1 Mathematical fundamentals.

1.1 Topology.

Definition 1 A set A in R¥ is called an open set if Va € A, there exists € > 0 such

that Be (a) C A (where B. (a) = {z € R : |z —a|| <e}).

Theorem 1 The union of open sets is an open set.

Definition 2 A set A in R is called a closed set if RF\ A is open.

Definition 3 A set A in R* is called a bounded set if there is M € RT such that
Va € A, |la]| < M

Definition 4 A set A in R* is called a compact set if it is closed and bounded.

Definition 5 A set A in R* is called a compact set if for any family of open sets F

such that,

ACUB

BeF

there is a finite subfamily Fs such that

Ac | B

BeFg

Definition 6 A set A in R* is called a convex set if Va,b € A, then

Xa+(1—XNbe AVAel0,1].



Definition 7 A function

[:R™—R"

s a relationship in RMxR™ such that ¥Vr € R™ there exists a unique value ¥ € R™

such that rf7 or f (r) =T.

Definition 8 A function f : R™ — R" is continuous if for any open set in R", say

N, we have that f~' (N) is an open set in R™.

Definition 9 A function f : R™ — R"™ is continuous at ag if for any ¢ > 0 there

exists 6. > 0 such that Ya € R™,|a — ao| < 6. tmplies that |f (a) — f (ao)] < &

Definition 10 A function f: R™ — R" is uniformly continuous in a set A if if for

any £ > 0 there exists 6. > 0 such that for any ag € A |a— ag| < 6. implies that

|f(a) = [ (ao0)| <=

Theorem 2 A continuous function defined over a compact set is uniformly continous

with respect to that set.

Definition 11 Definition 12 Consider a sequence of functions { fi},~, we say that
lim fy=fif Ya € R™, lim fi(a) = f (a)

or, for anya € S and Ve > 0

ko € N such that Yk > ko, |fr(a) — f(a)] <e



Theorem 3 Definition 13 Consider a sequence of functions {fx}, | defined in a

space S, we say that this sequence converges to a function [ uniformly if

Ve > 03k, € N such that Yk > k,,|fr(a) — f(a)] <cVYa € S

Theorem 4 Consider a sequence of functions {fi}e,, such that {fi},, converges

to f uniformly in S. If fi, is continuous at a point ¢ € S [ is continuous at c.

Proof. Because {fy}, , converges to f at any point in S, we have that for any
>0

k. € N such that Vk > k., |f (¢) — f (¢)] <=/3

On the other hand, because of continuity of f; at c, there exists 6. > 0 such that,

z € Sand |z —c| <6b.then |fy(z) — fr(c)| <e/3

Observe now that,

[f (@) = S < [f (@) = Ju (@)] + [ fi (2) = Ju ()] + [ fi () = [ (e)]

and the first and last term in the right hand side of the last equation are smaller or
equal to £/3 because of uniform convergence, and the second term is smaller or equal

than /3 because of continuity. Thus, for any £ > 0 there exists 6, > 0 such that,

z €S and |r—c| < then |f(x)— f(c)] <e

and this proofs the continuity of f at point c.
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Example 1 Consider

Ji (%)

\

-1ifx € (—o0,—k !
e gfpe (k1 kY

k-1

lifze k! 00)

at the limit, k — oo, fr (x) — f ()

and [ (x) is not continuos.

Theorem 5 Let f (o) be a conlinuous function defined in a compact set A then

1.2 Probability Theory.

Let Q be an space or set of points w. From a probabilistic perspective a subset of 2

=93 0éifz=0

-1 if x € (—00,0)

1ifz € (0,00)

\

3 Maz f(a)

ac A

is an event and an element w of €2 is a sample point.

Consider the experiment of tossing a coin. The space of events is Q = {tail, head} ,

the family of events is {{tail} , {head} ,{tail head} ,{p}}.

The event {tail, head} is the event that occurs if either {head} or {tail} occurs.

It is in fact the union of the events {head} and {tail}.
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The event tail and head are complementary. That is, if {head} occurs then {tail}
will not occur.

Intuitively, one would like to work with classes of events that have the property
that given two events then the union of these events is also an event within the class

of interest and the same with complements. The next definition formalizes this idea:

Definition 14 Let Q be an arbitrary nonempty space. A class F of subsets of Q is

called a field (or algebra) if it contains  itself and is closed under the formation of

complements and finite unions:

(i) Qe F

(ii) A € F implies A° € F

(111) A, B € F implies AUB € F

The previous definition implies that ¢ € F. De Morgan’s law, ANB = (A° U B)“ ...
Note that (i) can be replaced by

(i1i)) A, B € F implies AN B € F .

Definition 15 Let Q be an arbitrary nonempty space. A class F of subsets of Q is

called a o—field if it is a field and if it is also closed under the formation of countable

UNIONS:

(Z’U) Al,AQ, ..e F 1mphes Al U A2 U..eF



Also, observe that
(AJUA U ' =ANAnN.eF.

The largest o—field in € consists of all the subsers of €2; the smallest o—field in Q

consists of only ¢ and Q.

Definition 16 A set in F is called F —measurable.

Definition 17 A pair (Q,F) is a measurable space if F is a o—field in Q.
The next definition presents a very important concept,

Definition 18 Gliven a class of sets A, we define the o—field generated by A as the
smallest o—field containing A (or the intersection of all o—fields containing A) and

is denoted o (A).

If Q is a topologycal space and B is the class of open sets in 2 then, o (B) is called

Borel o—field in €).

1.3 Probability Measure.

Definition 19 A set function is a real-valued function defined on some class of sub-

sets of €.

Definition 20 A set function P on a field F is a measure if it satisfies the following

conditions



(i) P(A) >0,YAe F
(i9)P () = 0.
(1ii) If Ay, Ag, ... is a disjoint sequence of F — sets
and if |J Ay € F then, P<U Ak> = > P(Ax).
k=1 k=1 k=1
Definition 21 A set function P on a field F is a probability measure if it is a
measure and
(iv) 0 < P(A) <1,VYA€ F and P(Q) = 1.
Example 2 Consider the experiment of tosing a coin. In this framework
Q = {head,tail}
F = {{head,tail} ,{head}  {tail} {0}}
P({head}) = p,P({0}) =0,..
Example 3 Consider the set R of real numbers and consider
A={(a,b:a,be R}
a class of sets in R. Define the following set function in A,
A((a,b]) =b—a.

Then, we can use A to define a measure in ¢ (A). This measure is called the Lebesge
measure. Note that o (A) is also the Borel measure defined with respect to the usual

topology in R.



The extension from A (e) defined in A to A (e) defined in o (A) can be accomplished

as a result of the following theorem:

Theorem 6 Given A and X (e) then,

(i) If B € o (A) and € > 0 ,there exists a finite or infinite sequence

Ay, Ay, .. of sets in A such that B C | J Ay and p <<U Ak> — B> < e.
k k

(ii) If B € 0 (A) and £ > 0, and if ¢ (B) < oo, then there exists a finite disjoint

sequence Ay, Ag, .. of sets in A such that p <B A <U Ak>> < &.
k

The concept of Lebesge measure can be extended to R*. It is enough to define
A: [{37 < Rk ta; < Iy S bZ,Z = 1771{7} : a,bE R}

and
k

A (@ 8]) = T ] (0 —ai).

i=1
Definition 22 If P is a probability measure in (Q,F) then (Q,F,P) is called a

probability measure space.

1.4 Measurable functions and random variables.

Definition 23 Let (Q,F) and (¥, F') be two measurable spaces. A function
f: Q-9

is measurable if VA' € F' f~1(A) € F.



A continuous function between two measurable spaces is measurable with respect

to the Borel o — field.

Theorem 7 Consider (Q,F), (', F') and (', F") measurable spaces, and

f Q9=

g . Q/ N Q//

measurable functions, then g o f is a measurable function.

Corollary 8 If f; : Q — R i = 1,...k is measurable and g : R* — R is measurable
then g (f1 (W), ..., fx (w)) is measurable. This is true in particular if f; i =1,..k and

g are conlinuous.

Definition 24 A measurable, real-valued, function on a probability space (2, F, P)

18 called a random variable.

X:Q— R

Definition 25 The distribution of a random variable X is an nonnegative function

m R

such that



As a result of the previous definition we have that F'(e) is nondecreasing and

rigth-continuous. Furthermore,

lim F(z) = 0

lim F(z) = L1

x—+00

It is simple to show that F} (e) is right-continous. Observe that

lim F,(z+¢)= ETOP(w]a:(w)Sz—l—s):P(w]a:(w)gz):Fm(z).

0+t e
However,
SELI%*F‘”(Z_'_@ =Pw]|z(w)<=z2)
which is not necessarily equal to Fj(z) and we cannot show that F), (e) is left-
continous.

A random variable and its distribution have density f with respect to the Lebesgue

measure if f is a nonnegative function of R and

FO)-Fla)= [ f)ds

fora,be R, a <b.

1.5 Modes of Convergence.

Definition 26 A sequence of random variables { X, }° | converges to a random vari-
able X in probability if

lim P (X, —X|>¢)=0.

n—oo
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We write

plim X, = X or X,, —? X.

Exzample 4 Consider {X,}° ,, with X,, defined as

n=1>

Xp (head) =1+ 1/n

X,, (tail) = 0
X (head) =1
X (tail) = 0

for n large enough
P(|X,— X|>¢e)=P(|X, (head) — X (head)| > &) = P(1/n > ) = 0.
Thus,
Xy —p X

Definition 27 A sequence of random variables { X, }° | converges to a random vari-

able X almost surely if
P (w | lim X, () :X(w)) ~1.
We write

plim X, = X or X,, —*°* X.

Definition 28 A sequence of random variables {X,} ~_, converges to a random vari-

able X in mean square if

lim E((X, — X)?) =0.

n—oo
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We write

X, —M X.

Definition 29 A sequence of random variables { X, }° | converges to a random vari-
able X in distribution if the distribution function F, (e) of X, converges to the dis-

tribtion function F'(e) of X at every continuily point of F'(e). We write,
X, —P X.

The next diagram shows the relationship between the four modes of convergence

previousy defined.

a.s.

l

M — P — d
Theorem 9 (Chebyshev’s Inequality) Let r > 0 and X a random variable such
that E (|X|") < co. Then, for all e >0,

£ (X7

P(X]ze) <
67’

Proof. Observe that

E(yxr):/ ]X]TdFZ/ ]X]TdFZgT/ qr
—00 {x:|z|>e} {x:|z|>e}

> [F (=) + (1= F ()],
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because {z : |z| > e} ={z: x>} U{z:2 < —c}. Also, taking into account that
[F(=e)+ (1= F()] = P(X]=¢)
we get
B(X[) > <P (X] > <)

which is equivalent to Chebyshev’s inequality.

The following result is a direct implication of Chebyshev’s inequality.

Corollary 10 Consider {X,,} a sequence of random variables. Then, E (X?2) — 0

implies that X,, —* 0.

This result indicates that convergence in mean square error implies convergence in

probability. Other relations between different modes of convergence are not proved.
Theorem 11 (Algebra of Probability Limits) Consider two random sequences { X, } ,{Yy}
and let plim X,, and plimY,, exist. Then

plim X, £Y, = plim X,,&+ plimY,,
plim X, Y, = plim X,,- plimY,,

plim X,, /Y, = plim X,,/ plimY,,, provided that plimY,, # 0.
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1.6 Orders of Convergence.

Definition 30 Let {X,} be a sequence of random variables and let {a,} be a sequence

of positive real numbers. Then, we can write X,, = o(ay,) if
plima,'X, =0
and X,, = O (ay,) if for any € > 0 there exists M. such that
Pa," | Xo] < M) >1—¢
for all values of n.
Lemma 12 Let X,, = o(ay,) and Y, = o(b,). Then,
XoYn = olanby,)
[Xal* = o(a3), ¢>0
Xn+Y, = o(max{an,b,})
Let X,, = O (ay,) and Y,, = O (b,). Then,
XY, = O(axby)
[ Xnl” = Ofa7), ¢>0
Xn+Y, = O(max{a,,b,})
Let X,, = o (ay,) and Y,, = O (b,). Then,
XnYn = o(anby)
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Observe that the previous definition applies in particular when {X,,} is a sequence

of real numbers.

1.7 Laws of Large Numbers and Central Limit Theorems.

Theorem 13 (Kolmogorov LLN2) Let {X,} be i.i.d. (independent and identi-
cally distributed). Then a necessary and sufficient condition that X, —as. w18 that

E(X,) = p.

Theorem 14 (Lindeberg-Levy CLT) Let {X,} be i.i.d. with F(X,) = p and

Var (X,) = o?. Then
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