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Chapter 2

PRODUCTION, SUPPLY AND PRODUCTION POSSIBILITIES

2.1 Properties of production functions

Many of the causes of international trade are found in the differences between countries in their
abilities to produce different goods.  These varying ability are in turn related to underlying aspects of
production, such as technologies, factor endowments, competitive conditions, government taxes and
subsidies, and returns to scale.  But other aspects of technologies, most notably increasing returns to
scale, can create trade and gains from trade for even identical economies.   An understanding of these
considerations will ultimately help us to understand why the US, for example, exports aircraft and cereal
grains, and imports clothing.  These same considerations will help us understand the consequences of
trade, including overall welfare gains and the distribution of those gains between the members of a
society.  

The purpose of this chapter is to introduce the basic building blocks from production theory that
will be used repeatedly in subsequent chapters, so your investment in time now will pay handsomely
throughout.  These include productivity, returns to scale, factor substitution and factor intensity.  We
show how these properties at the level of individual industries combine with competition in factor and
goods markets to determine the positive, curvature, and slope of the economy’s production frontier and
competitive general equilibrium. 

Let X denote a particular good, and let two factors of production, such as capital and labor, be
denoted by V1 and V2. A basic building block of the supply side of our model will be the production
function, as represented by equation 2.1:

(2.1)

where " is some scaling parameter.  This production function is characterized by a number of properties
that will used repeatedly throughout the book.  These are as follows:

(A) Total factor productivity.  This refers to the amount of output that can be produced from a
given supply of inputs.  While productivity is of course buried in the function F( ) itself, we will 
represent total factor productivity in 2.1 by the parameter ": higher values of " indicate higher total factor
productivity.  Productivity change defined as a change in " is actually a rather special case termed
“neutral” or “Hicks neutral” technical change in that it does not affect any factor of production more than
any other.  More generally, technical change may be “biased” toward one factor or the other, leading for
example to higher productivity for capital or skilled labor.  We shall not have too much to say about the
latter in this book.

(B) Returns to scale.  The term returns to scale indicates how output X responds to an equi-
proportionate change in the input of all factors together.  For example, how does output change if we
double the inputs of all factors.  If output exactly doubles, this is referred to as constant returns to scale. 
If output more than doubles, we call this increasing returns to scale.  We will focus on these two cases
throughout the book.

Consider the following special cases of (2.1) in which X uses only one factor of production, call it
labor for example.

(i)  (ii)      (iii)  (2.2)
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The first of these three special case exhibits constant returns to scale: output is strictly proportional to
input.  Case (ii) is characterized by increasing returns to scale.  Curves showing output X as a function of
V are shown in Figure 2.1.  

Figure 2.1

Case (iii) seems conceptually more complicated but it is actually simpler in many ways than case
(ii) and is used extensively in trade theory.  (iii) exhibits increasing returns to scale due to fixed costs of
starting production.  (iii) is read “X is equal to the maximum of zero and where FC can be
thought of an investment or fixed cost of V required before any actual output is produced.  Case (iii) is
shown in Figure 2.2.  Output is zero until the critical level of input  is reached, and thereafter the
marginal relationship between input and output is constant.

Figure 2.2

(C) Factor substitution and diminishing marginal product.  Now return to the case in (2.1) where
there are two factors of production.  Here are three special cases:

(i) (ii)  (iii)  (2.3)

In the first of these, case (i), the two factors of production are said to be perfect substitution.  An isoquant,
showing combinations of V1 and V2 that produce one unit of X is shown in Figure 2.3: the isoquant is a
straight line.  Case (ii) is where V1 and V2 are perfect complements: they must be used together in equal
amounts, and adding additional units of one factor has no added effect on output at all.  An isoquant for
producing one unit of X is a right-angle curve shown in Figure 2.3.

Figure 2.3

Case (iii) of (2.3) is a special case of the relationship most often shown in microeconomics
textbooks.  It is a case of smooth substitution and curvature between V1 and V2 and this particular special
case is called the Cobb-Douglas production function.  An isoquant for (iii) is also shown in Figure 2.3
(drawn for $ = 1/2).  The relationship between V1 and V2 needed to produce a constant amount of X, the
slope of an isoquant, is known as the marginal rate of substitution (MRS) and can be found by
differentiating the production function, holding output X constant.

(2.4)

(2.5)

Note that the slope of the isoquant in (2.5) displays the curvature shown in Figure 2.3 and indeed the
isoquant never touches the axes in this special case: positive amounts of each factor are necessary for
positive output.  This curvature is known as a diminishing marginal rate of substitution.  

Production functions which display a diminishing marginal rate of substitution typically also
display diminishing marginal products of each factor: increasing the input of one factor holding the other
factor constant increases output at a diminishing rate.  So, for example, if we increase the input of factor 1
holding factor 2 constant, the first partial derivative (marginal product MP1) holding V2 constant and
second partial derivative of the Cobb-Douglas function are as follows:
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(2.6)

where the second partial is negative since ($ - 1) < 0. A negative second partial derivative is indeed a
more formal definition of diminishing marginal product.

An important point is that a production function may exhibit both constant returns to scale and
diminishing marginal products (and diminishing marginal rate of substitution).  You can check and see
that all three production functions in (2.3) have constant returns to scale.  You can check this for the
Cobb-Douglas case (iii) by multiplying all inputs by the constant of proportionality 8.

(2.7)

Doubling both inputs doubles output: constant returns to scale (2.7) occurs with diminishing marginal
product (2.6).

2.2 Equilibrium for a single producer 

Competition, or more specifically perfect competition, is define as a situation where an individual
firm is sufficiently small relative to the market that it views the prices of its output and inputs as
constants.  Denote the price of a firm’s X output at p, and the prices of two inputs as w1 and w2.  Let
partial derivatives of the production function F( ) be denoted with a subscript so that, for example, F1( ) is
the partial derivative of F with respect to its first argument, V1, also known as the marginal production of
V1 in producing X. Profits, denoted A, for the firm are given by revenues minus costs, and the two first-
order conditions for determining the optimal use of the two inputs are two equations to determine the two
unknowns (the two inputs levels). 

(2.8)

(2.9)

(2.10)

Equations (2.9) and (2.10) are general referred to as value-of-marginal-product conditions.  Firms
hire a factor up to the point where the value of its marginal product, output price times its physical
marginal product, equals the factor price.   Dividing (2.10) by (2.9) we have the well-known result that
the ratio of the marginal products, the marginal rate of substitution, should equal the factor-price ratio.1

(2.11)

Given what we have just learned, this is a convenient place to briefly introduce the term factor
intensity.  This is generally used to make comparisons across industries about the degree to which an
industry uses certain factors of production more intensively than others.  Specifically, we can define it in
our two-factor case as a ranking across industries of the ratio of factor use V2 /V1 at a common factor-price
ratio w1/w2 (common MRS).  Suppose that we have two industries (X1, X2). Let Vij denote the optimal
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amount of factor j needed in the production of good i (when there is a double subscript indicating an
industry and a factor, the first subscript denotes the industry, the second the factor).   MRSi be the
marginal rate of substitution in industry i. Industry 2 is intensive in factor 2 and industry 1 is intensive in
factor 1 if 

 at    Y  industry 2 is factor 2 intensive (2.12)

This is shown in Figure 2.4, where good 2 is intensive in factor 2 and good 1 intensive in factor 1. 
 As a specific example, suppose both goods have Cobb-Douglas technologies as in (2.3) above, but with
different values of $ and specifically $1> $2.  Then using (2.5), the optimal factor intensity ratios are
given by 

 (2.13)

In the Cobb-Douglas case, a relatively higher value of $ for an industry implies it is relatively more factor
1 intensive.  

Figure 2.4

2.3 The production set and the production possibilities frontier 

In many cases, we will not want to deal in detail with factor markets and individual industry
production functions, and will instead want to take a short-cut and deal directly with the aggregate
production set of the economy and in particular the production possibilities frontier of the economy.

(A) Total factor productivity: absolute and relative.   Consider perhaps the simplest possible case
of the production function in (2.1), with one factor of production and constant returns to scale in both of

two industries.  The single factor is in fixed supply  and is allocated between sectors 1 and 2 in the
amounts V1 and V2. The production side of this economy is given by

(2.14)

where the last equation follows from the fixed supply of V and MRT stands for marginal rate of
transformation, the slope of the production frontier, defined as positive (the slope’s absolute value).

The production frontier is shown in Figure 2.5.  It is linear, and the end points reflect both the
size of the factor endowment V and the absolute levels of productivity "1 and "2.  We can think of the
distance of the frontier from the origin as the economic size of the economy, a combination of the
endowment and productivity.  It is very important to note for analysis later in the book, however, that the
slope of the frontier depends only on the ratio of the productivity parameters, their relative levels "2/"1, 
and not on their absolute levels.  To summarize, the economic size of an economy depends on the
absolute levels of productivity, the economy’s relative ability to produce goods depends upon the ratio or
relative productivities.

Figure 2.5

(B) Returns to scale.  Now complicate our example just a little and allow both sectors to have
increasing returns to scale as in (ii) of (2.2) and set the "’s equal to one.
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(2.15)

(2.16)

The production frontier for this economy is shown in Figure 2.6; it is a convex curve or alternatively the
production set is non-convex.  Intuitively, a point mid-way between the two endpoints, denoted A in the
Figure, is not a feasible production point.  With increasing returns to scale, taking half of the endowment
out of good X2 and giving it to X1 generates less than half of the output of each good that would be
achieved if all the endowment were allocated to just one of the goods.

Figure 2.6

Now consider the alternative formulation of scale economies: those arising due to fixed costs. 
Let our simple economy be given by 

 (2.17)

The production frontier for this economy is shown in Figure 2.7.  The maximum outputs of X1 and X2
require incurring a single fixed cost.  Producing both goods, however, requires two fixed costs, and hence
the linear segment of the frontier with both goods produced does not connect with the end points of the
frontier.  Note the similarity between Figure 2.6 and Figure 2.7.  The former has a smooth curvature while
the latter is “kinked”.  But both share the property that the production set is non-convex and the mid-point
A of a line connecting the two endpoints of the frontier is not a feasible production point.  This property
proves important in later analysis.

Figure 2.7

(C) Factor endowments and factor intensities. Return now to the case where both industries have
constant returns to scale, but assume that there are more two or more factors of production.  In this case,
the production set must be convex (proof is omitted here) and indeed it is general strictly convex and for
many technologies the production frontier is a smooth concave (“bowed out”) function.  Let’s look at two
cases, both of which are widely used in trade models.  The first is generally referred to as the specific-
factors model (due mostly to Ronald Jones) and the second is the Heckscher-Ohlin model.  The specific-
factors model has two goods produced with three factors.  But only one factor, we’ll call it V, is mobile
between the two sectors.  The other two are fixed in their respective sectors, such as capital goods or
resources that have no use in the other sector.  We can denote these at K1 and K2 and these are treated as
fixed.  The production side of the economy is given by

(2.18)

where Fi1 is the marginal product of V1 in producing Xi. Assume that the law of diminishing returns holds,
so that the marginal product of V in each sector in decreasing in the ratio of V to the specific factor K. 
The production frontier will be strictly concave, or “bowed out” as shown in Figure 2.8

Figure 2.8

The fact that the production frontier is strictly concave (production set strictly convex) is a fairly
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general result provided that there are at least as many factors as goods and, of course, the goods must
differ in their optimal factor intensities.  A second case that forms one of the work-horse models of
traditional trade theory, the Heckscher-Ohlin model, has two goods and two factors, with both factors
useful in both industries.

(2.19)

The factor-market side of the economy is typically described via an Edgeworth box, as shown in
Figure 2.9.  The horizontal axis gives the economy’s total supply of V1 and the vertical dimension its total
supply of V2.  The origin for measuring inputs into the X1 industry is at the lower left or southwest corner,
and the origin for measuring inputs into the X2 industry is at the upper right or northeast corner.  Any
point in the box is a division or allocation of the total endowment between the two industries.  

Figure 2.9

Not all allocations (point in the box) are efficient.  The set of efficient or specifically Pareto
efficient allocations are given by tangencies between X1 and X2 isoquant.  The set of all such efficient
allocations is called the contract curve.  If X1 is intensive in V1 (refer back to Figure 2.4), then the contract
curve in Figure 2.9 must lie below the diagonal of the Edgeworth box.  That is, the slope of a ray from O1
to a point on the contract curve must have a flatter slow (lower V2 /V1) than the slope of a ray from the O2
to that point.  This is the case shown in Figure 2.9.

A somewhat informal proof that the production frontier for this economy is strictly concave
(“bowed out”) is as follows.  Consider the (inefficient) allocations on the diagonal of the Edgeworth box
in Figure 2.9.  Due to constant returns in both industries, if we plot the values of the X1 and X2 isoquants
as we move up this diagonal in the output diagram Figure 2.10, we will get a straight line. Point A in
Figure 2.9 corresponds to point A in Figure 2.10.  However, this is not an efficient allocation.  We could
move from allocation A in the Edgeworth box to point B and get more X2 output without reducing X1
output.  Or we could move from A to allocation C, which gives us more X1 output with the same X2 output
as at inefficient allocation A.  Point B and C in the Edgeworth box Figure 2.9 correspond to the efficient
production points B and C on the production possibilities curve in Figure 2.10.  The production frontier is
strictly bowed out as shown in Figure 2.10.

Figure 2.10

2.4 Competitive equilibrium

Although we now know something about the production frontier, (a) we have not shown that the
economy operates on this frontier nor (b) that equilibrium will occur at the best point on the frontier.  But
for a competitive, undistorted economy this will indeed be the case.  This result is know casually as Adam
Smith’s “invisible hand” and more formally in economic theory as the first theorem of welfare
economics.  The term distortions refers to anything (in addition to perfect competition) that leads to
deviations between prices and marginal costs of production or cause different agents to face different
prices for the same good or factor.  Taxes and subsidies are common forms of distortions and will be
treated in detail later in the book.  There are two common approaches to showing the Smithian result, and
we have simplified them here, particularly by exploiting the assumption that the total supplies of all
factors are fixed.  

(A) Approach I: calculus of optimization.  First-order condition equating the value of marginal
product of a factor to its price were given in (2.9) and (2.10) above.  If we have two industries and two
factors, these conditions are given by

(2.20)
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The first implication of these condition is factor market allocation efficiency.  If we divide the first
equation in each row of (2.20) by the second, we see that

(2.21)

The fact that the MRS in each industry is equal tells us that the competitive outcome must be a factor-
market allocation on the contract curve in Figure 2.9. This in turn says that the competitive equilibrium
lies on the production frontier.  

Second, we can differentiate the production function for each good, and replace the physical
marginal products Fij in (partial derivatives) with wj/pi from (2.20).

(2.22)

But the summations over the factors on the right-hand side are just minus one another: an increase in
factor j to industry i must mean an equal decrease in supply from the other industry. . 
Thus when we divide the second equation of (2.22) by the first, we get

(2.23)

This result says that competitive equilibrium is a tangency between the slope of the production frontier
and the equilibrium price ratio.  This is shown in Figure 2.11, where equilibrium relative price p1/p2 is
denote p0.  We can think of the price ratio through the production point as essentially a budget line, and
competitive equilibrium puts us on the highest budget line possible.

Figure 2.11

(B) Approach II: profit maximization and revealed preference.  The approach to proving
production efficiency in a competitive economy using the calculus of optimization is useful at many
points later and has a fairly clear and intuitive graphical interpretation.  But it is somewhat limited,
particular with the respect to “corner solutions” in which an economy does not produce all available
goods.  In this sub-section, we introduce an alternative methodology that we will use quite a number of
times throughout the book.  

This is an old, long-standing methodology based on the concept of revealed preference.  The idea
is straightforward: if we see an optimizing agent choosing an action or alternative A when B is a feasible
alternative, then A must yield higher profits or utility than B.  The crucial word “feasible” depends on the
context.  In the case of producers, it refers to an alternative output and input vector that is technologically
feasible: those alternative inputs are sufficient to produce the alternative outputs.  In the case of
consumers, it typically refers to cost: if you buy A when B costs no more or strictly less, then you are
revealing that you like A more than B.  If you buy A when B cost more than A, no preference ranking can
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be inferred; that is, you may or may not like B more than A.  

So now consider profit-maximizing competitive producers, again with fixed aggregate factor
supplies.  Suppose that we observed that the output vector X0 , and the input matrix V0 are chosen at
commodity and factor prices p0, w0.  Suppose that X1 , V1 is any alternative feasible production plan.

For each industry i, profit maximization implies that 

(2.24)

That is, if competitive producers are optimizing, the actual output and inputs chosen at these prices must
yield profits which are greater than or equal to the profits obtained from any other feasible production
plan.  Sum over all i industries

(2.25)

Suppose that endowments are fixed at .  For each factor j

(2.26)

Thus the summation terms on the two sides of (2.24) cancel out.  Therefore, the outputs X0 chosen at
prices p0 maximize the value of production at those prices: (2.24) becomes  

(2.27)

Geometrically, all feasible production points such as X1 must lie on or below the price hyperplane p0

through the actual production point X0. The price plane is “supporting” to the production set.

This is the same result shown in Figure 2.11 using a rather different approach.  But the revealed-
preference approach also covers corner solutions, such as that shown in Figure 2.12.  With the price ratio
flatter than the slope of the linear production possibilities curve, the equilibrium is to produce only X2 at
price ratio p0.  

Figure 2.12

2.5 Cost functions

Associated with any production function (which embodies the assumption of technical efficient)
is a cost function, which gives the minimum cost of producing a given output at given input prices.  This
cost function, which embodies both technical and economy efficiency is said to be dual to the production
function.  The word duality in economics is used in several different but related senses. It can refer the
fact that for a certain maximization problem (maximize profits) there is an equivalent minimization
problem (minimize costs), or it can refer to a change of variables or functions that carry the same
information, such as switching from a production function defined over input quantities to a cost function
defined over input prices.   Assume that the production function F has constant returns to scale. The dual
of the profit maximization problem in (2.8) - (2.10) is a cost minimization problem

   subject to   yields   (2.28)



9

Constant returns to scale in production in turn imply that total costs are linear in output.  We cannot
devote a lot of space here to this issue, and readers are referred to Varian’s classic textbook for a better
understanding.  What we can do is simply illustrate cost functions for the three production functions
given in (2.3) above. 

Derivation of the cost functions is left as an (very worthwhile!) exercise for the reader.  We have
added some scaling parameters such that, at factor prices w1 = w2 = 1, all three cases yield a minimum
unit production cost of one.

(i) 

(ii)  

(iii)  (2.29)

The intuition is as follows.  (i) is the case of perfect substitutes in production: the isoquant is
linear and therefore the firm will generally use only one input, either V1 or V2, the one that is cheaper. 
Therefore the cost function, the minimum cost of producing one unit, is just the minimum of w1 and w2. 
(ii) is the case where the factor inputs are perfect complements.  The firm must use exactly one unit of V1
and one unit of V2 to produce one unit of X.  Thus the unit cost function is the sum of w1 and w2.  It is
interesting to note and important to understand a feature of (i) and (ii), which is that, when the production
function has a linear isoquant (i), the cost function has as right angle-isocost curve.  When the production
function has a right-angle isoquant, the isocost curve is linear.  

The Cobb-Douglas case in (iii) is something that you should work out as an exercise.  Note that if
the production function is Cobb-Douglas, so is the cost function; the two look similar except for a scaling
parameter (we have put this on the production function so that the cost function looks quite simple). Note
finally that constant returns in production also shows up in all three cost functions: total cost is linear in
output, doubling output exactly doubles costs at constant factor prices.

As a final point in this section, we can use the result in (2.29) to illustrate Shepard’s lemma, a
special case of the envelop theorem, a result extremely usual for theory work, empirical analysis, and
computational models.  Shephard’s lemma gives the result that the derivative of the unit cost function
with respect to w1 for example, is the optimal amount of V1 to use to produce one unit of good X.  Let

denote the optimal (cost minimizing) amount of Vi need to produce one unit of X at these
prices.  Then 

(2.30)

  (2.31)

The fact that ai’s are optimally chosen initially means that expression in brackets is zero: small changes in
the a’s have no effect on cost. (Think of cost as a function of ai as U-shaped, with optimization meaning
that we are at the bottom of the U: a small change in ai has no effect on cost.) Thus the total derivative of
unit cost due to a small change in a factor price is just the partial derivative or direct effect on cost, which
in turn is the initially-optimal input level.  As a specific example, the optimal amounts of V1 and V2 to
produce one unit of output in our Cobb-Douglas example are
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(2.32)

We will see important applications of this tool several times throughout the book.

2.6 A note on increasing returns to scale and imperfect competition

We will conclude this chapter with a brief note on increasing returns technologies and
competition, or rather the general incompatibility between increasing returns and perfect competition. 
Let’s use the fixed-cost technology in equation (iii) of (2.2) and (2.17).  The total cost function, average
cost function (tc/X) and the marginal cost function for this technology are given by

(2.33)

The average and marginal cost curves for this technology are shown in Figure 2.13.  Average cost is a
hyperbole that approaches, but never actually equals, marginal cost.  The incompatibility between this
technology and a market structure of perfect competition in which firms are assumed to face a fixed prices
is straightforward.  If the (fixed) price is equal to marginal cost, the firm can never break even, since
marginal cost is always less than average cost.  If the price is even a little above marginal cost, then there
is some output level at which the firm breaks even and the firm has an incentive to expand output to
infinity at that fixed price.  That cannot be an equilibrium.  Thus this technology cannot support perfect
competition as an equilibrium market structure.  Much more will be said about this is later chapters.

Figure 2.13

2.8 Summary: what you should know

This chapter has developed tools and ideas that will be used repeatedly throughout the text.  You
should have an understanding of how productivities, returns to scale, factor endowments and factor
intensities contribute to determining the position, curvature, and slope of the production frontier in the
two-good case.  You should also have an understanding of how the assumption of perfect competition in
goods and factor markets (and the absence of other distortions as well) will lead to efficient output at
equilibrium prices.  Where these prices come from now leads us to turn to the consumer demand side of
the market, and then to general-equilibrium in Chapter 4.
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1. There is a problem here if the firm’s technology has constant returns to scale.  In that case, it
can be shown that the marginal products of factors and hence the first-order conditions in (2.9) and
(2.10)are invariant with respect to a proportional increase or decrease in the use of all factors.  This means
the output level for a single competitive firm is indeterminate.  Competitive general-equilibrium theory
generally ignores this problem by referring to industries and not to individual firms.  We shall continue
that tradition here, but will also show the problem formally when discussing homogeneous functions in
section 3.2.  

Endnotes
















