A Primer on Difference Equations

1. First-Order Difference Equations

Consider the following differential equation:

Yit1 + By = K, (1.1)

where y is a variable of interest, t is time, and 3 and k are constants. The solution to this

differential equation is the sum of a particular integral y? and a complementary function

C

y .
e =y" +y°. (1.2)

The solution depends on the value of .

The Particular Integral

The particular integral is any solution to the full nonhomogenous equation. For example,

assume that y is constant over time. Then, y;11 = y; and

y'=r/(1+5)  (B#-1). (1.3)

The Complementary Function

The complementary function is the solution to the homogenous equation
Y1 + By = 0, (1.4)
We guess that the solution is of the form
y© =Tp', (1.5)

where I' and p are an undetermined coefficients. The value of p is found as follows. Note

that if our guess holds, y; 11 = I'p't + 1), and we can write (1.4) as:
Tpt+! 4 Byt =0, (1.6)
which implies that p = —f.

The Full Solution



To obtain the full solution, we must identify I'. As long as 3 # 0, we have:

yr =y’ + 9",
K t
=157 +T(-p)". (1.7)

We find I' by imposing an initial condition. In this case, we assume that yo = y at time
t = 0. Also, at time ¢ = 0, we have yo = 5 + ['(—B)% such that ' = 4§ — x/(1 + f).
The full solution is then

(1) (8 G- (18)

T 1+5)
In the case where 3 = —1, the differential equation reduces to
Y41 — Yt = K. (1.9)

In this case, the solution is found by straight integration to be
yr = Kkt + T, (1.10)

where I' is an undetermined coefficient. Using our initial condition, yg = y = K0+ I', such
that I' = y. The full solution is

y=y+nkt  (B=-1). (1.11)

So, the solutions are:

LR )
g+t ifB=—1 '
2. Second-Order Differential Equations
The differential equation can be written as:
Yt+2 + ayiy1 + Byt = K, (2.1)

where y is a variable, t is time, and «, 3, and k are constants.

The Particular Integral



The particular integral is any solution to the full nonhomogenous equation. For example,

assume that y is constant over time. Then, y;12 = yi+1 = y; and

v =r/(1+a+p) (a+ B # —1). (2.2)

If a4 (3 = —1, then assume that y; = nt. This implies that y;10 = n(t+2), yer1 = n(t+1),
and (at t =0)(2+ a)n = k. Thus, n = k/(a + 2), and the particular integral is

(a+2)

yP = t (a+8=-1,a#-2). (2.3)

Finally, if a + 8 = —1 and a = —2, we try y; = nt>. It implies that y;,0 = n(t + 2)2,
Yer1 =n(t+ 1), and (at t =0) (4 + a)n = k. Then, n = k/2 and

P = g# (a+f=—1a=-2). (2.4)

So, the particular integral is:

k/(1+a+p) ifat+pf#—1
Y=< [k/(a+2)]t fa+pf=-1and a# -2. (2.5)
[k/2] 12 ifa+pf=—-1and a = -2

The Complementary Function

The complementary function is the solution to the homogenous equation
Yt+2 + ayri1 + By = 0. (2.6)
We guess that the solution is of the form
y© =Tp'. (2.7)
This solution implies that ;.0 = Ip!*? and y;,1 = Ip!T!. Substituting in (2.5), we find
Lp!t2 4 al'p'™ + pTp! = 0. (2.8)
The solution to this requires to solve the quadratic form:
p° +ap+ B =0. (2.9)

The solution to the quadratic form is:

—a /a2 —40 (2.10)
5 . .

P1, P2 =

3



This implies that
pL+p2=—o

p1p2 = [

There are three possible cases.
Case 1: Distinct Real Roots o > 43. In this case, the solution is

y© =T1p] + Taps. (2.11)

where p; + p2 = —a and p1p2 = .
Case 2: Repeated Real Roots o? = 43. In this case,

y© =T1p" + Tatp’, (2.12)

and p = —a/2.
Case 3: Complex Roots a? < 48.

y© =T1p] + T2pb, (2.13)

where p;1 = h+vi and py = h —vi, for h = —a /2, v = <\/4ﬁ—a2> /2, and i = /—1. We

can rewrite equation (2.13) as:
y° = R' (T'3 cos Ot + Ty sin t) , (2.14)

where 's =11+ 15, 'y = (I'y = '2) 4, R = \/3?, and 0 defined such that cos§ = h/R and
sinf = v/R.
The Full Solution

The full solution requires to identify I'. Consider first the distinct real rood case (a2 > 4/3).
In this case y = y¥ 4+ y© and
yr = yP + T1p} + Taph, (2.15)

where p1 4+ p2 = —a, p1p2 = 3, and yP defined in equation (2.5). We require two conditions

to find I'; and I's. For example, we impose yp = y and y; = . Then,

o=y=y"+T1+1I>

<

y1 =9 =y" 4+ p1I'1 + p2ls.

These two equations (with two unknowns) can be solved for I'; and I's.
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In the repeated real root case (o? = 43), we find

vy = yP +Tipt + Datpt, (2.16)

where p = —a/2 and y? defined in equation (2.5). We impose yo = y and y; = ¢ to obtain:
Yyo=y=y"+I1

y1 =9 =y’ + p1I'1 + p2ls.

These can be solved for I'; and T's.

Finally, in the complex root case, a? < 4/3, we find
yi = yP + R' ('3 cos Ot + 'y sin 6t), (2.17)

where h = —a/2, v = <\/4ﬁ—a2> /2, R = \/(3?%, and 0 defined such that cosf = h/R
and sinf = v/R. We use yo = y and y; = ¢ to obtain:

yo =y =y’ + I3,

y1 =9y =y" 4+ Rl'3cosf + R[4y sinf,

since cos0 = 1 and sin0 = 0. The two equations can be solved for I's and T'y.
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