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ABSTRACT

When turnout rates among subgroups within the electorate are unknown, description of voting
behavior requires two applications of Goodman’s identity. This description is frequently
implemented, empirically, with a single variant of “Goodman’s regression” which is inconsistent
with the identities and does not identify their parameters. The expected values and variances of
the dependent variable and all regression statistics are unknown. Simulations demonstrate that
the regression mis-estimates true preferences at rates far in excess of acceptable statistical
standards. The related techniques of “homogeneous area analysis” and “correlation analysis” are

afflicted with similar problems, and similarly unreliable. All three should be discarded.



1. Introduction
The analysis of voting preferences among subgroups in the electorate, when turnout for each
subgroup is unobserved, can be modeled by two applications of Goodman’s identity (Goodman,
1953). King (1997) provides an explicit statistical implementation of this model. Rosen, et al.
(2001) and Wakefield (2004) provide alternative implementations that may also be appropriate.
Despite the availability of these techniques, a variant of “Goodman’s regression” is
frequently adopted for the purpose of identifying voting preferences. Cho (1998), Kousser
(2001), Collet (2005) and Liu (2007) are recent examples. This paper examines the properties of

single regression techniques in this context.

2. Voting choices, group turnout and Goodman’s identities

Kousser (2001, 110, referencing Achen and Shively, 1995) asserts that the estimation of transi-
tion matrices relating partisan voting patterns in two successive elections and the comparison of
voting patterns across two different racial or ethnic groups in the same election are the two
principle applications of Goodman’s (1953) regression. These two applications have radically
different statistical characters.

With transition matrices, the composition of the population voting in the second election
is known. All voters are characterized by their behavior in the first election, identified either by
the alternative for which they voted or by abstention. This context is completely described by a
single application of Goodman’s identity. Zax (2007) demonstrates that Goodman’s regression
has attractive properties in this case.

The analysis of voting patterns across racial or ethnic groups is analogous to that of



transition matrices only in the rare circumstance where the racial or ethnic composition of voters
is known. Liu (2007) and, apparently, Epstein and O’Halloran (1999) are examples. However, in
virtually all elections of interest, the racial or ethnic composition of the electorate is known but
the composition of the voters is not.

Therefore, the essential distinction between the analyses of transition matrices and of
voting behavior is that, in the latter, the parameters of interest refer to the behavior of a subset of
the population whose composition is unknown. The distribution of voters across racial or ethnic
groups will differ from that of the electorate if turnout rates differ by group. Therefore, the
complete analysis of group behavior requires separate identification of turnout propensities and
choices made by actual voters.*

Consequently, the typical application of Goodman’s approach to the analysis of voting
behavior entails two applications of Goodman’s identity (King, 1997, 68-71). Zax (2005)
presents the underlying structural model, summarized here.

The first application of Goodman’s identity relates the observed turnout in any precinct
to the observed composition of the electorate and the unobserved turnout rates among the two

groups. Formally, the observed characteristics of precinct i include

X
I

i the proportion of the electorate in precinct i that belongs to group

D,

0
X
I

i the proportion of the electorate in precinct i that belongs to group

! For example: If all of the group D electorate votes and 70% of its members choose
candidate W, only 30% prefer candidate B. The same share prefers candidate B if 50% of the
group D electorate abstains and only 20% choose candidate W. However, group D voters prefer
candidate W to candidate B in the first case and candidate B to candidate W in the second.
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R, and
T, = the turnout rate in precinct i, the ratio of the number of votes cast
to the number of potential voters.

The unobserved parameters which determine group-specific turnout rates in precinct i

are
Boi = the turnout rate among group D voters in precinct i, the ratio of the
number of votes cast by group D voters to the number of potential
group D voters, and
Bri = the turnout rate among group R voters in precinct i, the ratio of the

number of votes cast by group R voters to the number of potential
group R voters.
Goodman’s identity specifies the exact relationship between the observed turnout and observed

composition of the electorate in precinct i as
(1) T = BoiX + By (l_ X ) = fai + (ﬂDi — Bri )Xi :

The relationship in equation 1 is generally of secondary interest. It is, however, a
necessary precursor to the relationship of primary interest, between the votes received by a
particular candidate and the composition of the electorate. VVote totals are also observed:

Vai = the ratio of the number of votes received by candidate B to the size
of the electorate in precinct i.

However, the voting preferences of D and R group members are unobserved:

% Boi Brir Ap; and Ag; correspond to B.°, B, A, and A" in King (1997).
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>
9
1

the ratio of votes cast by group D voters for candidate B to the
number of votes cast by group D voters in precinct i, and

Ari

the ratio of votes cast by group R voters for candidate B to the
number of votes cast by group R voters in precinct i.

The ratio of actual D voters to the size of the electorate is
(2) Ty = ,BDi X .
Similarly, the ratio of R voters to the size of the electorate is

(3) Tai = G-

Both of these ratios are unobserved, because they depend upon the parameters 3; and Bg;.
With these definitions, the second application of Goodman’s identity relates the observed
number of votes accruing to candidate B to the unobserved numbers of group D and group R

voters, all as proportions of the electorate in precinct i,

(4) Yei = Api Toi + Agi Twi-
With the substitution of equations 2 and 3, equation 4 becomes
(5) Yai = Api BoiXi + Ari Bri (1_ X )

Equation 5, Goodman’s identity for the relationship between the observed allocation of
votes and the observed composition of the electorate, depends on four unobserved population

parameters. It can be reformulated as
(6) Yei = AriBri +(1DiﬂDi _ﬂRiﬂRi)Xi'

As discussed in Zax (2005), this equation does not provide a foundation for statistical estimation
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because it holds exactly. This foundation requires that turnout rates f3; and Bg; and cohesion

rates Ap; and Ag; vary randomly across precincts:?

(7) Boi = Bo + i Api = Ap + Voir Bri = Br + &r AN Agy = A + vy

With this formulation, the parameters B, and B are, respectively, the underlying turnout
propensities among members of group D and group R. The underlying propensities to vote for
candidate B among group D and group R voters are A, and A, respectively.*

The parameters By, Br, Ap and A, represent all that is common across precincts in the
deterministic component of the behaviors of groups D and R. The random disturbances €p;, €g;,
vp; and vg; distinguish the actual turnout and cohesion rates in each precinct, Bp;, Bri» Ap; and Ag;,
from these parameters and from rates in other precincts. With the assumption that each of these
disturbances has expected value equal to zero, these parameters are the expected values of the

precinct-specific turnout and cohesion rates for groups D and R:
E(,BDi) =fo. E(/Ioi) = Ap, E(IBRi ) = f; and E(ARi ) = Ag.

The disturbances €,;, €x;, Vp; and vy, have, respectively, variances of 0,2, 0.2, 0p,2 and
0g,2. The analysis here assumes that aggregation bias is absent. Formally, this requires that all
disturbances are uncorrelated with x..>

The relationships between the four disturbance terms are characterized by six

® King (1997) makes the same assumption, implied by Goodman (1959, 612).

 King (1997, 96 equation 6.5) represents the underlying turnout propensities as 3° and
3". He does not provide notation for the underlying vote preferences.

> Non-zero correlations, as in Cho (1998) and Epstein and O’Halloran (1999), would
expand the number of inestimable parameters and exacerbate the intractabilities below.
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covariances. Two are most relevant to the analysis below. The covariance between ep; and v, is
Op.,- It describes the extent to which precinct-specific variations in turnout among group D
members, €, are correlated with precinct-specific variations in voting preferences among those
of this group who vote, v,;. Similarly, o, describes the extent to which precinct-specific
variations in turnout among group R members, e;, are correlated with precinct-specific
variations in voting preferences among group R voters, vg;.

These covariances are almost certainly non-zero. Precinct-specific variations in group
turnout propensities are likely to be related to precinct-specific variations in voting preferences
for that same group. For example, candidate B might receive more support from members of
both groups in the precinct i where candidate B resides than in other precincts. If so, in a contest
with B as a candidate, members of both groups would be more likely to turnout, €,;>0 and ex;>0,
and more likely to vote for that candidate, v;>0 and v,>0. Consequently, o, ,>0 and o, >0.°

Equations 1 and 7 imply that the relationship between precinct turnout and the

composition of the electorate within the precinct is

(8) T = (IBD +8Di)xi +(IBR + &xi )(1_Xi)
= BoXi + Bo(1=X )+ & (1= X; ) + &5 %;.

The expected value of precinct turnout is

® Moreover, group D turnout would be positively related to group R turnout and to group
R preferences for candidate B. Similarly, group D preferences for candidate B would be
positively related to group R turnout and preferences. These relationships would be described,
respectively, by the four across-group covariances o.p.r, Ocpwr» Ovper: @NA 0,pr. The Appendix
demonstrates that the expected values of statistics from Goodman’s regression do not depend on
these covariances. However, as indicated in footnote 10, these covariances would probably be
important in any analysis of the variances of these statistics.
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(9) E(T)=Box + S(1-x,).

Equations 5 and 7 imply that the relationship between the determinants of voting
preferences, Ay and A, and the observed ratio of votes for candidate B to the size of the

electorate within a precinct is

(10) Yai = (ﬂ’D + Vpi )(ﬁD + &p; )Xi + (Z’R + Vi )(:BR + &g )(1_ Xi)

=X (Z’DﬂD + /ID‘E‘Di + ﬁD Voi T Vpi gDi)
+ (1_ X; )(ﬂ“RﬁR + Ag&ri + LrVei + Viikri )

The statistical character of yg; is complicated. As given in equation 10, it depends on four
disturbances, rather than one as in conventional regression analysis.’
Equation 10 can be rewritten as
(19 Yo =[%2Bs + (1% )2/ ]

+ [Xi/IDgDi + X B Vpi + (1_ X )/?“R‘C“Ri + (1_ X )IBR VRi]

+ [Xi Voiépi T (1_ X )VRi Epi ]

The two terms in the first square brackets to the right of the equality in equation 11 are not
random. Therefore, they are their own expected values. The four terms in the second square
brackets each include only one disturbance. Their expected values are zero.

However, the two terms in the third square brackets of equation 11 each include the

" In the case of a single application of Goodman’s identity, such as equation 8, the
dependent variable depends on two disturbances. Zax (2007) demonstrates that the parameters in
this case can be estimated with appropriate single-regression techniques.
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products of two disturbances. Their expected values are
E(Xi Vbi €bi ) = X;Op,, and E([l_ X ]VRi gRi) = [1_ X; ]Jng
Consequently, the expected value of yg; depends on the four parameters in the identity of equa-
tion 5, as well as the within-group covariances between the turnout and cohesion disturbances:
(12) E(yBi) =X (/’i’DﬂD + Gng) + (1_ X )(/I’RIBR + O,y )

None of these parameters can be estimated by regression analysis. Equation 6 suggests

that an estimating equation of the form

(13) yg =D, +bx; +e,

might be appropriate, where b, is the regression intercept, b, is the regression slope and g; is the
regression error term. Equation 13 is an example of “Goodman’s regression”.

However, the expected value of the intercept in equation 13 is®
(14)  E(by) = frtg + O,
The expected value of the slope is

(15) E(bl) = [ﬂDlD + O-ng] - [ﬁR Ar *+ Orey ]

Obviously, these two estimators are insufficient to identify the six parameters upon which they

are based.? In other words, the application of Goodman’s regression to voting choices by two

® The Appendix presents derivations of equations 14 and 15.

% In equations 14 and 15, the behaviorally implausible assumption that o, , and o,., are
equal to zero identifies only the products ,A, and B,A,. The equally implausible assumption of
equal turnout rates, ,=p,, also fails to identify A, and A,. Identification requires four assump-
tions asserting specific values for o,.,, 0,.,, B; and [3,. Any assertion regarding the values of A,
and A, based on the regression of equation 13 must be based on implicit assumptions about these
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different electoral groups fails to reveal anything regarding the underlying behavior of either.*

3. Properties of single equation estimates of voting behavior
In practice, single equation estimates of voting behavior do not estimate equation 13. They
employ yg,/T;, the ratio of the votes received by candidate B to the number of votes cast as the
dependent variable (Cho, 1998; Kousser 2001; Collet, 2005 and Liu 2007, as examples), rather
than yy;, the ratio of the votes received by candidate B to the size of the electorate.

This transformation of the dependent variable requires a corresponding transformation of
equation 6 in order to preserve Goodman’s identity. With this transformation, equation 6

becomes

Yei _ 1 _ a2 g\ 5
(16) T—/IRiﬁRi T +(/1Diﬂoi /IRuﬂRu).l._ :

The corresponding Goodman’s regression would be™
(17) Yo _ b0i+blﬁ+e—‘.
T T. T T

However, the regressions in Cho (1998), Kousser (2001), Collet (2005) and Liu (2007)

parameters which are generally unstated and, for that matter, unexamined.

10 Zax (2007) demonstrates that the variance of yg; consists of 21 terms, incorporating
third- and forth-order moments of the joint distribution of €;, €x;, Vp; and vg;. Therefore, even if
equation 13 could estimate the parameters of interest, it would be effectively impossible to
construct valid confidence intervals or tests of statistical significance.

1 Proper estimation of equation 17 requires recognition that this equation has no
intercept and that the heteroskedasticity inherent in Goodman’s regression is compounded
because the error term for each precinct is divided by turnout for that precinct.
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are of the form

(18) y?,?, =d, +d,x +e,
Equation 18 is not an empirical representation of Goodman’s identity because it is not consistent
with the transformation required to convert equation 6 into equation 16. This, in itself, implies
that the relationships between the estimators d, and d, and the parameters of interest, f3,, 3,, A,
and A,, are unknown.*?

Moreover, the slope from the OLS regression of equation 18 would be

where n is the number of precincts. Its expected value depends on the expected value of yg/T;:

>[x —X]E(yTB‘j |

(19) E(@d)=" |

12 The conceptual confusion exemplified by the use of equation 18 to estimate equation

16 is apparent in the units of d,. The units on the dependent variable are
votes for candidate B Group D electorate

. Those on the explanatory variable are
all votes total electorate

(votes for candidate B)(total electorate)

(all votes)(Group D electorate)

units, and, consequently, the coefficient, are uninterpretable. Loewen and Grofman (1989, 590-
591) agree that equation 18 is internally inconsistent.

These

Therefore, the units for d, must be
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Combining equations 8 and 10, yg,/T; is

(20) Yo = (o Voo + o)+ (o + v M + i - %)

T; (:BD + &p; )Xi + (ﬂR + & )(1_ Xi)

Equation 20 demonstrates that both the numerator and denominator of the expression for
Y/ T; contain disturbance terms. Therefore, the expected value of yg,/T; cannot be derived, at
least without extensive additional assumptions regarding the joint distribution of these terms.*® In
the absence of these assumptions, the expected value of d, is unknowable.

The same is true of d,. The OLS constant is d, =¥, —d,X . Its expected value is
(21) E(dy)=E(Y5)-XE(dy),

where Y, is the average of y% over all precincts. Both expectations to the right of the
i

equality in equation 21 are unknown. Therefore, the same is true of E(d,).

With x; set equal to zero, 4, =d, is taken to be the estimated ratio of votes for candidate B
to all votes cast in a precinct where the population is uniformly of group R. With x; set equal to
one, i, =d, +d, is taken to be the estimated ratio of votes for this candidate to all votes cast in a
precinct where the population is uniformly of group D. These statistics are offered as the single

equation estimators of A; and A, the structural voting preferences of the two groups.

3 Any such assumptions would have to be nonintuitive. Moreover, the structural model
already contains 14 parameters: two describing turnout in equation 1, two describing voting
preferences in equation 4, four variances and six covariances for the disturbance terms. The
ecological regression literature does not discuss the latter ten parameters, to say nothing of the
additional parameters referred to in footnote 10. It is clearly not prepared to engage in an
elaboration requiring yet more parameters.
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E(,iR)and E(,iD) depend on E(d,) and E(d,). Therefore, it is evident that they are unknown
as well. Moreover, given the number of parameters that must enter into the expected values of
their components, it is inevitable thatE(,iR) and E(,iD) are not A and Ay. In other words, the
single equation estimators of voting preferences are biased, and the biases are uncharacterizable.

In sum, the regression of equation 18, despite its popularity, has no relationship with
Goodman’s identity and yields estimators that are formally uninterpretable. In other words, this
regression reveals nothing about B, Br, Ap and Ag.

Two additional single regression statistics appear as attempts to estimate the extent of
polarization. The first is the R? statistic from the regression of equation 13 (as examples,
Grofman, Migalski and Noviello. 1985, 206; Loewen and Grofman, 1989, 596; Lichtman, 1991,
774 and Grofman, Handley and Niemi, 1992, 91).

However, it is well known that, in this equation*

V(yBi)

(@2) R =biy o

Equation 15 demonstrates the relationship between b, and the parameters of interest does not
allow for any definitive statement regarding the values of those parameters. According to
footnote 10, even less can be said about those values based on V(yg;). Clearly, the combination

of these two statistics, as represented by R?, reveals nothing about Ay, A or their difference.”

 The proof of equation 22 is provided in, as examples, the introductory econometrics
textbooks by Goldberger (1998, 18-19), Gujarati (2003, 84-85) and Murray (2006, 185-186).

> Additionally, equation 11 demonstrates that the regression of equation 13 is
heteroskedastic. If heteroskedasticity is not corrected, the R? statistic cannot be transformed into
an F-test for statistical significance. If it is corrected, the R? statistic can be less than zero or
greater than one (Zax, 2007).
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The second auxiliary statistic is the result of “homogeneous precinct analysis”.*® Collet
(2005) is a recent example. This statistic is the average vote share cast for a particular candidate

in precincts where a single group constitutes all or almost all of the electorate. This average is

i)

(23) Yeu = n,

where H represents the subset of precincts identified as “homogeneous” and n, represents the
number of these precincts.*

This statistic has been the subject of substantial criticism.*® However, its statistical
foundations have not been explored. Although previously unacknowledged, homogeneous
precinct analysis is simply a restricted version of the single regression in equation 18, in which
the slope of that regression is constrained to equal zero and the sample is limited.

If d,=0, the sum of squared prediction errors from this regression is

18 This technique is variously referred to as “homogeneous case analysis” (Grofman,
Migalski and Noviello, 1985, 203) “homogeneous areas analysis” (Loewen and Grofman, 1989,
600), “extreme case analysis” (Lichtman, 1991, 274) and “homogeneous precinct analysis”
(Grofman, Handley and Niemi, 1992, 85).

7 “Homogeneous precincts” have been defined as those where x;>.9 (Grofman, Migalski
and Noviello, 1985, 203), x;>.9 “if possible” (Loewen and Grofman, 1989, 600) and x;>.8
(Lichtman, 1991, 774 and Grofman, Handley and Niemi, 1992, 85).

18 Langbein and Lichtman (1978), Freedman, Klein, Sacks, Smyth and Everett (1991),
Klein, Sacks and Freedman (1991), Firebaugh (1993), Land (1993), Achen and Shively (1995,
94-97 and 107-114), King (1997, 46-55, chapters 9 and 11), Cho (1998), Epstein and O’Halloran
(1999), Bourke, DeBats and Phelan (2001, 128) and Kousser (2001, 103) are examples.
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The resulting normal equation is

S Vi j
2B _d, | =0.
i=l( T, ’

The solution reveals that the intercept estimator is the average value for the dependent variable,

2%

dy =

If this restricted regression is applied to only the subsample of those precincts designated as

“homogeneous”, then
do = Veu-
The restriction d;=0 implies that x; does not affect yg;. In other words, homogeneous
precinct analysis is predicated on the assumption that electoral composition in a precinct does
not affect voting behavior in that precinct.* This is clearly inconsistent with the motivation for

the entire inquiry, which is that voting behaviors differ by group.?

19 Paradoxically, advocates of homogeneous precinct analysis (Grofman, 1991 and
Lichtman, 1991 as examples) have attacked this assumption in its role as the foundation for the
“nonlinear neighborhood model” (Freedman, et al., 1991a, 1991b) without recognizing that it is
the basis for their own technique.

0 R? analysis and homogeneous precinct analysis are also mutually inconsistent. In
appro-priate applications of regression with one explanatory variable, R? can be transformed into
an F-statistic which tests the statistical significance of the slope d, (Goldberger, 1998, 84;
Gujarati, 2003, 257; Murray, 2006, 352). In this context, higher values of R? correspond to
higher proba-bilities that d, is different from zero. In the context of equation 13, this relationship
has not been confirmed. Nevertheless, the expectation must be that higher values of R? for this
equation suggest that the homogeneous precinct restriction of d,=0 is increasingly unacceptable.
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This conceptual confusion restates itself in the statistical properties of y;,, . Asthe

discussion above demonstrates, the expected value of d, is unknown even when d, is estimated.

The omission of x; presumably creates a specification bias which further complicates E(d,).%

Consequently, Vg, is even less informative about the parameters of interest than are d, and d,.??

4. Simulations

The previous section demonstrates analytically that estimators from the regression of equation 18
do not identify the parameters of interest or provide proper measures of statistical significance.
However, that analysis cannot characterize the inherent biases completely. Three sets of
simulations provide additional insight into the empirical performance of these estimators.?

The primary focus of these simulations is on the relationship between variations in voting

preferences and variations in the accuracy of A . In the first set of simulations, group D and

group R voters are both indifferent between candidates B and W: Ap=.5 and Az=.5. In the second,

If so, then homogeneous precinct analysis would be potentially valid only when R? is low.

21 As examples, Goldberger (1998, 108 and 111), Gujarati (2003, 215-217 and 510-513)
and Murray (2006, 311-314) discuss specification bias.

22 The only exceptions are when x; equals exactly one for all icH or exactly zero for all

. . : Yei
ieH. In the first case, equation 20 reduces to

=40 + Vo | The average of this value over all

Yoi
precincts in H is an unbiased estimator of A,. Similarly, in the second case, T,

= Ag + Vgi

. The

average of this value over all precincts in H is an unbiased estimator of A.

28 Zax (2005) summarizes simulations regarding the performance of double regression
estimators for the parameters in equation 5. Figures 1, 2 and 3 summarize results regarding the
performance of single regression estimators of Ay, derived from the same simulated data.
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their preferences differ strongly: A,=.6 and A5=.4. In the third, their disagreement is almost
complete: Ap=.9 and A5=.1.

Within each simulation, variations in the combinations of oy, Og.,, Bp and B explore
the sensitivity of estimates for A, to variations in the parameters which determine the values of
E(b,) and E(b,), as given in equations 14 and 15. The values for the remaining eight parameters
referred to in footnote 13 do not vary across simulations.?

Variations in the number of simulated “precincts” investigate changes in the performance
of these estimates as the amount of underlying information changes. Within each simulation, the
composition of the electorate varies uniformly across precincts. Comparisons between
simulations which do and do not contain homogeneous precincts assess the sensitivity of
estimates to the presence of extreme cases.”

With given values for o, and og.,, the simulations assign disturbances randomly for
each precinct from two truncated bivariate normal distributions, one each for the pair of €5, and
vp; and the pair of eg; and vg;. The truncation is necessary to ensure that vote shares lie within the

feasible range of zero to one, inclusive.?® With these disturbances, the value of x; and the values

% In these simulations, the four across-group covariances are zero and the ex ante
standard deviations of the four disturbances are .3, largely for convenience. There is neither
empirical evidence nor intuition regarding their values. None of these parameters appear in
equations 14 and 15. This suggests that variations might not have large impacts on point
estimates of A,. However, as indicated in footnote 10, they would almost certainly appear in the
variances of any regression statistics, were those statistics calculated correctly. Consequently,
variations in these parameters would probably have important effects on confidence intervals.

2All simulations assign parameter values that are independent of x,. Consequently,
aggregation bias is absent here, as in the analytical discussion of section 2.

% The truncated multivariate normal distribution is the natural assumption in this context
(King, 1997, chapter 6). The underlying distribution includes one dimension for each of the four
disturbance terms. The simulations here require only the truncated bivariate normal distributions
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for B and PBg, equation 8 yields the value for T;. With these values and those for A, and A,
equation 10 yields the value for yj;.

The simulations then calculate the ratio of yg; to T;, the regression of equation 18 and

Ap - They repeat this exercise 100 times for each set of assumed parameter values, numbers of

precincts and electoral compositions. This is equivalent to 100 replications of a given election in
a given district. Each replication is distinguished solely by the samples of disturbance values

assigned to the precincts.

A. Electoral indifference and Type | error

Figure 1a presents the first of the simulations, in which the two groups are both indifferent

between candidates. Here, each simulated “election” takes place in a “district” of 21 “precincts”.

for e,; and vp,; and for eg; and vg;, by virtue of the assumption that the across-group covariances
O.uoer » Ocpvrr Ocner @Nd 0,5z are all zero.“Rejection sampling” (King, 1997, 143-144) simulates
these distributions. It draws random pairs from untruncated bivariate normal distributions with
specified parameters and discards them if either disturbance term implies that precinct-specific
turnout or cohesion rates would lie outside of the feasible range between zero and one: if g;
violates the inequality

—,Bj <gj Sl—ﬁj
or v;; violates the inequality

-4 <v;<1-4;.
Sampling continues for each district until that district has the requisite number of precincts. As a
consequence of this procedure, the empirical standard deviations for disturbances and the
empirical correlations between disturbances actually included in the sample are smaller in
absolute value than the ex ante parameter values.
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While these samples are small relative to those in many statistical applications, they are
representative of those in Voting Rights litigation regarding local jurisdictions. Precincts vary
according to a discrete uniform distribution from homogeneous of group R, x;=0, to
homogeneous of group D, x;=1.

The six cases in figure 1a represent six different combinations of implicit values for o,
and og.,. These combinations correspond to three explicit ex ante values for each of the within-
group correlations between disturbances pp,, and pg.,.: —.5, 0 and .5. With identical parameter
values across groups for all other parameters, only six pairs of correlations (pp.,, Prey) are
distinct: (-.5,-.5) for case 1, (-.5,0) for case 2, (-.5,.5) for case 3, (0,0) for case 4, (0,.5) for
case 5 and (.5,.5) for case 6. The pairs (0,-.5), (.5,-.5) and (.5,0) are redundant with cases 2, 3
and 5, respectively, because of symmetry.

In the top panel of figure 1a, the dashed horizontal line at A,=.5 gives the true value of
the parameter of interest. The point associated with each case gives the average value of A
over the 100 replications in that case. This panel demonstrates that average values of A are

surprisingly close to the actual value of A, regardless of the values for pp., and pg.,. In this

simulation, the biases in Ap appear to be small and essentially invariant to correlation values.?’

However, the associated confidence intervals are unacceptably large. The vertical line

associated with each case indicates the empirical 95% confidence interval for A,. This interval is

2T Zax (2005) demonstrates that, with these parameter values, double regression estimates
are biased away from indifference. In this context, single regression appears to be superior.
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essentially the range of estimates from the replications after discarding the two or three most

extreme estimates at either end.

In the first case of figure 1a, 26 of the 100 simulations yield values of iD equal to or

above .6, or equal to or below .4. If values in these ranges are taken to be inconsistent with the
null hypothesis of indifference, H,: A,=.5%, these simulations would incorrectly reject that
hypothesis in 26% of all cases. This frequency is far in excess of 5%, the conventional limit on
acceptable probabilities for type I error.

This is illustrated by the lower panel of figure 1a. The point corresponding to each case
represents the proportion of simulations yielding estimates that are inconsistent with the true
parameter value A,=.5. The dashed line represents the conventional 5% standard for type | error.

This panel demonstrates that the frequency of type | error varies more across pairs of
correlation values than does the average estimate of A,. However, it exceeds the standard of 5%
by approximately a factor of four or more in every case. Over all 600 simulations, the frequency
is 23.8%. Consequently, the regression of equation 18 is not a statistically acceptable strategy for
estimating A in the circumstances of this simulation, despite the appearance of modest bias.

In actual circumstances, D typically represents a class of electoral minorities. Frequently,
minority turnout rates are much lower than those of majority voters. In these circumstances, the
performance of equation 18 is considerably worse than the illustration in figure 1a. If the turnout

rate for group D is one-half the turnout rate for group R, B,=.25, simulations with the same

remaining details as figure 1a yield average values of A, that are somewhat farther from .5 and

28 Zax (2005, 70) discusses the justification for this hypothesis test.
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type | errors in 33.0% of all replications.?®
Figure 1b replicates the simulation of figure 1a with 51 rather than 21 precincts per

election. The increase in the number of precincts noticeably increases the accuracy of the single

regression estimates. Average values for A are closer to the true value of A,=.5, and, more

importantly, confidence intervals are much smaller. As reported in the lower panel of figure 1b,

the frequency of type I error is equal to the conventional threshold of 5% in cases 1 and 3. It is

higher in the remaining cases, but only in case 4 does it exceed the minimal standard of 10%.
Unfortunately, this improvement is specific to the specification of this simulation. In

figure 1b, the overall frequency of A, estimates that are inconsistent with the true value of .5 is

7.7%. If, instead, group D turnout is B,=.25, average values for iD are again farther from the

true value of A, and 11% of all simulations incorrectly reject the null hypothesis of indifference.

The simulations represented by figure 1 provide little support for the assertion that vote
shares in “homogeneous precincts” are reliable indicators of group D voting preferences. Each of
the 600 replications of figure 1a contains three precincts in which x;>.9. The average value for
Yei/ T; over these three precincts is outside the interval of .4 through .6, inclusive, in 255. In other
words, the hypothesis test above, applied to the homogeneous precinct estimator, would
incorrectly reject the null hypothesis of indifference in 42.5% of all cases.

The performance of this test improves slightly in the simulations represented by figure

1b. With 51 precincts in each replication, x;>.9 in six. The average value for yg/T; over these six

 The author will provide complete details of these simulations, as well as all others
discussed here, upon request.
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precincts rejects the null hypothesis of indifference in 172, or 28.7% of all replications.
Additional simulations with the same values of other parameter suggest that the homogeneous
precinct estimator requires at least 20 “homogeneous precincts” in order to reduce the rate of
type | errors to acceptable levels.

Similarly, the simulations of figure 1 suggest that the R? statistic from the regression of

equation 13 has no diagnostic value. With either 21 or 51 precincts per election, there is little

systematic correlation between this statistic and the accuracy of A, . If anything, there may be a

slight tendency for high values of R? to be associated with underestimates of A, when both

correlations are equal to .5.

Figure 2 further demonstrates that the performance of iD depends heavily on the

specific simulation context. The simulations reported in figures 2a and 2b replicate those of
figures 1a and 1b, with the exception that those in figure 2 contain no homogeneous precincts.

Instead, x; varies according to a uniform discrete distribution from .3 to .7.

The top panels of figures 2a and 2b indicate that the average values of A, are not

sensitive to the absence of extreme cases. As in figures 1a and 1b, those averages are very close
to the true value of .5.

However, the accuracy of any individual estimate of A, is much worse. With 21
precincts, empirical confidence intervals typically have lower bounds of .2 or less and upper
bounds of .8 or more. Rates of type | error exceed 50% in all six cases. In replications with

Bp=.25, rates of type I error reach nearly 60%.
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The increase in information associated with the sample size of 51 precincts compensates
only partially for the loss of information in the extreme cases. All six confidence intervals in the
upper panel of figure 2b have lower bounds below .4 and upper bounds above .6. Rates of type |
error, as given in the lower panel of that figure, vary from 30% to 45%. With ,=.25, the rate of
type | error across all 600 replications is 42.2%.

In sum, figures 1 and 2 demonstrate that the regression of equation 18 is generally
unsuitable for the purpose of estimating the electoral choices of group D when both groups are
truly indifferent between candidates. Averages of many election simulations yield estimates of
Ap that are surprisingly close to the true value. However, the estimate provided by any individual
election has an unacceptably high probability of being wrong. Rates of type | error in every
simulation except those of figure 1b are astronomical. Even in the case of figure 1b, those rates

approach acceptable levels only if at least some individual precincts are highly homogeneous.*

B. Electoral preferences and Type |l error

Figure 3 presents simulations in which group D and group R voters have different voting
preferences. These differences imply that the cases where (pp.., Pre.) take the values (0,-.5),
(.5,-.5) and (.5,0) are distinct from those in which their values are (-.5,0), (-.5,.5), and (0,.5).
Consequently, each of these simulations has nine cases. The values for (pp.,, Pre,) are (-.5,-.5)

for case 1, (-.5,0) for case 2, (-.5,.5) for case 3, (0,-.5) for case 4, (0,0) for case 5, (0,.5) for

% Changes in the value of B, should have effects on the results that are similar in magni-
tude to changes in the value of ,, because the simulations in figures 1 and 2 treat groups D and
R symmetrically, . Partial simulations suggest that results are not sensitive to the true value of
AR.
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case 6, (.5,-.5) for case 7, (.5,0) for case 8 and (.5,.5) for case 9. These simulations yield results
that differ, in some circumstances dramatically, from those in which preferences are identical.
Figure 3a presents the results of the nine simulations in which A,=.6, A,,=.4 and the

number of precincts is 21. The average point estimate in each is less than the true value. The

biases in figure 3a are typically small: average values for /?iD are between .548 and .576.

However, these biases are sensitive to other parameter values. If ,=.25 rather than .5, average

values for }:D vary from .502 to .603. They are especially low when ppy.,=-.5.

Empirical confidence intervals for A in all nine cases of figure 3a include the true value

of .6. However, if A, were an unbiased estimator of A, and its values were distributed symme-

trically around .6, half of the 900 estimates generated by the simulations of figure 3a should lie

below this value. Of the actual estimates, 584 are less than .6. This indicates that A, is biased in

the direction of understating the degree of electoral preference when groups are not indifferent.

Figure 3b replicates this simulation with 51 precincts in each election. Increased infor-

mation for each election yields improved estimates. All average values for A, are again below

but close to the true value of A,=.6. All empirical confidence intervals include the true value and

are much smaller than those of figure 3a. However, they are so narrow that the true value lies

close to the upper bounds of many. Moreover, 691 of the 900 values for /{D are less than .6.

These distortions are exacerbated with lower turnout among group D. If f,=.25, average
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A

values for A, can again be as low as .5, especially if p,.,=-.5. Confidence intervals shift

downwards as well, to the point where the true value is only just within some upper bounds.
These distortions are also exacerbated if voting preferences of the two groups are more

disparate. As in figure 3a, each election in figure 3c has 21 precincts. However, A,=.9 and A;=.1.

The consequence is that, in all cases, the average value of A is less than .74. These averages

underestimate the true value of .9 by nearly 20%. They are even smaller with f,=.25.

None of the confidence intervals in figure 3c contain the true value. At the same time,

65, or 7.2% of all elections yield values of A that are less than .6. If estimates in this range are

taken as consistent with the null hypothesis that group D voters are effectively indifferent, than
these simulations are more likely to commit this type Il error than to identify actual group D
preferences. This imbalance is even greater with f,=.25.

With A5=.9, increased information does not necessarily improve performance. The
elections simulated in figure 3d have 51 precincts. They yield point estimates of A that are
similar to those in figure 3c. However, the confidence intervals are substantially narrower.

Consequently, the true value A,=.9 lies even further above the upper bounds of all nine. The

only benefit is that the frequency of type Il errors, 4 < A, <6 , is reduced to 1.7%.

With A,=.9 and 51 precincts, statistical performance deteriorates in all dimensions if
Bp=.25. Average estimates of A are two to five percentage points lower across the nine
simulations than in figure 3d. Confidence intervals shift down by similar amounts. The

frequency of type Il errors increases commensurately, to 7.7%.
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Homogeneous precinct analysis also fails to provide accurate estimates of A, when group

D is not indifferent between candidates. In figures 3a and 3b, where A,=.6, the average values of

Yen across all 100 simulations are similar to average values of A, . However, Vg, is.4 or

less for 10.7% of all simulations in figure 3a and 5.4% of all simulations in figure 3b. In these
elections, homogeneous precinct analysis would incorrectly predict that group D prefers
candidate B’s opponent.

In figures 3c and 3d, where A,=.9, average values for y,,, are approximately two

percentage points below the already low averages for iD . Moreover, with 21 precincts, 17.5%

of values for y, are less than .6. With 51 precincts, this occurs in 11% of all elections. In these

elections, homogeneous precinct analysis is, incorrectly, consistent with the null hypothesis that
group D is indifferent to candidate B.

Correlation analysis is also unreliable. Across all simulations in figure 3, values of the R?

statistic for the regression of equation 13 are positively correlated with values for A, from the

regression of equation 18. In simulations where A,=.6, the consequence is that estimates of A,
from regressions associated with the highest R? substantially overestimate the true value. In
simulations where 1,=.9, estimates of A, from regressions associated with the highest R?
approach but still understate the true value.

Lastly, extreme cases generally limit the biases in the regression of equation 18. The

simulations of figure 3, replicated with electoral composition varying from .3<x;<.7 rather than
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from O<x;<1, yield average values of /{D that are slightly below those of the corresponding

simulation in figure 3. Consequently, the biases are slightly larger. In addition, confidence
intervals are much larger, to the point where the upper bounds exceed the feasible maximum of

one in five of the nine cases with the parameters of figure 3c.

5. Conclusion
This paper demonstrates that conventional single regression estimators of voting preferences for
groups within the electorate are unreliable when group-specific turnout rates are unknown. These
estimators are almost certainly biased, have unknown variances and no valid measures of
statistical significance. Simulations with reasonable parameter values demonstrate that average
values for these estimators may be relatively close to true values when voters are indifferent to a
candidate, but typically understate the intensity of preferences when they are not. Type I errors,
in the first case, and type Il errors in the second occur with frequencies well above those that are
ordinarily acceptable.

Clearly, these estimators do not have the properties ordinarily required by the empirical
social sciences. Their continued use cannot be justified, especially with the ready availability of

superior alternatives (King, 1997; Rosen, et al., 2001 and Wakefield. 2004) .
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Appendix

Proof of equation 14:

The OLS formula for b, is

i[xi - X]yBi
b =12
D[x = X]x

Consequently,

Replacing E(yg;) as indicated by equation 12 yields
Zn:[xi - X][Xi [/’i'DﬁD + O'ng] + [1_ X ][/?*RﬂR + Ogey ]]
E(bl) == n
2% =X

= [ADﬂD + O'ng] - [ﬂ“RﬂR + Oy ]

Proof of equation 15:

The OLS formula for by is

Therefore,

Equation 12 for E(y,;) yields
E(Yo) = X[A6Bs + 00 | +[1- X[ s + Ore |
Consequently,

E(bo): i[/ioﬂo + O-Dev] + [1_ X][ﬂRﬂR + O-Rev] - i[[Z’DﬁD + O'ng] - [/’lRﬂR + Oy ]] = [ﬂ’RﬁR + O-Rsv]'
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