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Evolution In Finitely Repeated Coordination Games

Abstract

I apply a version of Kandori, Mailath and Rob (Econometrica, 1993) and Young's
(Econometrica, 1993) evolutionary dynamic to finitely repeated coordination games.
The dynamic is modified by allowing mutations to affect only off path beliefs. I find that
repetition within a match leads agents to sacrifice current payoffs in order to increase
payoffs in later stages. As a consequence, evolution leads to (almost) efficiency.



1 Introd uction

Do evolution and repetition lead to efficiency? The answer to this question is found in

the role beliefs play in evolutionary models. Unlike, for example, subgame perfection,

in which off path beliefs support equilibria, in an evolutionary model the primary role

of beliefs is to break an equilibrium. Roughly, for an equilibrium to be 'evolutionarily

stable' it must remain an equilibrium when agents' off path beliefs change. That is,

there are no beliefs that give an agent an incentive to deviate from the path of an

'evolutionarily stable' equilibrium. Now consider a repeated game equilibrium in which

agents do not receive (close to) Pareto efficient payoffs. In this case, an agent might wish

to experiment with a nonequilibrium action in an early stage in the hope of inducing

Since beliefs are not tiedhis rival to favorably change her behavior in later stages.

down, it is possible that his rival will correctly interpret the new action as a signal to

coordinate on a better equilibrium. In an evolutionary model, this situation eventually

arises, and hence an evolutionary process in a repeated game can come to rest only if

there is (almost) efficiency.

I focus my evolutionary analysis on finitely repeated coordination games with (as is

typical) a unique Pareto efficient payoff vector. In such a game, agents are in agreement

as to which outcome is best, and this outcome is a Nash equilibrium. Hence, if efficiency

is achieved, then agents have no incentive to experiment further. A unique Pareto

efficient payoff is important, because evolution can lead to any efficient outcome in



repeated games. If there are multiple Pareto efficient payoffs, then agents will deviate

from one efficient outcome to get to another. For example, if some Pareto efficient

outcome is supported as part of a repeated game equilibrium (i.e. this outcome is not

a Nash equilibrium of the stage game,) then agents have an incentive to experiment

and signal an intention to play this outcome in all but the last periods. However, since

beliefs are fluid, agents must eventually stop believing in the punishments necessary to

support this equilibrium. At this point the equilibrium falls apart, and predictions must

include both this equilibrium and whatever follows its dissolution.!

My analysis relies upon Noldeke and Samuelson's [8, 9, 10] modification of Kandori,

Mailath and Rob's [6] and Young's [15] evolutionary dynamic. In [6] and [15], agents play

a normal form game without any repetition within a match, which leaves them unable to

influence the future. Consequently, the Pareto dominant equilibrium is not in general

selected, even when it exists. For example, in two by two games the risk dominant

equilibrium is selected. On the other hand, my story relies upon an agent's belief that he

can influence the future and requires repetition within each match. Fortunately, Noldeke

and Samuelson [8, 9, 10] include beliefs within their model, making it appropriate for

the study of repeated games as well as extensive form games in general. In fact, Noldeke

and Samuelson have found, in the analysis of many extensive form games, that beliefs

play the same role as they play here.

lThis argument extends to cases when the stage game has multiple Pareto efficient Nash equilibria,
so that agents have different favorite equilibria. But see Umbhauer [14] for an interesting exception.



Previous studies (e.g. Sobel [13] and Balkenborg [2]) have applied a static evolu-

tionary analysis to repeated coordination games and derived nontrivial lower bounds

to payoffs.2 However, a static evolutionary analysis, which attempts to characterize

the limit points of an evolutionary dynamic without actually specifying the dynamic,

leaves open the question of what dynamic is being modeled, let alone if a dynamic with

the predicted limit points exists. In addition, Balkenborg's analysis (like many static

evolutionary models) involves an equilibrium condition, and hence rules out limit cy-

cles or other more complicated non-equilibrium sets of limit points. As it happens, the

presence of non-equilibrium sets of limit points is the main source of difficulty in an

explicitly dynamic analysis. On the other hand, Sobel's [13] analysis does not impose

an equilibrium condition, and can be supported by a dynamic. However, Sobel [13]

studies infinitely repeated games without discounting. Hence a finite number of stages

can not affect payoffs, and an arbitrary number of initial rounds may serve as cheap

talk. Sobel's analysis makes strong use of this fact and as a consequence, can not be

applied to either the finitely repeated games studied here, or to discounted repeated

games. Nonetheless, a dynamic analysis yields conclusions similar to those of Sobel [13]

and Balkenborg [2]. In particular, evolution provides a lower bound to payoffs. Further-

more, the difference between this lower bound and fully efficient payoffs is independent

of the number of repetitions within a match

2[13] and [2] study repeated games of common interest. The analysis in this paper extends to such
games, see Section 6.
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The rest of the paper is organized as follows: section two defines repeated coordi-

nation games and section three describes the evolutionary model. Section four provides

results, illustrated by example. Section five explains how results might be general-

ized slightly, and Section six surveys related literature. Proofs are relegated to the

Appendix.

2 Repeated Coordination Games

r = (A,7r) is the stage game, where A = Al X A2 and Ap is the finite action set of player

p. The payoff function, 7r = (7rl,7r2), maps actions to payoffs, 7rp : A H- !R;. I refer to

pure strategy equilibria of r as stage equilibria, the set of which is denoted E. I assume

that r satisfies the following two conditions: (1 coordination) for both p and for all

ap E Ap 3a_p E A_p such that (ap,a_p) is an equilibrium, and (2. common interests)

there exists a (0,1,0,2) E A such that 1rp(o') > 1rp(a) for all a E A\o' and for both p.3

Let 7rp == 7rp(o.) and let 1!:p be the minimum payoff player i can receive when playing o.p

Let rT be the game where r is repeated T times. Let Ht be the set of t period histories;

that is Ht = At. HT is the set of paths and p is an element of HT. Define Ho = 0, and

let H = Ut<THt be the set of histories. A strategy for player p is 8p : H f--t Ap. For

any h E H U HT, let at(h) be the action combination played in stage t along path h,

3Typically one allows for duplication of efficient action profiles. However, this adds notation without
changing either results or arguments.

4



and let ht(h) == (al(h), ...at(h)).4 If ht(h) = hi then hi is a truncation of h while h is an

extension of h'. Both extensions of a history and that history itself are weak extensions

of the history. If p is the path that is induced by the pure strategy combination 5, then

II(s) Ef=l 7r(at(p)) is the payoff vector for the repeated game rT,

3 lndivid ual Behavior

Corresponding to each player there is a population of size d. Population members are

referred to as agents and each period every agent is matched to play rT against every

agent in the other population. As a consequence, anyone observing the outcome of the

matches knows the response to any history by the other population and hence the payoff

for any strategy that was used. However, one can only guess at the payoff for a strategy

that would result in an unobserved history.

Agents are described by a chamcteristic, which consists of a pure strategy and a

conjecture. An agent's conjecture is a system of beliefs, specifying, for each h E H,

a probability distribution over opponent actions. For i in population p, a conjecture

O"i(.I.) is such that for any h E H: Ea_pEA_p O"i(a_plh) = 1, and for any a_p E A_p

.,y}.5

6(Ji(a_plh) E {~Iy E 1,2,...,il and x E 0,1, A state specifies how many

4Note that at(h) and ht(h) are defined only if h E H-r with T ?: t.
5 A conjecture is in essence a belief over behavior strategies, and therefore implicitly defines a belief

over both strategies and continuation strategies. Defining conjectures in this manner simplifies updating
beliefs.

61 restrict beliefs to a finite grid in order to keep the state space finite. One may choose as fine a
grid as desired as long as it includes all possible empirical frequencies, as the grid I define does.
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agents in each population have each characteristic. Let 8 denote the set of states with

element O. Agent i's payoff in 0, lli(O) is the average payoff over matches with the other

population.

Each period following play, every agent hag a positive and independent probability of

receiving the updating draw. An updating agent observes the paths played that period,


