1 Econ 4808: Economic Applications of Con-
strained Optimization

May 1, 2012

Note that there are a lot of problems on this review sheet but that many of
them are the same problem. For example, there are four or five questions in a row
on determining the profit maximizing level of output for a monopolist. There
is also a set of problems on profit maximization for the competitive firm and a
bunch of consumer demand problems. You get the idea. Isolate each set (for
example profit max problems for the monop vs profit max for the competitive
firm) and note how they differ and how they are the same. Keep in mind that
there is only a small number of types of problems that I can ask.

Review consumer theory and the theory of the firm in your inter-
mediate micro text, and the class notes on these topics.

1. Describe in general terms how one would search for the global max or
min of a twice-differentiable function of one variable, f(z), a <z <b.
What are the potential pitfalls of assuming the max (min) is at a level of
x, x°, where f,(z°) = 0. Explain

Answer: One needs to look everywhere for the global max. A necessary
condition for global interior max is that f(z°) = 0, so find all the values
of = such that f;(x°) = 0 - these are the critical values of x.

Check second-order conditions and toss out all the candidates that are
not local max; that is, toss all those critical values of x that do not have
fauz(2°) < 0. The remaining z, are all local interior max.

The largest one (there might only be one) is the global interior maximum.
Now check to make sure that the global maximimum is not one of the end
points. That is, check the end points (a and b) to see if the value of f(z)
at one of the end points is is greater than the value of the function at
the global interior max. If one is, it is the global max; if not, the global
interior max is the global max. (Note that if there is no limits on the
range of = there are no corners, and the global interior max is the global
max because all values of x are interior values.)

As an aside, and assuming a < x < b, the "the global interior max might
not be the highest point in the interior of z. In which case, none of the
point(s) that are higher are the global interior maximum. (Can you show
me a graphical example of this case?)

What are the potential pitfalls of assuming the max (min) is at a level of
x, x°, where f,(x°) = 0. It might not be a local interior max. It could, for
example, be a minimum. And, even if it is a local interior max, it might
not be the global interior max. And, even if it is a global interior max, it
might not be a global max.



Further note that the interior max might be at a point where the function is
not twice differentiable. In the question we assumed twice differentiability.

. Continue to assume that f(x) is twice differentiable. Assume that you
have found an z, x°, where f,(z°) = 0.Identify an additional condition
that is sufficient, but not necessary, for z° to be a local interior max.
Explain. Why isn’t your condition necessary?

answer: f,,(z) < 0 Va is one possibility. It is not necessary because
could be a lots of z° that maximize a function but where f,,(x) £ 0 Vz.
Consider a case where f,.(z%) < 0 but f,.(x) £ 0 Vz. Or consider a case,
where at the local maximum, f,(z°) =0 and f,,(2°) = 0. What is going
on with this second case? Consider f(z) = 5.

. Find the value(s) of z that maximize or minimize u(z) =9 — (z — a)? —
2(z — b)%. Now do the same for u(z) = g2 — {2 — 2z + 1.

answer: Look for critical points. First find

u(z) = —2(z—a)l—4(z—0b)1
= 2a+4b— 62

. To find the critical points set this equal to zero and solve for z: 2a +
4b — 6z = 0, Solution is: z° = %a + %b. Is the function maximized or
minimized at this point? u”(x) = —6, so the function is maximized at
this point. Look for critical points. First find

. To find the critical points set this equal to zero and solve for x: %392 —

%m — % = 0, Solution is: —1,2, so there are two critical points. Now look

at u' (z) = 2z — £, which can be either positive or negative depending
on the value of z. Evaluateu’ (z) = 2z —fat 2 = -1 and 2° = 2;
u'(—1) = 2(-1)—4+=-1.0and u'(2) = 2(2) — 1 = 1.0. So, the function

is maximized at x
second function

—1 and minimized at £ = 2. Consider a graph of the
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4. Describe, in words, in words, a simple theory to explain the market be-

havior of an individual consumer. Now describe this theory in general
functional notation. Describe both in words, and functional notation, the
solution to the consumer’s choice problem. Note that answering this ques-
tion does not require that you do an actual algebra or calculus.

. Describe in words and in mathematical notation the production manager’s
problem and its solution Make sure to define all of your terms. Then relate
the production manager’s problem to the firm’s cost function.

answer: The production manager’s problem is to determine how much
of each input to purchase to minimize the cost of producing a given level
of output and exogenous costs. That is, her problem is the find the condi-
tional input demand functions, (¢ = [4(x,w,r) and k¢ = k4(x,w,r) where
x is units of output and w and r are the exogenous prices of labor and
capital. She is also constrained by the state of technical knowledge for
producing x. 14 = [4(x,w, ), for example, indentifies the number of units
the production manager want to hire to minimize the cost of producing x
units of output given w and r. Mathematically, the production manager’s
problem is

min e = wl + rk
wrt 1 k

subject tox = f(k,I)

where © = f(k,l) identifies the maximum amount of x that can be pro-
duced as a function of the amounts of labor and capital used. Relating all
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of this to the cost function, since expenditures on the two inputs are, by
definition e = wl + rk,

e = wld+rkd

wld (2, w, ) + rkg (z, w,r)

= c(z,w,r)

That is, the cost function is another way to describe the solution to the
production manager’s problem. Note, as an aside that by Shepard’s lemma

Oc(z,w,T)

9 = lg(x,w,r)
and ae( )
clz,w,r) 4
— g = kS (z,w, )

Assume Wilbur’s utility function is © = zjzoxs. Further assume that
the law dictates that Wilbur consume two units of zo for every unit of
z1. Determine Wilbur’s demand function for good 1. In this part of
the question do not worry about the second-order conditions for utility
maximization. For now assume that the critical value of z; that you
derived maximizes utility. Hint: Start by turning Wilbur’ problem into
an unconstrained problem in one variable. Explain, in words, all the steps
in your derivation of his demand function for good 1.Now derive Wilbur’s
demand functions for goods 2 and 3.How many units of the three goods
will he choose to purchase if his income is $72, py = 1, po = .5 and p3 = 7.

Discuss the role of marginal utility in demand theory.

Discuss the distinction between cardinal and ordinal preferences. As part
of your answer, define both. Discuss the representation of preferences with
a utility function.

Assume Wilbur’s preferences can be represented by the utility function
u(zy1,z2). Now assume some other utility function U(z1,x2). List a set
of necessary and sufficient conditions on U(x1,x2) in terms u(x1, z2) such
that both functions represent the same preferences. As part of your an-
swer, define preferences and discuss what it means for Wilbur to have
preferences.

(5 points) Consider a world of two goods x; and z5 where z; > 1 and
9 > 1. Consider the the following two utility functions

u = xﬁ“xg where a, 5 > 0

and
U=14+5alnz + flnzy)?
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Convince me that these two utility functions will generate the same de-
mand functions.

Answer: The easiest way to demonstrate this is to show that both util-
ity functions represent the same preferences. The second one is just an
increasing monotonic transformation of the first. Start with v = x?xg .
Note that Inu = (aInzy + Slnzs). Logging both sides of u = x?acg does
not change the ranking. Neither does multiplying by 5 or adding 14 to
the result.

Note that
OU 914+ 5(alnzy + flnas)?] dlnu
u Jdlnu ou
but
Inu =alnz; + flnxs
So
oU  0[l4+5(alnz; 4+ Slnwzy)?] dlnwu N
ou Jdlnu ou
oU  9[14+5(nu)?]1  10lnu
u Olnu u ou

what is the point of showing this derivative?

Define, in words, the utility function u(x1,z2), 1, 22 > 0.

Define, in words, the indifference curve associated with u° units of utility.

Using the concept of a total differential, determine g% . Show all

“2 [du=0
your work and explain, in words each step of your derivation.

Now assume

u=u(r1,22) = ap + 171 + aszy

What is the M RS,,,, when u =5 + 4z + 8x3?
What does this mean when 2§ = 97
answer:

The utility function asssociates a number with each bundle of the two
goods, such that if the individual is indifferent between two bundles the
function assigns the same number to each, and if a bundle is preferred
to another bundle, the function assigns a larger number to the preferred
bundle.

The indifference curve associated with the utility level u® consists of all
those bundles of the two goods that just achieve the utility level u®

The total differential of the utility function is
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along an indifference curve, utility does not change, so

ou ou
0= —dxy + —dx
8l‘1 ! 83:2 2
Solve this to get
ou
dxy _ Bz,
dwg du=0 88;1

: _ v
Given u(z1,22) = @ + a1m1 + @21y

dry B 387?2
dolumo B
yaga) ™!
ai
When u =5 + 4z + 8z
dxy B yasxg
day du=0 T
_ BBy
4
= ;0

When z; is increases by one unit x; must decrease by x 5 units. M RSypa, =
2y

Evaluate this when 23 = 9, 97 = 0.33333. This means that when the
individual is consuming 9 units of zg, if x5 is increased by 1 unit the

consumption of 21 must fall by 1/3 units to keep utility constant.

Assume that an individual’s preferences can be described by the following
utility function
u=u(x,2) = axy + bzé/Q

Assume more is always preferred to less. What does this assumption imply
about a and b? Explain how you would go about deriving the individual’s
demand functions for the two goods. Don’t solve the problem rather
explain, in steps, how you would solve the problem. Now try and derive
the individual’s demand function for good 2. If you get a solution, discuss
whether or not you are sure that you have found the demand functions.

What happens to the demand for good 2 if the price of good 1 increases?
Does it increase or decrease and by how much?

answer: More is preferred to less requires that the marginal utility of
each good is always positive. That is,
ou

7 _ 0
B a >
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and 5
U
— = 5bzy° >0
8:1:2 T2

so a and b must both be positive.

1/2
max ax; + bxz/

wrtxxy,ra

subject to
Y = p121 + P22

First turn the problem into an unconstrained maximization problem in
one variable, zo by solving the budget constraint for x; and substituting
the result into the objective function. One obtains

max i — a (%Wz) T bl

D1
wrtxay
First look for critical point(s)
ou aps s
— = ——2 4 5bz, -
Oz D1 2
2
Set this equal to zero and solve for x5, solution is: {xg = 0.25b% aé’;z } This
2

is possibly the demand function. To check to see if utility is maximized
at this level of x5 check to see if

0%u
TU . 25bay
ox3
2
is negative when z§ = 0.25b af;;z. Since —.25bx; '% < 0 for all 25 > 0, it
2

is negative at x9, so the demand function is

2
P1
2.2

3 = 0.250°
a“py

To determine what happens to it when p; increases

2 pi
ory 0 (0250 ) e
Op1 Op1 . GZP%

That is, demand for z, increases by 0.5b2
creases.

-5z when p; marginally in-
2

Assume that an individual’s preferences can be described by the following
utility function

1/2 1/2
u=u(x1,x2,x3) = axy + bxg/ + cmg/
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Assume more is always preferred to less. What does this assumption
imply about a,b, and ¢? Explain how you would go about deriving the
individual’s demand functions for the three goods. Don’t solve the problem
rather explain, in steps, how you would solve the problem. Now try and
solve the problem. If you get a solution, discuss whether or not you are
sure that you have found the demand functions.

What happens to the demand for good 1 if the price of good 3 increases?

Now answer the above question, but assume there is a law that says an
individual has to consume the same number of units of goods 1 and 2.

Assume that an individual’s preferences can be described by the following
utility function
u = u(z1,T2,T3) = T172 + T3

Derive the demand functions for the three goods. (Don’t worry about
checking the second order conditions for a max.)

answer: We want to maximize u = zi1x2+x3 subject to m = pyx1+poxe+
psx3. Note that it this utility function implies that the individual will
spent all of his income, m. I will use substitution. Solve the budget con-

m—pix1—p2T2 }
b3
I chose x3 because it is the additive term. Substitue for x3 in the util-

ity function to get u = xyxzy + DERLELTP2E2 T 6ok for stationary points.

d m—pi1x1—p2x —x —+ d m—pi1x1—p2T
_ [1’1.’E2+ pP1T1—Pp2 2] — [_ 2P3 Pl} [1.1x2+ pP1T1—p2 2} —

straint for x3, m = pi1x1 + p2x2 + p3xs, Solution is: {1‘3 =

dxzy p3 p3 ? dza p3

“1’;’7;”2. Set each of these partials to zero and solve. With this simple

%;ﬂn} = 0, Solution

utility function each can be solved separately: [—
is: {z§ = Z—;} and ””“7;73_” = 0, Solution is: {:Z:T = g—z} And by substi-

tuting for x; and z2 in the budget constraint one obtains x5 = = — 2pipz

p3 P3

If one wanted to check the second order conditions, one would want to
show that

Uy (T1, T2)VT + Usgry (T1, 02) V3 + Uy 1y (T1, T2) V102
= 0 + 0 + 2(1)111112

is non-positive. One can’t. It is positive as long as v; and vs are both
positive or both negative. So moving away from the stationary point in
either the NE direction (increasing x; and zs, decreasing z3) or the SW
direction will increase utility. It looks like the stationary point that we
have found is not a max, so we have not found the demand functions.
Let’s graph the utility function to see if we can figure out what is going
on. To do this need to assume values for income and prices. For example

1;1:1:2 _|_ 100—5z11—10z2



15.

It look, to me, like with these prices utility is maximized when everything
is spent on x3, a corner solution.

Find the consumer’s demand functions for xyand xo assuming u = x1x2

subject to

oy P1
To = — — —X1

b2 P2

answer: the constraint into the objective function, one obtains

max = g(a1) = 1

— = —T1| = —T1 — —I]
wrt 1

{ZJ p1 } Yy b1 o
D2 b2 b2 D2

Note that Note that we have turn an constrained optimization in two
variables into an unconstrained optimization problem in one variable. The
solution is the consumer’s demand function for good 1,

Ty = 961(3/7101»102)

How do we find the value of x, z*, that maximizes utility subject to the
constraints? We are looking for the top of the utility mountain. How can
we find it? Maybe at the top of the mountain, ¢’(x;) = 0. We call the
value of z1, where ¢'(z1) = 0, 29, that is, ¢'(z?) = 0. It is often call a
"critical” value. Find ¥

Yy 2p
0 = =-——7m
D2 P2
2
Lo
P2 D2
0 Yyp2 Yy
= I =T Y,P1,P2) = = 5
! ( ) p2p12 2p1



16.

So, 29 = 21 (y, p1,p2) = ﬁ is possibly the demand function for good one.
If it is, it says that the individual should spend 1/2 of his or her income
on each good. How would you make sure that 9 is the quantity of x;
that maximizes rather than minimizes utility? Maybe look at the second

derivative of g(z1), ¢” (1) at 2.

’ 2'p1
/
g (1) =——
P2
We want to evaluate this at 2§. Note that it is the same constan ;%,at
every value of z, so ¢’ (29) = —Qp% < 0 Vp; > 0. What does this tell us?

that utility is maximized at

0 Y
Ty = X1\Y,P1,P2) = 5 —
= i) = 5
Why? The individual’s demand functions (Marshallian demand functions)
are v
0 _ _ Y
Ty =71 (y7p17p2) 2p1
x5 = x3(y, p1,p2) = 2y
The individual will spend 1/2 of his income on each good. This should not
surprise us given the symmetrical way the two goods enter the demand
function.

Find the individual’s demand functions assuming wu(zy,zp) = afzi ®
where a > 0. Simplified by making a = .5, so the problem is
max zPxy = (2122)° (1)

wrt x;,r2

subject to
Y = Pp1T1 + P22

Think about this utility function intuitively and compare it to u = z1x,.
The two commodities are treated symmetrically. Also note that

z; = 2 when u = z;z2, and note that (x1w2)® is a monotonic trans-
formation of x1T3. You should know what the answer is before you even
begin to do any math. Draw some indifference curves, assign number and
then take the square root of those numbers.

Now let’s do the math. What are the steps? First step: turn the problem
into an unconstrained problem in one variable. Do this by solving the
budget contraint for x5 and substituting the result into the object function.
That is
_Yy—na

b2

T2

10
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So, the objective function in terms of x; is

5 (Yy—p171 N
A

We want to maximize this without respect to z;. Start by looking for a
critical value(s) for x1; that is, value of z; where 2 o

al..5(y—p1® -5
d|:'L1 (9 11;21 1) :| —1.0y+2.0p1z1 ;
= Now set this equal to

/7\/ 10*1 011+P1z1 )p2

T

zero and solve for z;

—1.0y + 2.0p121

\/>\/ —1.0= 102/+p1$1>p2

Solution is {xl = 0.5%}. This is very interesting, it is the same critical

:O7

value for z; that we got when we assumed u = ziz2. Does that make
sense. They represent the same preference ordering. Reread consumer
theory in a nutshell. That means that we could have saved a lot of work by
first seeing if we could simplify the functional form of the utility function
without changing the preference ordering. In this case, we don’t need to
check to make sure utility is maximized at z; = 0.51%. We already know
that it is.

Assume that an individual’s preferences can be described by the following
utility function
u=u(x,x2) = axy + bro

Assume more is always preferred to less. Derive the individual’s demand
functions. Explain, in words, what you are doing and the logic of what
you are doing. Think before you leap. Use a graph or graphs to make
your argument.

answer: More is preferred to less requires that a and b are both positive.
The individual’s problem is to

max axi + bxa
wrtxxy,ra

subject to

Y = Pp121 + P22
First turn the problem into an unconstrained maximization problem in
one variable, xo by solving the budget constraint for z; and substituting
the result into the objective function. One obtains

maxu = a (y—m) + bxo
p1

wrtxay

11
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20.

First look for critical point(s)

Ou __ap2

Oxg P1
Stop and look at 8’9—;‘2 and note that in this case it is not a function of x5
and depending on the values of a, b, po and p; it will always be positive
or negative. What does this mean? It means that maximum utility is
either always increaseing in xy or always decreasing. If —% +b<0
the individual should consume no x5 and spend all of their income on
z1. That is, if -2 +b < 0,27 =L and 23 =0. If =2 4+b>0
the individual should consume no x; and spend all of their income on xs.
That is, if f% +b>0, 25 = p% and zj = 0. Mathematically speaking,
the individual is at a corner solution, spending all of their income on one
of the two goods, the good that gives the most bang for the buck. Think
of it this way; the individual gets a utils from each unit of z; and if it
costs p; per unit, the individual gets a/p; utils for each dollar spent on
x1. Likewise he always gets b/py utils for each dollar spent on zo. He
will spend all of his money on the one that is larger. Note that this
guy’s indifference curves are straight lines; % lau=0 = — %, the two goods
are perfect substitues. Draw a picture of the indifference curves and the
budget line.

Describe the theory of the competitive firm in terms of input quantitities
and what the theory predicts. Do this both in words and in functional
notation. Note that answering this question does not require that you do
any actual algebra or calculus.

Describe the theory of the competitive firm in terms of output and what
the theory predicts. Do this both in words and in functional notation.
Note that answering this question does not require that you do any actual
algebra or calculus.

Assume a competitive firm produces product x using k and [. Further
assume that z is sold at the parametric price p and that r and w are the
parametric prices of k and .

Define in words, the firm’s longrun demand function for capital services,
k? = k(p,w,7).

Derive the firm’s longrun demand function for labor, [¢, and capital ser-
vices, k%, assuming

z = f(k,1) = k515

Don’t worry about checking the second-order conditions.

answer: First write down profts as a function of k and [,

m(k,1) = p(k°1°) —wl — rk

12



Look for critical the critical point(s). First take the partial derivatives

( (k51°) —wl — rk) = 0.5%—_';]7 —w and Dy (p(k1°) — wl — rk) =
kO 519%p —r. The production function is symmetrical so it does not matter
whether we start with k& or [. Set the first partial to zero and solve for
l 0.5’?3—':]9 w = 0, Solution is: [ = iki—i Plug this into koo55l0 Sp—r =
0 to get % (1) — 7 = S (10905 L)p — 7 = 0.5(1)°28) —7 =
0.25p%w=t—r = 0. Bells go off in your head at this point, 0.25p?w ™! —r =
0 is not a function of [, so there is not critical value of [, which tells us that
the amount of labor the firm want to maximize its profits is either zero or
infinity. But, we should have known this before we started the math: the
production function is constant returns to scale, so the competitive firm
will will want produce either zero or infinity, depending on whether the
constant marginal cost is greater than or less than p.

Now let’s do a problem with there is an interior solution. Assume now

decreasing returns to scale. For example, © = f(k,l) = k512 First write
down profts as a function of k and [,

m(k, 1) = p(k®1?) —wl — 1k

Look for critical the critical point(s). First take the partial derivatives
Dy(p(k512%) — wl — k) = 0. 21081) w and Di(p(k®1?) — wl — rk) =
U5002p — r. Set the first partial to zero and solve for k- (this be-
cause 1t will plug directly into the other first-order condition. Simplifying,
0.2k 10 8p —w = 0 implying 0. Q%p = w implying k%5 = 5wp~ 1195, Plug

2
this inteo 18055102 —r =0 to get Fup= I 1105102 —r=0= l%%% —r=0
which implies that 1%13 fﬂ = r which implies that 10% = —102“’ which im-
ples 1 = (199)75 = () B3 = (555 So Ly = (121555 Let's

hope this is the demand function for labor. Now find the crltlcal value
for capital. Plug l..;+ into either of the first-order conditions to get k-

For example, k2.2, = bwp %3, = 5wp71((%)3'333)0'5. So, kerit =
(571)1’71)2((15;”)3 333) = 221; ((15;)3‘333) — 25w2p—2p0-6661 ()~ 1—3.333,,-3.333

4. 666
= ﬁm Wow! So, let’s hope this is the demand function for capital.

So, we better check second—order conditions to make sure. Look at Dy (p(k>1-?)—
wl —rk) = —0. 1611 8p and Dy (p(k®1?) — wl — rk) = —,2-{%’2 192p which

are both negative so we most likely have a max. So, the demand functions

for labor and capital are

14 = 1(p,w,r) = (ﬁ)3.333
10rw
and
k= k(p,w,r) = 2.5p"

r3.333q1.333

13
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Assume a competitive firm sells its output = at the parametric price p and
that it can purchase labor and capital at the parametric prices w and r.
Further assume that the firm’s cost function is

c=c(z,w,r) = zwr

Determine the profit maximizing level of output, °. Show all of your work
and explain, in words, all of your steps. Derive a quantitative comparative
static prediction about what happens to to z° if r increases.

Assume a competitive firm sells its output x at the parametric price p and
that it can purchase labor and capital at the parametric prices w and r.
Further assume that the firm’s cost function is

c=c(z,w,r) = 322w r?
Determine the profit maximizing level of output, z°. Show all of your work
and explain, in words, all of your steps. Derive a quantitative comparative
static prediction about what happens to to z° if r increases.

c=c(x,w,r) = 32%wr?

S0,
m(z) = pr — 32w r?
First look for critical points, D,(pz — 32x?w 7 r?) = p — 6792w’ 72. Set
this equal to zero and solve for = to get p — 67%2w% 7z = 0, Solution is:
xg = {# 3507} Check to see if this critical point is a max. D, (pz —
322w r?) = —6r%2w"7 < 0 for all values of =, so is negtative when
Ty = {%W} Therefore the firms suppy function is x®(p,w,r) =
{%W} What happens to this if » marginally increases? Dr(% o) =
—3.3333 x 10_2W = —.0333-1745~7. That is, if 7 marginally in-
creases, the profit maximizing level of output will decline by .0333#

Assume a competitive firm sells its output z at the parametric price p and
that it can purchase labor and capital at the parametric prices w and r.
Further assume that the firm’s cost function is

c=c(z,w,r) =z wr

Determine the profit maximizing level of output, *. Show all of your work
and explain, in words, all of your steps. Derive a quantitative comparative
static prediction about what happens to to z° if r increases.

answer: Note that this cost function exhibits increasing returns to scale

that is, the marginal cost of production (-t (zwr) = me(z,w,r) =
2
f/'gwr) decreases (T(i.z (zPwr) = W - LI'Q%SIUT < 0)as output in-

creases. The competitive firm, which can sell as much as it wants at the
parametric price p, will want to produce infinite output. If you look for an
interior point, you will find a critical point, but profits will be minimized
at that point.

14
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Assume a competitive firm sells its output = at the parametric price p and
that it can purchase labor and capital at the parametric prices w and r.
Further assume that the firm’s cost function is

¢ =c(z,w,r) = zwr

Determine the profit maximizing level of output, z®. Show all of your
work and explain, in words, all of your steps.

Assume m = px — ¢(x), where 7 is profits. Assume p = 40, and c(z) =
2% — 1222 + 60z. Find the profit maximizing level of output. Don’t forget
to check the second-order conditions.

answer: Profits as a function of x are
m(z) = 40z — 23 + 122% — 60z

Look for a stationary point: - (40z—z%+1222—602) = —20—322+24z =
0, Solution is: {x =4+ 2v21},{z=4—2V21}. 4+ 221 = 7.0551,
4 — %\/ﬁ = 0.94495. There are two stationary points. Check the sign
if £ (402 — 2° 4 1222 — 60z) = —6x + 24. This is positive if = < 4

dx?
and negative if x > 4. So profits are maximized when = = 7.0551 and

minimized when x = .94495.

Assume the Snerd Corporation produces product x using k and [, where
= f(k1)=k®1°

Further assume that the firm purchases labor and capital at the parametric
prices w and r. Derive the firm’s conditional demand function for labor;
that is, derive I¢ = [.(z,w, 7). Then derive the firm’s conditional demand
function for capital, k% = k.(x,w,r). Note that the conditional demand
function for labor identifies the amount of labor the firm will purchase to
minimize the total cost of producing z, given w and r. You do not have
to check the second order conditions for a max. What happens to the
conditional demand for capital if the price of labor increases. Explain all
of your steps in words. Now tell the reader what the firms cost function
is and why?

answer: This is the production manager’s problem. Min (wrt {) wl + rk
subject to x = k'°I'5. Note that there constant returns to scale in pro-
duction. I will solve using substition. = = k°I'> = 22 = kI, Solution is:
k= sz Substitute this into the objective function to obtain wl—l—rzTQ. Min-

imize this wrt . Look for critical points. %(wl + er2) = —M =0,

Solution is: {l = i\/(wr)m} , {l =-1i (wr)x} Discard the negative

one and check the second order conditions. j—;(wl + TTT2) = 2r”l’—32, which
is positive if r and [ are positive, which they are by assumption. So,
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27.

28.

29.

30.

1¢(z,w,r) = 2\/(wr)z = 2(£ )5 is the conditional demand function for la-
bor. By symmetry k°(z,w,r) = (%) is the conditional demand function
for capital. Note that both of these are linear in output. This follows from
the fact that we assumed a production function that exhibited constant
returns to scale. To determine what happens to the conditional demand
for capital when the wage rate increases take the partial of k = x(%)‘r’

with respect to w, that is, - (z(%)) = 0.5 (”” ) = Szw=Pr=5 = (u')ig)“,s
2)r

(different ways to express the partial derivative. So, if w marginally in-
creases, holding z and w constant, costs will increase by ﬁ Extra

5
wr
credit: Determining the cost function. Expenditures on inputs are, by
definition the amount spent on labor and the amount spent on capital;
that is, e = wl + rk. Cost minimizing expenditures to produce z given w
and r are therfore

e* = wl®+rk
_ 5 W5
= wx(w) + ra( . )

= a(wrdw 4 rwdr—?)

m(w'57"'5 + w,sr.ﬁ.)
2zw

= c(z,w,r)

(This one is long and has a lot of algebra.) Assume the Snerd Corporation
produces product = using [ and k, such that

=k whereo<a <1

Assume that the firm buys labor and capital at the parametric prices w
and r. Derive the firms conditional demand functions for [ and k; that is,
derive 19 = l.(x,w,r) and k¢ = k.(z,w,r)

Assume a competitive firm produces output z using only two inputs, [ and
k. Further assume you know the firm’s cost function and that you have
already derived its suppy function. Describe how you might determine
how much labor and capital the firm will want to hire.

Assume a competitive firm produces output x using only two inputs, [ and
k. Further assume you know the firm’s production function and that you
have already derived its demand functions for labor and capital. Describe
how you might determine how much output the firm will want to produce.

Describe the theory of a monopoly firm in terms of output and what
the theory predicts. Do this both in words and in functional notation.
Note that answering this question does not require that you do any actual
algebra or calculus.
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31.

32.

Assume that the Gomer Corporation is the sole producer of gomers (i.e.,
it’s a monopoly).

Assume that the aggregate demand function for gomers is

g9 =9(p) =100 — .5p

where p is the price of gomers and g is the quantity demanded of gomers.
Assume the cost function for producing gomers is

c(g9) = ¢* — 12¢9% + 60

Determine the profit maximizing quantity of gomers. Explain each of your
steps, show all of your work, and make sure to check the second-order con-
ditions for profit maximization. What happens to the profit maximizing
level of output if p increases. Is this a quantitative comparative static
prediction? Can you sign it?
answer: Want to maximize profits wrt g. First need to define profits as a
function of g. Begin by solving the demand function for p to get the inverse
demand function g = 100 — .5p, Solution is: {p = —2.0¢g + 200.0}. There-
fore, total revenue, as a function of g is (—2.0g+200.0)g = —2.0 (¢ — 100.0) g.
Therefore

m(g) = —2.0 (g — 100.0) g — ¢* + 12¢% — 60

Look for critical points %(—2.0 (g — 100.0) g — g® + 12¢ — 60) = 20.0g +
200.0—3.0g% = 0, Solution is: {g = —5.4858},{g = 12.153}. Discard the
negative one. Check the second-order conditions %(—2.0 (g —100.0) g —
g + 12¢g% — 60) = 20.0 — 6.0g, which is a negative number when g =
12.153. So the profit maximizing level of gomers is 12.153. Note that
we could determine the profit maximizing price for this monopolist by
plugging the profit maximizing output level into the firm’s inverse demand
function p = —2.0g + 200.0 and evaluating it at ¢ = 12.153 to obtain
—2.0(12.153) + 200.0 = 175.69 = p,,. Recollect that the monopolist
gets to choose g and p, but not independently; that is, p and g are both
endogenous variables in this model.

Assume a profit maximizing monopolist. The demand function for its
output is
z(p) = b— ap, where a,b,> 0

The cost function is

where g(w,r) > 0 Yw,r > 0, g,(w,r) > 0 and g,(w,r) > 0. Derive the
profit maximizing level of output, x*, as a function of w and r. That is
derive z® = x*(w,r). Don’t forget to check the second order conditions.
Why doesn’t the profit maximizing level of ouput depend on p? Does
this model predict that the profit maximizing level of x will decrease if r
increases? Yes or No and prove it.
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Answer: The goal is to derive the profit maximizing level of output as
a function of the exogenous input prices, w and r. Note that for the mo-
nopolist, price is endogenous. What is exogenous is the aggregate demand
function for the firm’s product. The first step is express the firm’s profits
as a function of x. Costs are already expressed in unit of . Total rev-
enue also needs to be expressed in units of x. Total revenue is price times
quantity, but price is a function of quantity. That is, one want to express
total revenue as a function of x.

p(z) is the inverse demand function, which is obtained by solving x = b—ap
for p to obtain

b—x
z(p) = —
So,
B (b—x)z  bx—a?
tr(z) = p(a)z = - = -
So )
w(o) = T a2g(w, )
a

One therefore finds profit maximizing level of output by

bx — x>

- w2g(w, T)

maxm(z) =
wrt T

Look for a critical value of z; that is, an z, such that m(z,) = 0.

on(x) b—2x
= -2
Setting this equal to 0 and solving for z, one obtains
b—2
i —2zg(w,r) = 0 =
a
b—2x
— - 0
aza) 9T -
b 1
_———— = 0 =
pr el CY
b
%—1—ag(w,r) = 0=
b
%0 = 1+ ag(w,r) =
e 1
b (1+ag(w,r))
o .5b
€T =

(14 ag(w,r))
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33.

This might be the monopolist’s profit maximzing level of output as a
function of the input prices. Check to make sure this critical point is a
maximimum. Look at

Pr(x) -2

e R 2¢g(w,r) < 0 because a > 0 and g(w,r) >0

Since the second derivative of profits is negative for all values of z, it is
negative for © = x,, so the critical point does maximize profits and

.5b
(1+ag(w,r))
= .5b(1 +ag(w,r))~*

2 = z*(w,r) =

It does not depend on p because p is not exogenous to the monopolistic
firm. With respect to prediciting what happens to z* if r increases.

Az A(.5b(1 + ag(w,r))™1)

or or
—.5b(1 + ag(w,r))’%a%)

—.5b(1 + ag(w, 7)) "2 (ag,(w,r))
.5bag, (w, )

"+ agw, )

because by assumption a, b, g(w,r) and g, (w,r))> 0

(15 points) Assume a profit maximizing monopolist. The demand func-
tion for its output is

z(p) = b— ap, where a,b,> 0

The cost function is
c(z,w,r) = zg(w,r)

where g(w,r) > 0 Yw,r > 0, g,(w,r) > 0 and g,(w,r) > 0. Derive the
profit maximizing level of output, x*, as a function of w and r. That is
derive x® = z*(w,r). Don’t forget to check the second order conditions.
Why doesn’t the profit maximizing level of ouput depend on p? Does
this model predict that the profit maximizing level of x will decrease if r
increases? Yes or No and prove it.

Answer: The goal is to derive the profit maximizing level of output as
a function of the exogenous input prices, w and r. Note that for the mo-
nopolist, price is endogenous. What is exogenous is the aggregate demand
function for the firm’s product. The first step is express the firm’s profits
as a function of z. Costs are already expressed in unit of x. Total rev-
enue also needs to be expressed in units of z. Total revenue is price times
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quantity, but price is a function of quantity. That is, one want to express
total revenue as a function of x.

tr(z) = p(a)x

p(x) is the inverse demand function, which is obtained by solving = b—ap
for p to obtain

b—x
p(z) = —

So,

B _(b—=x)z  br—a?

tr(z) = p(x)x = - = -

So )

w(2) = 25 g, )

a

One therefore finds profit maximizing level of output by

br — 2
max7(x) = T xg(w,r)
wrt x a

Look for a critical value of z; that is, an z, such that 7,(z,) = 0.

or(x) b—2x

ox a

- g(wﬂa)

Setting this equal to 0 and solving for x, one obtains

b— 2z
- = g(w,r) =
2
b2 ) =
a a
2
g = Z o
a a
5 —ag(w,r)) = =z,

This might be the monopolist’s profit maximzing level of output as a
function of the input prices. Check to make sure this critical point is a
maximimum. Look at
0?r(x)
Ox?
Since the second derivative of profits is negative for all values of z, it is
negative for © = x,, so the critical point does maximize profits and

= —= < 0 because a > 0
a

2® = 2°(w,r) = .5(b — ag(w,r))

It does not depend on p because p is not exogenous to the monopolistic
firm. With respect to prediciting what happens to z* if r increases.

Oz . Og(w,r)

. < 0 because by assumption g,.(w,r) >0 and a >0
or or
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34. Assume a profit maximizing monopolist. The demand function for its
output is
z(p) = b — ap, where a,b,> 0

The cost function is
o(z,w,r) = z*g(w,r)

where g(w,r) > 0 Vw,r > 0, g,(w,r) > 0 and g,(w,r) > 0. Derive the
profit maximizing level of output, =*, as a function of w and r. That is
derive z* = x*(w,r). Don’t forget to check the second order conditions.
Why doesn’t the profit maximizing level of ouput depend on p? Does
this model predict that the profit maximizing level of x will decrease if r
increases? Yes or No and prove it.

Answer: The goal is to derive the profit maximizing level of output as
a function of the exogenous input prices, w and r. Note that for the mo-
nopolist, price is endogenous. What is exogenous is the aggregate demand
function for the firm’s product. The first step is express the firm’s profits
as a function of xz. Costs are already expressed in unit of z. Total rev-
enue also needs to be expressed in units of x. Total revenue is price terms
quantity, but price is a function of quantity. That is, one want to express
total revenue as a function of z.

p(x) is the inverse demand function, which is obtained by solving = b—ap
for p to obtain

b—x
p(z) = —
So,
B _(b—z)z bz —a?
tr(a) = playe = LT P
So ) )
m(x) = " — a%g(w, )
a

One therefore finds profit maximizing level of output by

br — 2
max7(z) = xor 2g(w, )
wrt x a

Look for a critical value of x; that is, an z, such that m,(x,) = 0.

or(x) b—2x
% - a4 2zg(w, )
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Setting this equal to 0 and solving for x, one obtains

- —2zg(w,r) = 0 =
b—2z
a(22) —g(w,r) = 0 =
b 1
@ — g — g(w,r) = 0 =
b
%—17(19(10,7') = 0=
b
% = 1+ ag(w,r) =
A S
b (L+ag(w,r))
Y .5b
x

(14 ag(w,r))

This might be the monopolist’s profit maximzing level of output as a
function of the input prices. Check to make sure this critical point is a
maximimum. Look at

6287;(296) = _72 —2g(w, r) < 0 because ¢ > 0 and g(w,r) >0
Since the second derivative of profits is negative for all values of z, it is
negative for © = x,, so the critical point does maximize profits and
.bb
(1+ag(w,7))
= 5b(1 + ag(w,r))"

¥ = z®(w,r) =

It does not depend on p because p is not exogenous to the monopolistic
firm. With respect to prediciting what happens to z* if r increases.

dx® A(.5b(1 +ag(w, 7))

or or
—.5b(1 + ag(w,r))’z(a%)

—.5b(1 + ag(w, 7)) "2 (ag,(w,r))
.5bag, (w, )

"+ agw, )

because by assumption a, b, g(w,r) and g, (w,r))> 0

35. (15 points) Assume a profit maximizing monopolist. The demand func-
tion for its output is

z(p) = b — ap, where a,b,> 0
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The cost function is
c(z,w,r) = zwr

where g(w,r) > 0 Vw,r > 0, g,(w,r) > 0 and g,(w,r) > 0. Derive the
profit maximizing level of output, z*, as a function of w and r. That is
derive z* = x*(w,r). Don’t forget to check the second order conditions.
Why doesn’t the profit maximizing level of ouput depend on p? Does
this model predict that the profit maximizing level of x will decrease if r
increases? Yes or No and prove it.

Answer: The goal is to derive the profit maximizing level of output as
a function of the exogenous input prices, w and r. Note that for the mo-
nopolist, price is endogenous. What is exogenous is the aggregate demand
function for the firm’s product. The first step is express the firm’s profits
as a function of x. Costs are already expressed in unit of x. Total rev-
enue also needs to be expressed in units of x. Total revenue is price terms
quantity, but price is a function of quantity. That is, one want to express
total revenue as a function of x.

p(x) is the inverse demand function, which is obtained by solving = b—ap
for p to obtain

So,

So
(@) br — x2
T wor
w(x) = " Tw

One therefore finds profit maximizing level of output by

br — 2
max7w(z) = ——— — zwr
wrt x a

Look for a critical value of z; that is, an z, such that m(z,) = 0.

or(z) b-—2z
= —wr
Oox a

Setting this equal to 0 and solving for x, one obtains

b—2x
= wr =
a
b 2z
-—— = wr =
a a
b 2z
-—wr = — =
a a
S50 —awr) = =z,
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36.

This might be the monopolist’s profit maximzing level of output as a
function of the input prices. Check to make sure this critical point is a
maximimum. Look at

Pr(x) -2

——~> = — < 0 because a > 0
0x? a

Since the second derivative of profits is negative for all values of z, it is
negative for © = x,, so the critical point does maximize profits and

x® = 2®(w,r) = .5(b— awr)

It does not depend on p because p is not exogenous to the monopolistic
firm. With respect to prediciting what happens to z* if r increases.
0z®  0(.5(b—awr))

= ————= = —0.5aw < 0 because a is positive by assumption

or or

Note that this problem is a special case of question 26, so if you already
did question 26, all you need to here is replace g(w,r) wr.

Consider econometrics and OLS (ordinary least squares). Assume
yi =Pri+e 1=1,2

where [ is a parameter and ¢; is a random term that varies from obser-
vation to observation. Assume you have two observations in your data
set

1 9 4
2 5 3

OLS finds those estimate of 3, B, that minimize the sum of the squared
residuals. The squared residual for observation 7 is

(yi — B!Ez)2
where ﬁxl is the predicted value of y;. Find the OLS estimates of /.
What is your best estimate of y; if x; = 107
Answer:

minssr = (9 — $4)% + (5 — 33)?

wrt B

Find the critical point

Jssr

op

= —2(9—B4)4—2(5—3)3=—2[(9— B4)4 + (5 — £3)3]
= —102+508

Set this equal to zero and solve for 3

~102+508 = 0 =
102
= — =2
b 50
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37.

Check the second-order conditions.

O?ssr

- =50>0
op

So 8 ~ 2 minimizes the ssr.
Consider econometrics and OLS (ordinary least squares). Assume
Yi :,Bl‘i—FEi 1= 1,2.

where (3 is a parameter and ¢; is a random term that varies from observa-
tion to observation. Assume you have two observations, ¢ = 1,2, in your
data set

Ty @
1 10 4
2 6 2

OLS finds those estimate of (3, B, that minimize the sum of the squared
residuals. The squared residual for observation 7 is

(yi — B!Ez)2

where ,@mi is the predicted value of y;. Find the OLS estimates of f.
What is your best estimate of y; if z; = 107 When you are finished with
the problem to this point, add a third observation and re-estimate (.

Answer:
minssr = (10 — B4)% + (6 — 52)?

wrt B

Find the critical point

Ossr

op

= —2(10 — B4)4 — 2(6 — £2)2 = —2[(10 — B4)4 + (6 — 52)2]
= 1044408

Set this equal to zero and solve for

—-104+408 = 0 =
N 104
= — =2.
B 40 6
Check the second-order conditions.
82
=400
a8

So 8 = 2.6 minimizes the ssr.
Check the second-order conditions.
0%ssr

=32+18=40>0
Gl
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38. Consider econometrics and OLS (ordinary least squares). Assume
yi=a+Pr;+e 1=1,2,3.

where a and 3 are parameters and €; is a random term that varies from
observation to observation. Assume you have three observations in your

data set
U TR 7
1 8 1
2 12 2
3 16 3

OLS finds those estimate of o and 3, & and B, that minimize the sum of
the squared residuals. The squared residual for observation i is

(yi — & — Bx;)?

where ¢ is the predicted value of y;. Find the OLS estimates of « and (.
What is your best estimate of y; if z; = 107

answer:

ssr(,B) = (8—a—PB)?+(12—a—F2)*+ (16 — a — £3)?
464 — 7200 — 1608 + 3a? + 12a3 + 143

We want to minimize this wrt @ and . Look for critical points.

d
- [464 — 72a — 1608 + 3a® + 1208 + 1457
= —T2+6a+128

d
& [464 — 7200 — 1608 + 302 + 1203 + 145°]

= —160+ 12a + 2853
Setting these both equal to 0, there are two equation in to unknowns

—T2+46a+128=0
—160 + 120+ 288 = 0

, Stationary point is: { B =4 a= 4}. Should we check the second-order

conditions? &, [464 — 72a — 1605 + 3a% + 12a3 + 145%] = 6 > 0 and
dd—/; [464 — 7200 — 1608 + 302 + 1208 + 1462] = 28 > 0, so we are at a
min in the direction of the axis. 4 and 4 are likely minimizing the ssr.
We could look further just to make sure. We need to check the sign of

55T q0 (0, B)V2 + ssrpp(a, ﬁ)v% + 2ssra8(c, B)vavs
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39.

which in this case is
6v2 + 2811/23 + 24v,v8

We need to show this is nonnegative for all feasible values of v. It is
obviously positive if v, and vg are both positive or both negative. Also if
either is equal to plus or minus 1 (in which case the other is 0).

What if one is positive and the other negative? In that case, does 6v2 +
281;% + 24v,vg > 07 In these directions, the first two terms are always
positive and the last one negative. What do we know about v, and

vg? v + v% = 1, Solving for « solution is: {va = (1 — v%)},va =
— (1 — v%) }. Without loss of generality, go with the first one, implying

vg < 0. Substitute for v, in 6v3 +28v§ +24v,vg one get 6( (1 — v%) )2+

2811% + 24@1}5. Graph it in the range —1 < vg <0

T25

T20

T15

T10

It is always postive, so the second-order conditions for a min hold in every
direction. Instead of graphing this function, one could have searched
for its minimum value and shown that it is always postive. That is,

d 2\ 2 5 5 _u (1-v2)vs—1203+6 B
= {6( (1 - v6>) + 2802 + 244/ (1 - uﬁ)vﬁ} —4 N _

0, Solution is —0.402 66, which the graph confirms is the minimum value.

Consider econometrics and OLS (ordinary least squares). Assume
vy =a+Px;+¢e 1=1,2,3.

where a and 3 are parameters and ¢; is a random term that varies from
observation to observation. Assume you have three observations in your
data set
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1 8 1
2 12 2
3 16 3

OLS finds those estimate of a and 3, & and [3, that minimize the sum of
the squared residuals. The squared residual for observation 1 is

(yi — & — Ba;)?
where ¢ is the predicted value of y;. Find the OLS estimates of o and (.
What is your best estimate of y; if z; = 107

answer:

ssr(,B) = (8—a—pB)2+(12—a—p£2)?4 (16 — a — £3)?
464 — 7200 — 1608 + 3a% + 12a3 + 1453

We want to minimize this wrt @ and . Look for critical points.

d
- [464 — 72a — 1608 + 3a® + 1208 + 1457

= —72+46a+1283

% [464 — 72a. — 1608 + 3a” + 1203 + 1447

= —160+ 12 + 283
Setting these both equal to 0, there are two equation in to unknowns

—724 60 +128=0
—160 + 120 + 288 = 0

, Stationary point is: { B =4 a= 4}. Should we check the second-order

conditions? &, [464 — 72a — 1605 + 3a® + 1203 + 145%] = 6 > 0 and
dd—;z [464 — 7200 — 16083 + 302 + 1208 + 148°] = 28 > 0, so we are at a
min in the direction of the axis. 4 and 4 are likely minimizing the ssr.
We could look further just to make sure. We need to check the sign of

88700 (0, B)vi + ssrpp(a, B)v% + 2ssra(a, B)uavs

which in this case is
602 + 2803 + 24vqp

We need to show this is nonnegative for all feasible values of v. It is
obviously positive if v, and vg are both positive or both negative. Also if
either is equal to plus or minus 1 (in which case the other is 0).
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What if one is positive and the other negative? In that case, does 6v2 +
281)[23 + 24v,vg > 07 In these directions, the first two terms are always
positive and the last one negative. What do we know about v, and

vg? v2 + v% = 1, Solving for « solution is: {Ua =4/ (1 — ”U%)} y Vo =
—4/ (1 — U%) }. Without loss of generality, go with the first one, implying

vg < 0. Substitute for v, in 6v2 +281J% +24v,vg one get 6( (1 — vg) )2+

2811?, +24 (1 — U%)Uﬁ. Graph it in the range —1 < vg < 0

[25

r20

r1s

rio

It is always postive, so the second-order conditions for a min hold in every

direction. Instead of graphing this function, one could have searched

for its minimum value and shown that it is always postive. That is,
11,/(1-v2 )vg—120v%+6

d 2))2 2 2 _ (1-v3)vs 6 _

o+ {6( (1—%)) + 2802 + 24 (1—%)@4 — 4V NS _

0, Solution is —0.402 66, which the graph confirms is the minimum value.
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