7). Wow.

Then I let Maple find the answer.

−λ+ ln(λ)(2.2) Candidate(s) for extrema: {−0.465 39} , at {{λ = 2. 2}}
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Let’s get the probability associated with the first eight integer values

PoissonDen (0; 2.2)

0.110 8; that is, there is a 11% chance one will not get married

PoissonDen (1; 2.2)

0.243 77; that is, there is a 24% change one will marry once

PoissonDen (2; 2.2)

: 0.268 14; that is, there is a 26% chance one will marry twice

PoissonDen (3; 2.2)

: 0.196 64; a 19% chance one will marry thrice

PoissonDen (4; 2.2)

: 0.108 15; that is, there is a 10% change one will marry four times

PoissonDen (5; 2.2)

: 4. 758 7× 10−2;; that is, there is a 4% chance one will marry five times

PoissonDen (6; 2.2)

: 1. 744 8× 10−2; a 1% chance one will marry six times

PoissonDen (7; 2.2)

: 5. 483 8× 10−3; a .5% chance that one will marry seven times.

The probability that one will marry twelve times is

PoissonDen (12; 2.2)

: 2. 973 6× 10−6, which is not much.

Graphing this Poisson for 0 through 7 PoissonDen (k; 2.2) = 2.2ke−2.2
k!

(0, 0, 0, 0.110 8, 0, 0, 1, 0, 1, 0.243 77, 1, 0, 2, 0, 2, 0.268 14, 2, 0, 3, 0, 3, 0.196 64, 3, 0, 4, 0, 4, 0.108 15, 4, 0, 5, 0, 5,

4. 758 7× 10−2, 5, 0, 6, 0, 6, 1. 744 8× 10−2, 6, 0, 7, 0, 7, 5. 483 8× 10−3, 7, 0)
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Poisson distribution with λ = 2.2

That is, E[x] = 2.2. What is the maximum likelihood estimate of the vari-
ance? 2.2
Now let’s make the problem a little more interesting. Assume

married = xi agei
0 12
0 50
2 30
2 36
7 97

That is, we know each individuals age, and suspect that there might be a rela-
tionship between how many times one has been married and one’s age.

How would you change the above Poisson model to take this into account?
One could assume that λ is a function of age; e.g.4

λ = λ0agei
4 It is also common to assume a nonlinear function such as λ = exp(λ0age). See, for

example, Green page xxx.
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In which case,

lnL(x1, x2, ..., x5;λ0,λ1) =
5X
i=1

ln fX(xi;λ0agei)

=
5X
i=1

ln

·
e−(λ0age)(λ0agei)xi

xi!

¸

=
5X
i=1

ln(e−(λ0agei)(λ0agei)xi)− ln(xi!)

=
5X
i=1

ln(e−(λ01age)) + ln((λ0agei)xi)− ln(xi!)

=
5X
i=1

−(λ0agei) + xi ln(λ0agei)− ln(xi!)

=

"
−λ1

5X
i=1

agei +
5X
i=1

xi ln(λ0agei)−
5X
i=1

ln(xi!)

#
Now let’s take the partial with respect to λo

∂ lnL(x1, x2, ..., x5;λ0)

∂λ0
=

∂
h
−λ0

P5
i=1 agei +

P5
i=1 xi ln(λ0agei)−

P5
i=1 ln(xi!)

i
∂λ1

= −
5X
i=1

agei +
5X
i=1

xi
∂ ln(λ0agei)

∂λ0

= −
5X
i=1

agei +
5X
i=1

xi
agei

(λ0agei)

= −
5X
i=1

agei +
5X
i=1

xi
1

λ0

= −
5X
i=1

agei +
1

λ0

5X
i=1

xi

= −5agē+ 5x̄
λ0

Set this equal to zero and solve for λ0.

−5agē+ 5x̄
λ0
= 0

, Solution is x̄
agē , average number of marriages divided by average age, and

λml =
ageix̄

agē
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This is interesting, our expectation of one’s number of marriages is the sam-
ple average, weighted by agei

agē (the individual’s age a a proportion of the average
age in the sample.

The ml estimate of λ0 for the sample at hand is something like .0488

Now make the problem more interesting by assuming.

λ = λ0 + λ1agei

That is, estimate a slope and an intercept.

1.2.3 Assume some random variable X has a normal distribution,
that is

fX(x;µx,σ
2
x) =

1√
2πσx

e
−( 1

2σ2x
)(x−µx)2

We draw a random sample from of n observations from this distribution.

We want to find the ml estimates of µx and σ2x.

This is the most famous ml problem

In this case,

L(x1, x2, ..., xn;µx,σ
2
x) =

nY
i=1

fX(x;µx,σ
2
x) =

nY
i=1

1√
2πσx

e
−( 1

2σ2x
)(xi−µx)2

and the ln of the likelihood function is

lnL(x1, x2, ..., xn;µx,σ
2
x) = ln

nY
i=1

fX(x;µx,σ
2
x)

= ln
nY
i=1

ln
1√
2πσx

e
−( 1

2σ2x
)(xi−µx)2

= ln
nY
i=1

(2π)1/2σ−1x e
−( 1

2σ2x
)(xi−µx)2

=
nX
i=1

½
−1
2
ln(2π)− lnσx − ( 1

2σ2x
)(xi − µx)2

¾

= −n
2
ln(2π)− n

2
lnσ2x − (

1

2σ2x
)
nX
i=1

(xi − µx)2

We want to maximize this with respect to µx and σ2x. Take the partials
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∂[−n2 ln(2π)− n
2 lnσ

2
x − ( 1

2σ2x
)
Pn
i=1(xi − µx)2]

∂µx
=

·
−nµx −

Pn
i=1 xi

σ2x

¸
and

∂[−n2 ln(2π)− n
2 lnσ

2
x − ( 1

2σ2x
)
Pn
i=1(xi − µx)2]

∂σ2x
=

Pn
i=1(xi − µx)2 − nσ2x

2σ4x

Set these both equal to zero and solve for µx and σ2x. Start with the first
equation ·

−nµx −
Pn
i=1 xi

σ2x

¸
= 0

Note that the µx that solves this is µx =
1
n

Pn
i=1 xi. That is, the maximum

likelihood estimate of µx is
1
n

Pn
i=1 xi = x̄

Plug this into the second partial, set equal to zero, and solve for the maxi-
mum likelihood estimate of σ2xPn

i=1(xi − x̄)2 − nσ2x
2σ4x

= 0

That is, solve
Pn
i=1(xi − x̄)2 − nσ2x for σ2x, which is

σ̂2x =
1

n

nX
i=1

(xi − x̄)2

So the maximum likelihood estimate of µx is x̄ and the maximum likelihood
estimate of σ2x is

1
n

Pn
i=1(xi − x̄)2. Note that the first is unbiased, the second

is not - both are asymtoticallly unbiased.

Make up some data - maybe 4, 7, 1 and find the max likelihood estimates.

The log likelihood function with unnecesary terms removed is.
−32 lnσ2x − ( 1

2σ2x
)[(4− µx)2 + (7− µx)2 + (1− µx)2]

Note that we maximize LnL by taking its derivative with respect to the
parameter and searching for a local interior maximum. We could also have used
a computer search algorithm such as MIN in Mathematica to find bµx and bσ2x.
That is,

Minimize − Ln L

12



1.3 A more general max lik problem

Consider the following problem. Assume that the ith random variable Yi is
distributed5

fYi
¡
yi, µyi ,σ

2
y

¢
where i = 1, 2, ..., n

Note that, for now, we are not assuming a specific density for Yi such as normal
or Poisson, only that it has some known density. It might look as follows (the
subscrips are supressed in the example density).

We know the form of fYi
¡
yi, µyi ,σ

2
y

¢
but not the specific value of σ2y or

values of µy1 , µy2, ...µyn . We want to estimate them. Further assume

µyi = α+ βxi where i = 1, 2, ...., n

where the xi are observed. In other words, the xi are not random variables
from our perspective. Instead, from our perspective, they are known constants.
In which case, fyi

¡
yi,α+ βxi,σ

2
y

¢
and the parameters are α,β, and σ2y. Note

that µyi is a linear function of xi and σ2yi = σ2y ∀ i.
Imagine a random sample of n observations of (yi, xi) , i = 1, 2, ...., n and we

want the maximum likelihood estimates of α,β, and σ2y.

L
¡
y1, y2, ..., yn, x1, x2, ..., xn;α,β,σ

2
y

¢
=

nY
i=1

fyi
¡
yi,α+ βxi,σ

2
y

¢
5Note that I am now naming the random variable Y rather than X. This is more conven-

tional when one assumes that the expected value of Y varys across observations as a function
of one of more explanatory variables. Denoting the dependent variable Y is the convention in
regression analysis.

13



and

lnL =
nX
i=1

ln fyi
¡
yi,α+ βxi,σ

2
y

¢
We would get the maximum likelihood estimates of α,β, and σ2y by maximizing
lnL with respect to these parameters.
For example, if one assumes a normal distribution

fyi
¡
yi,α+ βxi,σ

2
y

¢
=

1q
2πσ2y

e
−
µ

1
2σ2y

¶
[yi−(α+βxi)]2

That is,
yi = α+ βxi + εi

where
ε˜N

¡
0,σ2y

¢
This is the classical linear regression model (CLR model). In which case,

lnL () =
nX
i=1

ln fyi
¡
yi,α+ βxi,σ

2
y

¢
=

nX
i=1

ln

"
(2π)−

1
2
¡
σ2y
¢− 1

2 e
−
µ

1
2σ2y

¶
[yi−(α+βxi)]2

#

=
nX
i=1

·
−1
2
ln (2π)− 1

2
ln
¡
σ2y
¢−µ 1

2σ2y

¶
(yi − [α+ βxi])

2

¸

= −n
2
ln (2π)− n

2
ln
¡
σ2y
¢−µ 1

2σ2y

¶ nX
i=1

(yi − [α+ βxi])
2

The maximum likelihood estimates of α,β, and σ2y are those values of α,β, and
σ2y that maximize lnL () . Lets find them.

d lnL

dα
= 2

µ
− 1

2σ2y

¶ nX
i=1

(yi − α− βxi) (−1)

=

µ
1

σ2y

¶ nX
i=1

(yi − α− βxi) set = 0 (1)

d lnL

dβ
= 2

µ
− 1

2σ2y

¶ nX
i=1

(yi − α− βxi) (−xi)

=
1

σ2y

nX
i=1

(yi − α− βxi) (xi)

=
1

σ2y

nX
i=1

¡
yixi − αxi − βx2i

¢
set = 0 (2)
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d lnL

dσ2y
= −

³n
2

´ 1

σ2y
+

µ
1

2σ4y

¶ nX
i=1

(yi − α− βxi)
2

=

µ
1

2σ2y

¶"
−n+ 1

σ2y

nX
i=1

(yi − α− βxi)
2

#

=

µ
1

2σ2y

¶"
1

σ2y

nX
i=1

(yi − α− βxi)
2 − n

#
set = 0 (3)

There are three equations in three unknowns
¡
α,β,σ2y

¢
. Solve for bα, bβ, bσ2y. As-

suming σ2y > 0, from the first equation we know that

nX
i=1

(yi − α− βxi) = 0

but

nX
i=1

(yi − α− βxi) = −nα+
nX
i=1

(yi − βxi)

= −nα+
nX
i=1

yi − β
nX
i=1

xi

Noting that
nP
i=1
yi = nȳ and

nP
i=1
xi = nx̄,

nX
i=1

(yi − α− βxi) = −nα+ nY − βnx = 0

= −α+ ȳ − βx̄ = 0

α = ȳ − βx̄ (4)

Plug this result into the second equation

d lnL

dβ
=
1

σ2y

nX
i=1

¡
yixi − αxi − βx2i

¢
= 0 (5)
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to obtain

1

σ2y

nX
i=1

¡
yixi − (ȳ − βx̄)xi − βx2i

¢
= 0

nX
i=1

¡
yixi − ȳxi + βx̄xi − βx2i

¢
= 0

nX
i=1

yixi − ȳ
nX
i=1

xi + βx̄
nX
i=1

xi − β
nX
i=1

x2i = 0

nX
i=1

yixi − ȳnx̄+ βx̄nx̄− β
nX
i=1

x2i = 0

βnx̄2 − β
nX
i=1

x2i = nȳx̄−
nX
i=1

yixi

β

Ã
nx̄2 −

nX
i=1

x2i

!
= nȳx̄−

nX
i=1

yixi

bβml =

nȳx̄−
nP
i=1
yixi

nx̄2 −
nP
i=1
x2i

(6)

There are many common ways of expressing this result. If one multiplies the
numerator and denominator by −1, one obtains

bβml =
nP
i=1
yixi − nȳx̄
nP
i=1
x2i − nx̄2

(G, p. 139). To obtain another common form of bβml note thatX
(yi − ȳ) (xi − x̄) =

X
[yixi − yix̄− ȳxi + x̄ȳ]

=
X

yixi − x̄
X

yi − ȳ
X

xi + nx̄ȳx̄

=
X

yixi − x̄nȳ − ȳ
X

xi + nx̄ȳ

=
X

yixi − ȳ
X

xi

=
X

yixi − nȳx̄
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and X
(xi − x̄)2 =

X¡
x2i − xix̄− x̄xi + x̄2

¢
=

X
x2i − x̄

X
xi − x̄

X
xi + nx̄

2

=
X

x2i − x̄nx̄− x̄nx̄+ nx̄2

=
X

x2i − nx̄2 − nx̄2 + nx̄2

=
X

x2i − nx̄2

So,

bβml =
nP
i=1
(yi − ȳ) (xi − x̄)
nP
i=1
(xi − x̄)2

(MGB, p. 499 for LS estimate of β; G p. 139). Or in terms of the deviations
around the means eyi ≡ yi − Y
and exi ≡ xi − xbβml = PeyiexiPex2i
Now lets calculate bαml. Recall that

α = ȳ − βx̄

Plug in bβml. bαml = ȳ − bβmlx̄
to obtain bαml = ȳ − x̄PeyiexiPex2i
Looking ahead, the maximum likelihood estimates of α and β, assuming

yi = α+ βxi + εi

where
εi˜N

¡
0,σ2ε

¢
are also the least square estimates. That is, for the Classical Linear Regression
Model, the maximum likelihood estimates of α and β are equivalent to the least
squares estimates.
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Now find the maximum likelihood estimates of σ2y. Recall the third first-order
conditonµ

1

2σ2y

¶"
1

σ2y

nX
i=1

(yi − α− βxi)
2 − n

#
= 0"

1

σ2y

nX
i=1

(yi − α− βxi)
2 − n

#
= 0

1

σ2y

nX
i=1

(yi − α− βxi)
2 = n

1

σ2y
=

n
nP
i=1
(yi − α− βxi)

2

σ2y =
1

n

nX
i=1

(yi − α− βxi)
2

So the maximum likelihood estimate of σ2y is

bσ2y = 1

n

nX
i=1

³
yi − bαml − bβmlxi´2

In summary, we have just derived the maximum likelihood estimates of α,β,
and σ2y with a random sample of size n assuming in the population

yi = α+ βxi + εi

where
εi˜N

¡
0,σ2ε

¢
That is, we have derived the maximum likelihood estimators for α,β, and σ2y
for the classical linear regression model.

1.3.1 Lets do one more maximum likelihood problem: return to the
Bernoulli problem

Assume two alternatives and the probability that individual i chooses alternative
1 on any trial, t, is pi. That is,

fXit (xit, pi) = pxiti (1− pi)1−xit for xit = 0 or 1

= 0 otherwise

where i = 1, 2, ...., n. xit = 1 if individual chooses alternative 1 on trial t, and
zero otherwise, t = 1, 2, ....., T.
Let xi be the number of times individual i chooses alternative 1 in T trials.

xi =
TX
xit

t=1
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In which case, we can (have) shown that

fXi
(xi, pi, T ) =

µ
T
xi

¶
pxii (1− pi)T−xi i = 1, 2, ..., n

Further assume
pi = α+ βGi

where

G1 = male

G0 = female

Note that the variable Gi, which can only take one of two values, 0 or 1. Vari-
ables with this property are typically referred to as dummy variables (G., chap
9). Lets says we know that α = .10, implying that Pi = .1 if female. Also, β
equals either 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, or 0.8.
We have a random sample of n individuals. That is, for n independent

individuals we observe the choices each makes on T independent trials. What
is the maximum likelihood estimate of β? First note that

fXi (xi, pi, T ) =

µ
T
xi

¶
pxii (1− pi)T−xi

=

µ
T
xi

¶
(.1 + βGi)

xi (1− (.1 + βGi))
T−xi

Therefore,

L =
nY
i=1

µ
T
xi

¶
(.1 + βGi)

xi (1− (.1 + βGi))
T−xi

So,

lnL =
nX
ln

i=1

·µ
T
xi

¶
(.1 + βGi)

xi (1− (.1 + βGi))
T−xi

¸

=
nX
i=1

·
ln

µ
T
xi

¶
+ xi ln (.1 + βGi) + (T − xi) ln (1− 0.1− βGi)

¸

=
nX
i=1

·
ln

µ
T
xi

¶
+ xi ln (.1 + βGi) + (T − xi) ln (0.9− βGi)

¸
The maximum likelihood estimate of β is the β that maximizes the above equa-
tion but it is also the β that maximizes

nX
i=1

[xi ln (.1 + βGi) + (T − xi) ln (0.9− βGi)]
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for a given random sample. One would calculate this for β = 0.1, 0.2, ...0.8 and
the bβml is the one that maximizes the function. For example, assume T = 2
and n = 3 such that

x11 = 1

x12 = 1

x21 = 1

x22 = 0

x31 = 0

x32 = 0

where individuals 1 and 2 are males and individual 3 is a female. What is the
maximum likelihood estimate of β? Remember that for maximum likelihood
estimation, one needs to know the form of fx (x; θ)

1.4 why we like max lik technique

1. very general

2. Estimates have desireable properties under very general conditions.

3. ML estimates most asymtotically efficient

4. doesn’t require a random sample

5. classical linear regression model is just a very special case

6. Easy to do hypothesis testing and tests of significance

then discuss lik ratio tests in a general way. MGB page 441
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