
4 Pdwkhpdwlfdo ixqgdphqwdov1

414 Wrsrorj|1

Gh�qlwlrq 4 D vhw � lq -& lv fdoohg dq rshq vhw li ;@ 5 �c wkhuh h{lvwv 0 : f vxfk

wkdw �0 E@� � � +zkhuh �0 E@� '
�
% 5 -& G n%� @n 	 0

�
,�

Wkhruhp 4 Wkh xqlrq ri rshq vhwv lv dq rshq vhw1

Gh�qlwlrq 5 D vhw � lq -& lv fdoohg d forvhg vhw li -&q� lv rshq1

Gh�qlwlrq 6 D vhw � lq -& lv fdoohg d erxqghg vhw li wkhuh lv � 5 -n vxfk wkdw

;@ 5 �c n@n ��

Gh�qlwlrq 7 D vhw � lq -& lv fdoohg d frpsdfw vhw li lw lv forvhg dqg erxqghg1

Gh�qlwlrq 8 D vhw � lq -& lv fdoohg d frpsdfw vhw li iru dq| idplo| ri rshq vhwv I

vxfk wkdw/

� �
^
�M5

�

wkhuh lv d �qlwh vxeidplo| Ir vxfk wkdw

� �
^

�M57

��

Gh�qlwlrq 9 D vhw � lq -& lv fdoohg d frqyh{ vhw li ;@c K 5 �c wkhq

b@n E� � b� K 5 �c;b 5 dfc �o �

�

4



Gh�qlwlrq : D ixqfwlrq

s G -6 $ -?

lv d uhodwlrqvkls lq -6%-? vxfk wkdw ;o 5 -6 wkhuh h{lvwv d xqltxh ydoxh 7o 5 -6

vxfk wkdw os 7o ru s Eo� ' 7o�

Gh�qlwlrq ; D ixqfwlrq s G -6 $ -? lv frqwlqxrxv li iru dq| rshq vhw lq -?c vd|

� / zh kdyh wkdw s3� E�� lv dq rshq vhw lq -6�

Gh�qlwlrq < D ixqfwlrq s G -6 $ -? lv frqwlqxrxv dw @f li iru dq| 0 : f wkhuh

h{lvwv B0 : f vxfk wkdw ;@ 5 -6c m@� @fm 	 B0 lpsolhv wkdw ms E@�� s E@f�m 	 0

Gh�qlwlrq 43 D ixqfwlrq s G -6 $ -? lv xqlirupo| frqwlqxrxv lq d vhw � li li iru

dq| 0 : f wkhuh h{lvwv B0 : f vxfk wkdw iru dq| @f 5 � m@� @fm 	 B0 lpsolhv wkdw

ms E@�� s E@f�m 	 0�

Wkhruhp 5 D frqwlqxrxv ixqfwlrq gh�qhg ryhu d frpsdfw vhw lv xqlirupo| frqwlqrxv

zlwk uhvshfw wr wkdw vhw1

Gh�qlwlrq 44 Gh�qlwlrq 45 Frqvlghu d vhtxhqfh ri ixqfwlrqv is&j
"

&'�
zh vd| wkdw

*�4
&<"

s& ' s �s ;@ 5 -6c *�4
&<"

s& E@� ' s E@�

ru/ iru dq| @ 5 7 dqg ;0 : f

<&@ 5 � vxfk wkdw ;& : &@c ms& E@�� s E@�m 	 0
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Wkhruhp 6 Gh�qlwlrq 46 Frqvlghu d vhtxhqfh ri ixqfwlrqv is&j
"

&'�
gh�qhg lq d

vsdfh V/ zh vd| wkdw wklv vhtxhqfh frqyhujhv wr d ixqfwlrq s xqlirupo| li

;0 : f<&J 5 � vxfk wkdw ;& : &Jc ms& E@�� s E@�m 	 0 ;@ 5 7

Wkhruhp 7 Frqvlghu d vhtxhqfh ri ixqfwlrqv is&j
"

&'�
c vxfk wkdw is&j

"

&'�
frqyhujhv

wr s xqlirupo| lq 71 Li s& lv frqwlqxrxv dw d srlqw S 5 7 s lv frqwlqxrxv dw S1

Surri1 Ehfdxvh is&j
"

&'�
frqyhujhv wr s dw dq| srlqw lq 7c zh kdyh wkdw iru dq|

0 : f

<&S 5 � vxfk wkdw ;& : &Sc ms& ES�� s ES�m 	 0*�

Rq wkh rwkhu kdqg/ ehfdxvh ri frqwlqxlw| ri s& dw f/ wkhuh h{lvwv BS : f vxfk wkdw/

% 5 7 dqg m%� Sm 	 BS wkhq ms& E%�� s& ES�m 	 0*�

Revhuyh qrz wkdw/

ms E%�� s ES�m � ms E%�� s& E%�mn ms& E%�� s& ES�mn ms& ES� � s ES�m

dqg wkh �uvw dqg odvw whup lq wkh uljkw kdqg vlgh ri wkh odvw htxdwlrq duh vpdoohu ru

htxdo wr 0*� ehfdxvh ri xqlirup frqyhujhqfh/ dqg wkh vhfrqg whup lv vpdoohu ru htxdo

wkdq 0*� ehfdxvh ri frqwlqxlw|1 Wkxv/ iru dq| 0 : f wkhuh h{lvwv BS : f vxfk wkdw/

% 5 7 dqg m%� Sm 	 BS wkhq ms E%�� s ES�m 	 0

dqg wklv surriv wkh frqwlqxlw| ri s dw srlqw f1
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H{dpsoh 4 Frqvlghu

s& E%� '

;AAAAAA?
AAAAAA=

04 li % 5 E�4c�&3�o

&
3�n%

&3�
� � li % 5 E�&3�c &3��

4 li % 5 d&3�c4�

<AAAAAA@
AAAAAA>

dw wkh olplw/ & $4c s& E%�$ s E%�

s E%� '

;AAAAAA?
AAAAAA=

04 li % 5 E�4c f�

f li % ' f

4 li % 5 Efc4�

<AAAAAA@
AAAAAA>

dqg s E%� lv qrw frqwlqxrv1

Wkhruhp 8 Ohw s E�� eh d frqwlqxrxv ixqfwlrq gh�qhg lq d frpsdfw vhw D wkhq

< �@% s E@�

@ 5 �

415 Suredelolw| Wkhru|1

Ohw l eh dq vsdfh ru vhw ri srlqwv /� Iurp d suredelolvwlf shuvshfwlyh d vxevhw ri l

lv dq hyhqw dqg dq hohphqw / ri l lv d vdpsoh srlqw1

Frqvlghu wkh h{shulphqw ri wrvvlqj d frlq1 Wkh vsdfh ri hyhqwv lv l ' i|@�,c �e@_j c

wkh idplo| ri hyhqwv lv ii|@�,j c i�e@_j c i|@�,c �e@_j c i�jj �

Wkh hyhqw i|@�,c �e@_j lv wkh hyhqw wkdw rffxuv li hlwkhu i�e@_j ru i|@�,j rffxuv1

Lw lv lq idfw wkh xqlrq ri wkh hyhqwv i�e@_j dqg i|@�,j1
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Wkh hyhqw wdlo dqg khdg duh frpsohphqwdu|1 Wkdw lv/ li i�e@_j rffxuv wkhq i|@�,j

zloo qrw rffxu1

Lqwxlwlyho|/ rqh zrxog olnh wr zrun zlwk fodvvhv ri hyhqwv wkdw kdyh wkh surshuw|

wkdw jlyhq wzr hyhqwv wkhq wkh xqlrq ri wkhvh hyhqwv lv dovr dq hyhqw zlwklq wkh fodvv

ri lqwhuhvw dqg wkh vdph zlwk frpsohphqwv1 Wkh qh{w gh�qlwlrq irupdol}hv wklv lghd=

Gh�qlwlrq 47 Ohw l eh dq duelwudu| qrqhpsw| vsdfh1 D fodvv I ri vxevhwv ri l lv

fdoohg d �hog +ru dojheud, li lw frqwdlqv l lwvhoi dqg lv forvhg xqghu wkh irupdwlrq ri

frpsohphqwv dqg �qlwh xqlrqv=

+l, l 5 I

+ll, � 5 I lpsolhv �S 5 I

+lll, �c� 5 I lpsolhv � ^� 5 I

Wkh suhylrxv gh�qlwlrq lpsolhv wkdw � 5 I�GhPrujdq*v odz/�_� ' E�S ^�S�S ���

Qrwh wkdw +lll, fdq eh uhsodfhg e|

+lll, �c� 5 I lpsolhv � _� 5 I 1

Gh�qlwlrq 48 Ohw l eh dq duelwudu| qrqhpsw| vsdfh1 D fodvv I ri vxevhwv ri l lv

fdoohg d j��hog li lw lv d �hog dqg li lw lv dovr forvhg xqghu wkh irupdwlrq ri frxqwdeoh

xqlrqv=

+ly, ��c �2c ��� 5 I lpsolhv �� ^�2 ^ ��� 5 I
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Dovr/ revhuyh wkdw

E�� ^�2 ^ ����S ' �� _ �2 _ �� 5 I �

Wkh odujhvw j��hog lq l frqvlvwv ri doo wkh vxevhuv ri l> wkh vpdoohvw j��hog lq l

frqvlvwv ri rqo| � dqg l�

Gh�qlwlrq 49 D vhw lq I lv fdoohg I�phdvxudeoh1

Gh�qlwlrq 4: D sdlu ElcI� lv d phdvxudeoh vsdfh li I lv d j��hog lq l�

Wkh qh{w gh�qlwlrq suhvhqwv d yhu| lpsruwdqw frqfhsw/

Gh�qlwlrq 4; Jlyhq d fodvv ri vhwv Dc zh gh�qh wkh j��hog jhqhudwhg e| D dv wkh

vpdoohvw j��hog frqwdlqlqj D +ru wkh lqwhuvhfwlrq ri doo j��hogv frqwdlqlqj D, dqg

lv ghqrwhg j ED� �

Li l lv d wrsrorj|fdo vsdfh dqg E lv wkh fodvv ri rshq vhwv lq l wkhq/ j EE� lv fdoohg

Eruho j��hog lq l�

416 Suredelolw| Phdvxuh1

Gh�qlwlrq 4< D vhw ixqfwlrq lv d uhdo0ydoxhg ixqfwlrq gh�qhg rq vrph fodvv ri vxe0

vhwv ri l1

Gh�qlwlrq 53 D vhw ixqfwlrq � rq d �hog I lv d phdvxuh li lw vdwlv�hv wkh iroorzlqj

frqglwlrqv
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E�� � E�� � fc;� 5 I

E���� E�� ' f�

E���� Li ��c �2c ��� lv d glvmrlqw vhtxhqfh ri I � re|r

dqg li
"V
&'�

�& 5 I wkhq/ �

�
"V
&'�

�&

�
'

"S
&'�

� E�&� �

Gh�qlwlrq 54 D vhw ixqfwlrq � rq d �hog I lv d suredelolw| phdvxuh li lw lv d

phdvxuh dqg

E��� f � � E�� � �c;� 5 I dqg � El� ' ��

H{dpsoh 5 Frqvlghu wkh h{shulphqw ri wrvlqj d frlq1 Lq wklv iudphzrun

l ' i�e@_c |@�,j

I ' ii�e@_c |@�,j ci�e@_j c i|@�,j ci>jj

� Ei�e@_j� ' Rc � Ei>j� ' fc ���

H{dpsoh 6 Frqvlghu wkh vhw - ri uhdo qxpehuv dqg frqvlghu

D ' iE@c Ko G @c K 5 -j

d fodvv ri vhwv lq -� Gh�qh wkh iroorzlqj vhw ixqfwlrq lq Dc

b EE@c Ko� ' K� @�

Wkhq/ zh fdq xvh b wr gh�qh d phdvxuh lq j ED� � Wklv phdvxuh lv fdoohg wkh Ohehvjh

phdvxuh1 Qrwh wkdw j ED� lv dovr wkh Eruho phdvxuh gh�qhg zlwk uhvshfw wr wkh xvxdo

wrsrorj| lq -�

:



Wkh h{whqvlrq iurp b E�� gh�qhg lqD wr b E�� gh�qhg lq j ED� fdq eh dffrpsolvkhg

dv d uhvxow ri wkh iroorzlqj wkhruhp=

Wkhruhp 9 Jlyhq D dqg b E�� wkhq/

E�� Li � 5 j ED� dqg 0 : f /wkhuh h{lvwv d �qlwh ru lq�qlwh vhtxhqfh

��c �2c �� ri vhwv lq D vxfk wkdw � �
V
&

�& dqg >

��V
&

�&

�
��

�
	 0�

E��� Li � 5 j ED� dqg 0 : fc dqg li > E�� 	4c wkhq wkhuh h{lvwv d �qlwh glvmrlqw

vhtxhqfh ��c �2c �� ri vhwv lq D vxfk wkdw >

�
� P

�V
&

�&

��
	 0�

Wkh frqfhsw ri Ohehvjh phdvxuh fdq eh h{whqghg wr -&� Lw lv hqrxjk wr gh�qh

D '
��
% 5 -& G @� 	 %� � K�c � ' �c ���c &

�
G @c K 5 -

�

dqgc

b& EE@c Ko� '
&\

�'�

EK� � @�� �

Gh�qlwlrq 55 Li � lv d suredelolw| phdvxuh lq ElcI� wkhq ElcI c � � lv fdoohg d

suredelolw| phdvxuh vsdfh1

417 Phdvxudeoh ixqfwlrqv dqg udqgrp yduldeohv1

Gh�qlwlrq 56 Ohw ElcI� dqg El�cI �� eh wzr phdvxudeoh vsdfhv1 D ixqfwlrq

s G l$ l�

lv phdvxudeoh li ;�� 5 I �c s3� E��� 5 I�

;



D frqwlqxrxv ixqfwlrq ehwzhhq wzr phdvxudeoh vsdfhv lv phdvxudeoh zlwk uhvshfw

wr wkh Eruho j � s�e,_1

Wkhruhp : Frqvlghu ElcI� c El�cI �� dqg El��cI ��� phdvxudeoh vsdfhv/ dqg

s G l$ l�

} G l� $ l��

phdvxudeoh ixqfwlrqv/ wkhq } � s lv d phdvxudeoh ixqfwlrq1

Fruroodu| ; Li s� G l $ - � ' �c ���& lv phdvxudeoh dqg } G -& $ - lv phdvxudeoh

wkhq } Es� E/� c ���c s& E/�� lv phdvxudeoh1 Wklv lv wuxh lq sduwlfxodu li s� � ' �c ���& dqg

} duh frqwlqxrxv1

Gh�qlwlrq 57 D phdvxudeoh/ uhdo0ydoxhg/ ixqfwlrq rq d suredelolw| vsdfh ElcIc � �

lv fdoohg d udqgrp yduldeoh1

f G l �$ -

Gh�qlwlrq 58 Wkh glvwulexwlrq ri d udqgrp yduldeoh f lv dq qrqqhjdwlyh ixqfwlrq

lq -

8% G - �$ -nc

vxfk wkdw

8% E5� ' � Ef � 5� ' � E/ m f E/� � 5� c 5 5 -�

<



Dv d uhvxow ri wkh suhylrxv gh�qlwlrq zh kdyh wkdw 8 E�� lv qrqghfuhdvlqj dqg

uljwk0frqwlqxrxv1 Ixuwkhupruh/

*�4
%3<3"

8 E%� ' f

*�4
%3<n"

8 E%� ' ��

Lw lv vlpsoh wr vkrz wkdw 8% E�� lv uljkw0frqwlqrxv1 Revhuyh wkdw

*�4
03<fn

8% E5 n 0� ' *�4
03<f

� E� m % E�� � 5 n 0� ' � E� m % E�� � 5� ' 8% E5� �

Krzhyhu/

*�4
03<f3

8% E5 n 0� ' � E� m % E�� 	 5�

zklfk lv qrw qhfhvvdulo| htxdo wr 8% E5� dqg zh fdqqrw vkrz wkdw 8% E�� lv ohiw0

frqwlqrxv1

D udqgrp yduldeoh dqg lwv glvwulexwlrq kdyh ghqvlw| s zlwk uhvshfw wr wkh Ohehvjxh

phdvxuh li s lv d qrqqhjdwlyh ixqfwlrq ri U dqg

8 EK�� 8 E@� '

] K

@

s E%� _%c

iru @c K 5 -c @ 	 K�

418 Prghv ri Frqyhujhqfh1

Gh�qlwlrq 59 D vhtxhqfh ri udqgrp yduldeohv if?j
"

?'�
frqyhujhv wr d udqgrp ydul0

deoh f lq suredelolw| li

*�4
?3<"

� Emf? �fm : 0� ' f�

43



Zh zulwh

solp f? ' f Jo f? �$
R f1

H{dpsoh 7 Frqvlghu if?j"?'� c zlwk f? gh�qhg dv

f? E�e@_� ' � n �*?

f? E|@�,� ' f

f E�e@_� ' �

f E|@�,� ' f

iru q odujh hqrxjk

� Emf? �fm : 0� ' � Emf? E�e@_��f E�e@_�m : 0� ' � E�*? : 0� ' f�

Wkxv/

f? $R f�

Gh�qlwlrq 5: D vhtxhqfh ri udqgrp yduldeohv if?j"?'�
frqyhujhv wr d udqgrp ydul0

deoh f doprvw vxuho| li

�
�
/ m *�4

?3<"
f? E/� ' f E/�

�
' ��

Zh zulwh

solp f? ' f Jo f? �$@�r f1

Gh�qlwlrq 5; D vhtxhqfh ri udqgrp yduldeohv if?j"?'�
frqyhujhv wr d udqgrp ydul0

deoh f lq phdq vtxduh li

*�4
?3<"

.
�
Ef? �f�2

�
' f�
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Zh zulwh

f? �$� f�

Gh�qlwlrq 5< D vhtxhqfh ri udqgrp yduldeohv if?j"?'�
frqyhujhv wr d udqgrp ydul0

deoh f lq glvwulexwlrq li wkh glvwulexwlrq ixqfwlrq 8? E�� ri f? frqyhujhv wr wkh glv0

wulewlrq ixqfwlrq 8 E�� ri f dw hyhu| frqwlqxlw| srlqw ri 8 E�� � Zh zulwh/

f? �$( f1

Wkh qh{w gldjudp vkrzv wkh uhodwlrqvkls ehwzhhq wkh irxu prghv ri frqyhujhqfh

suhylrxv| gh�qhg1

@�r�

&

� �$ � �$ _

Wkhruhp < +Fkhe|vkhy*v Lqhtxdolw|, Ohw o : f dqg f d udqgrp yduldeoh vxfk

wkdw . Emfmo� 	41 Wkhq/ iru doo 0 : f/

� Emfm � 0� � . Emfmo�
0o

Surri1 Revhuyh wkdw

. Emfmo� '
] "

3"

mfmo _8 �
]
t%G�%�D0�

mfmo _8 � 0o
]
t%G�%�D0�

_8

� 0o d8 E�0� n E�� 8 E0��o c
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ehfdxvh i% G m%m � 0j ' i% G % � 0j ^ i% G % � �0j � Dovr/ wdnlqj lqwr dffrxqw wkdw

d8 E�0� n E�� 8 E0��o ' � Emfm � 0�

zh jhw

. Emfmo� � 0o� Emfm � 0� c

zklfk lv htxlydohqw wr Fkhe|vkhy*v lqhtxdolw|1

Wkh iroorzlqj uhvxow lv d gluhfw lpsolfdwlrq ri Fkhe|vkhy*v lqhtxdolw|1

Fruroodu| 43 Frqvlghu if?j d vhtxhqfh ri udqgrp yduldeohv1 Wkhq/ . Ef2

?� �$ f

lpsolhv wkdw f? �$R f�

Wklv uhvxow lqglfdwhv wkdw frqyhujhqfh lq phdq vtxduh huuru lpsolhv frqyhujhqfh lq

suredelolw|1 Rwkhu uhodwlrqv ehwzhhq gl�huhqw prghv ri frqyhujhqfh duh qrw suryhg1

Wkhruhp 44 +Dojheud ri Suredelolw| Olplwv, Frqvlghu wzr udqgrp vhtxhqfhv if?j cit?j

dqg ohw R *�4f? dqg R *�4t? h{lvw1 Wkhq

R *�4f? 	 t? ' R *�4f?	 R *�4t?

R *�4f?t? ' R *�4f?� R *�4t?

R *�4f?*t? ' R *�4f?* R *�4t?c surylghg wkdw R *�4t? 9' f�
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419 Rughuv ri Frqyhujhqfh1

Gh�qlwlrq 63 Ohw if?j eh d vhtxhqfh ri udqgrp yduldeohv dqg ohw i@?j eh d vhtxhqfh

ri srvlwlyh uhdo qxpehuv1 Wkhq/ zh fdq zulwh f? ' J E@?� li

R *�4 @3�? f? ' f

dqg f? ' � E@?� li iru dq| 0 : f wkhuh h{lvwv �0 vxfk wkdw

�
�
@3�? mf?m ��0

� � � � 0

iru doo ydoxhv ri q1

Ohppd 45 Ohw f? ' J E@?� dqg t? ' J EK?�1 Wkhq/

f?t? ' J E@?K?�

mf?m^ ' J E@^?� c ^ : f

f? n t? ' J E4@ i@?c K?j�

Ohw f? ' � E@?� dqg t? ' � EK?�1 Wkhq/

f?t? ' � E@?K?�

mf?m^ ' � E@^?� c ^ : f

f? n t? ' � E4@ i@?c K?j�

Ohw f? ' J E@?� dqg t? ' � EK?�1 Wkhq/

f?t? ' J E@?K?�
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Revhuyh wkdw wkh suhylrxv gh�qlwlrq dssolhv lq sduwlfxodu zkhq if?j lv d vhtxhqfh

ri uhdo qxpehuv1

41: Odzv ri Odujh Qxpehuv dqg Fhqwudo Olplw Wkhruhpv1

Wkhruhp 46 +Nroprjrury OOQ5, Ohw if?j eh l1l1g1 +lqghshqghqw dqg lghqwl0

fdoo| glvwulexwhg,1 Wkhq d qhfhvvdu| dqg vx!flhqw frqglwlrq wkdw 7f? �$@�r� > lv wkdw

. Ef?� ' >�

Wkhruhp 47 +Olqghehuj0Ohy| FOW, Ohw if?j eh l1l1g1 zlwk . Ef?� ' > dqg

T @o Ef?� ' j21 Wkhq

s
?

�
7f? � >

�
j

�$_ � Efc �� �
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