Calculus of Variations & Variational Methods

The calculus of variations 1s used to obtain extrema of expressions
involving unknown functions called functionals. Applications
range from simple geometric problems to finite-element methods
to optimization theory.
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Calculus of Variations & Variational Methods

Unconstrained Minimization

In preparation for an introduction to the calculus of variations,
recall maxima, minima (extrema), and inflections of functions
from the differential calculus.
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Calculus of Variations & Variational Methods

Given f(X,Y), a necessary condition for a minimum at (X,, Y, )

1S
df = (i dx + a dyj
(X0,Yo0) ax ay

=dr-Vf 0

(Xo,Yo) -

(Xo,Yo)

Since X and Yy are independent variables, dx and dy are independent
SO,

ﬂ:O and i:0

OX oy
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Constrained Minimization

Now minimize f with a constraint, e.g.,

G(x,y)=0 (1)
Lagrange Multiplier Method

From (1),

% 1x+C gy = dr-vG =0
OX oy

We introduce the modified function with no constraints
FL(Xa yaﬂ‘) = f (Xa y)—l_ﬂ“G(Xa y) (2)

and set

oF, - Pl O

OX oy

ok

dy+ 2 Ldi=0 S
oA
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Calculus of Variations & Variational Methods

Example:

Find the stationary (critical) point of the function
f(X,y)=2X"+y> —8x+Yy+1

with the constraint 2X—-Yy =0

Sol’n:
F (X, Y,A)=2X +y> =8Xx+Yy+1)+A(2X-Y)

o
OX
o

=4X-8+24 =0,
=2y+1-4=0, } >x=05, y=1.0, 4=3.0

i:2x—y:0.
oA ) 297




Calculus of Variations & Variational Methods

Calculus of Variations: Functionals and Euler Equations

The focus of the calculus of variations 1s the determination of
maxima and minima of expressions that involve unknown
functions. Here we look at a few classical problems to introduce
some of the concepts.

The Brachistochrone (the one that started it all):

Weinstock gives the problem as it was originally stated by John
Bernoulli in 1696: “Given two points A and B in a vertical plane,
to find for the moveable particle M, the path AMB, descending
along which by its own gravity, the beginning to be urged from
point A, it may in the shortest time reach the point B.”
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Calculus of Variations & Variational Methods

Reddy & Rasmussen state in engineering terms: “Design a chute
between two points A: (0,0) and B: (X,,y,,) 1n a vertical plane such
that a material particle, sliding without friction under its own
weight, travels from point A to point B along the chute in the

shortest time.

)|(b

—Q |

Yo B
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Calculus of Variations & Variational Methods

Other Classic Problems
Geodesic Problem
What is the curve of minimum length that connects two points?

y (ba yb)

b d ’
L:j \/H(d_yj dx
a X

y@ =y, Yyb)=y, (@ Y,)
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Minimum Surface of Revolution

What 1s the curve of minimum length that connects two points?

S=27Z'J-byd8 y (b, y,)

a

b du )’
=2 u\/l+(—j dx
a dx

y@) =Y., yb)=y,
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The Euler Equation

Each of these problems presents the problem of finding a
continuously differentiable function u(X) that minimizes the
integral of the form

um:ﬁFuyqu o

And that satisfies the end conditions
u@=u,, u()=u,

We now suppose that u(X) 1s the minimizing function, then choose
any continuously differentiable function 7(X) and create a one-
parameter ‘trial’ function

y =U(X) =u(x)+an(x)
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Calculus of Variations & Variational Methods

that vanishes at the end points U = u, and U = u,. Then for any
constant «,

u(x)=u(X)+an(x) with n(a)=nb)=0

satisfies the end conditions.

u(a)=u,, U(b)=u,

u(x) 1

— U(X) =u(x)+an(x)
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of Variations & Variational Methods

Now we substitute this function into the integral to be minimized

(@) :I:F(X,U,U’) dx:j:F(x,u ranu' +an') dx

where | 1s now a function of & once U(x) and 7(X) are assigned.
Since we have assumed that u(x) 1s the minimizing function then
|(«) 1s minimized when a = 0. So, like the differential calculus, we
now determine the stationary function (analogous to stationary
points), but in this case we know 1n advance that = 0. So,

dI(oz)_O
daa

dl(a) ¢b
da _Ia

-]

(OF do oF du_'j
+ dx
\ o0 da JU da
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Now when o — 0

dI(O) _[ ( jdx:o.

Now we integrate the second term by parts,

-4 5

Since this must hold for all choices of 7(X), then

8F_d(aFj:0. 2)
ou dx\ou

b

= 0.

a

This is the Euler equation or Euler-Lagrange equation.
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So, 1f U(X) minimizes 1(U), it must satisfy the Euler equation.
Solutions of the Euler equation are called extremals of the problem
and an extremal that satisfies the end conditions is called a
stationary function.

First Integrals

Equation (2) 1s written with partial derivatives that treat X, U, and U’
as independent variables. The second term can be expanded to give

O ( OF +8 OF du+6 oF \du’
ox\ou') oulou )dx ou'\ou’) dx

So, Eq. (2) 1s equivalent to
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2
= d-u

T +F,, 3—:I(+ (F,—F,)=0. (3)

This is a second-order ODE, unless 0°F /ou’> =0, so in general
there are two arbitrary constants to satisfy the end conditions. One
can show that (3) 1s also equivalent to

l_jl(F_aFCMJ_aF o
u'l dx ou dx / ox

So, 1f F does not involve X explicitly,

F—wQE:C if QEE.
ou’ OX

This is a first integral of Euler’s equation.
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Also, if F does not involve U explicitly, another first integral 1s

al::C if iz.
ou’ ou

Examples
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Calculus of Variations & Variational Methods

Variational Notation

The notation of the calculus of variations shows many similarities
to the differential calculus. Beginning with the integrand of the
functional I(U)

F =F(xu,u’)
We substituted for
y = Uu(x)
with the trial function

y =U(X) =u(x)+an(x) where ou = an(X) 1s defined as
= Uu(X)+ou the first variation of u(x).
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For a fixed X,

AF =F(x,u+an,u’"+an’)—F(x,u,u").

Expanding via the Taylor series,

AF = F(x,u,u’)+(5uﬁ+5U’EJ+H.O.T. —F(x,u,u’)
ou ou’

= 8—F+a  OF
n@u n@u

+H.O.T.

4

Thus, the first variation of F 1s

AF = a—Féu +6—F5u’
ou ou’
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This 1s analogous to the total differential,

dF :a—Fdx+a—qu +8_qu
OX ou ou’

Graphically,

/U u(x) =u(x)+an(x)
n(X)
du [/

/ du = the first-order

approximation of the
change along u(x)

dx X fixed corresponding to a change
in X of dX

ou = the first-order approximation to the change

U to U at a fixed X
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Calculus of Variations & Variational Methods
Variational laws are analogous to differentiation,
o(FF,)=FoF +F0F,

s[ F|_FoF -FoF,
=

The variation and derivative are commutative operators, 1.€.,

d du
&(5u) = 5(&j

This will be a very important result for us later.

Applying the notation to the functional
b
| (u) :j F(x,u,u")dx,
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Then

ol = jb{ﬁéu +Ei5u} dx =0.

a| ou ou’ dx
Integrating the second term by parts,
b

jbaF i5u dx = ok ou —jb d (aFj& dx.

a ou' dx ou" |, “adx\ou
Then,

b
=0

5I—jb 8F_d ok 5udx+ﬁ u
al ou dx\ ou’ ou’
ou = 0 at end points

Ol —jb 8F_ d (8FJ oudx=0
al ou dx\ou
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Calculus of Variations & Variational Methods
SO,

oF d (aFj:O

ou dx\ou

Thus, we have recovered the Euler-Lagrange equation using the
variational notation.

End Conditions

We now look at the end conditions (more generally, boundary
conditions). Start with

b
Sl =5j F(x,u,u")dx

Applying Liebniz’s rule,
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Calculus of Variations & Variational Methods

. 0 0
51 = b5|: dx+[F],06-[F1,04 (fixed end points)

—j [GF ou —@—F5u } dx.
ou’

Integrating by parts,

5I=Ib{6F — d (aFﬂ& dx+[8—F5u}
al ou dx\ ou’ ou |,
oF oF
_I L?U ( ﬂéu dx+(£jb (SU), — (auj (Su),
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Calculus of Variations & Variational Methods

This then gives us two possible end point conditions:

Su=0atx=a,b— essential boundary conditions
(u specified at X = a, b)

F . .
8_' =( at X =a,b —» natural boundary conditions

ou (U not specified at x = a, b)

Example: Calculate the first variation of 1(y) = j : y\/ 1+(y")* dx

S| :I:5{y\/l+(y’)2}dx

' iati - = 0 (fixed endpts)
Applying the variational chain rule: 1xed endpts

/

S1={ [ J1+(y) oy+—L—sy'|dx+ y\/1+(y’)2% =
ja \/1+(y/)2 |: i|a
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Calculus of Variations & Variational Methods
Higher Dimensions

Now we extend the methods just presented to multiple variables, in
particular we fist look at the function u(X,y,z) and a region in space
R enclosed by the surface S.

In this case, the functional I(U) has the form

| (u) :”_[R F(x,y,z,u,u,,u ,u,) dx dy dz

or using vector notation

|(u)=jijF(r,u,vU) dr.
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Calculus of Variations & Variational Methods

With the variational notation, the first variation of I(U) 1s

ou, ou,

ol = _m{ —5u +a—F5u +a—F5u }dr

Note that the variation 1s evaluated at a fixed point (X,y,z), thus X,
o, OL =

5|=m [ A I A P P
ou ou, ox ou, oy ou, 0z

Note the operator in the parentheses looks a lot like a dot product.
If we set
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Calculus of Variations & Variational Methods
Then

Sl = Hj{ Su-+a- V(&u)} .

For integration by parts, recall

V-(pa)=9pV-a+Vg-a
a-Vo=V-(ga)—¢gV-a

SO,

Sl = m {——v }§udr+ﬁjRV-(a§u)dr.
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Calculus of Variations & Variational Methods

Now use the divergence theorem on the last integral

o1 =[[],| 5~ v-a | ou e gf, -2 du s

Again, the necessary condition for minimizing I(U) 1s that ol = 0.
Thus, the integrand of the volume integral must be zero, 1.¢.,

ﬁ—V a=0
ou

or

oF _o(oF) ofoF) afeF)_,
ou ox\ou, ) oylou, ) oz\au, |

320



Calculus of Variations & Variational Methods

This 1s the 3D Euler-Lagrange equation. The surface integral must
also vanish, this gives three possible boundary conditions

1i.) U specifiedon S - ou=0o0n3S (essential)

ii.) N-a= oF n, -+ 8F ﬁin =0 on S (natural)
8u 8u ou,
ii1.) ou =0 on part of S

N-a= on remainder of S

} (mixed)
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Calculus of Variations & Variational Methods

Note the steps used to obtain the Euler equation and the associated
boundary conditions:
1. Take the first variation ol(U)

2. Use integration by parts to factor ou in the integrand

3. Use the divergence theorem to create a surface integral
containing the boundary conditions
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Calculus of Variations & Variational Methods

Example (from Reddy & Rasmussen): Two-dimensional
conduction and convective heat transfer

P T, Specified temperature

Convective heat
transfer

\9

Spe<:1ﬁed heat transfer
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Calculus of Variations & Variational Methods

T = temperature

T_ = ambient temperature

Q(X,Y) = internal heat generation

K = klﬁ + kzjj = thermal conductivity
d = conductive heat transfer

h = convective heat transfer coefficient
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Calculus of Variations & Variational Methods

Minimize:

|(T):H;{[VT -R-VT]+QT}dxdy—qu ds + j h(T =T )T ds

First variation:

5|(T)=H;{[V(5T).R-VT]+Q5T}dxdy— j GoT ds + j h(AT =T,)5T ds

q

Note that 1n this problem, we already have explicit boundary
integrals. As before the interior integral (over R) will also
generate a boundary integral after it 1s integrated by parts.
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Calculus of Variations & Variational Methods

Integration by parts:

First, use the vector identity
VoT -k-VT =Vg-a,
R
V-(pa)=¢V-a+Vgp-a,
Vo-a=V-(ga)—¢V -a.
So,
VST - k-VT =V-(6Tk-VT)=8TV-(k-VT).

Now,

Sl =jj[v-(5T K-VT)-8TV-(K-VT)+Qd5T Jdxdy

- j 4oT ds + j h(T —T,)oT ds.
Cq Cy
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Calculus of Variations & Variational Methods

Now concentrate on the area integral. In 3D,

the divergence theorem gives,

ﬂjv-(ﬂ R-VT)drzgﬁjS(aT K-VT)-ndS

So, in 2D,

HV-(5T k-VT)dS =<j>5T n-(k-VT)ds,
R S

Then,

Sl :H[—&TV-(R-VT)+Q5T]dxdy—jq(ST ds+jh(T ~T.)oT ds

+ g[> sTn-(k-vT)ds,

Cr+Cy+Cy
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Sl :jj:—v.(R.VT)+Q]5dedy—jﬁ-(R.VT)aTds

+[[n-(K-VT)-q]6Tds+ [[n-(K-VT)—h(T -T,) 5T ds.

Cq

Now that 0T 1s 1solated we can write the Euler equation with

accompanying boundary conditions

~V-(k-VT)+Q=0  Euler Equation
essential boundary condition:

set [ N-(K-VT)ST ds=0 by setting T =0 (T =T on C;)
Cr
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e Multiple Dependent Variables

So far we looked at the case where the functional is a function
of one dependent variable, 1.¢., I(U). (Note, U 1s a dependent
variable since it depends on X.) Now we look at the case I(u,V)
where the functional is a function of two dependent variables.

The following development isor the 2D case, leaving the 3D
case as an obvious extension. Begin with the functional to be
minimized

| (u,v)= ”F(x y,u,v,u,,v,,u,,v ydxdy
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Then for the first variation

oF :a—F5u +8—F5v+a—|:5uX +8—F5vX +a—|:5uy +8—F5vy.

ou oV ou, oV, ou, y

essential: U,V specified on C - ou=06v =0 on C.

natural: U,V not specified on C.
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Calculus of Variations & Variational Methods

As before, the necessary condition for a minimum 1s
ol=0 for min 1(u,v)
Substituting the first variation JoF into the integral,

s1=|[ F su+F 50, aFé aF5v+aF5vx+8F5vy dxdy = 0.
2\ ou ou "o oV oV oV

X y X y

Now that we’ve separated the integral, 1t should be clear how to
proceed based on our earlier developments. We next rearrange the
integral to integrate by parts,

5] :” 8F5u 8F 8 aF 8F aF dxdy = 0.
2L aou au ax v 8v OX av

y
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Calculus of Variations & Variational Methods

Now, for integration by parts let’s focus on one of the four terms
in the previous expression,

OF 0 502 0 OF 5,)_ 2 F s,
ou, OX OX\ ou, OX\ ou,

Recall the gradient theorem,

jﬂV¢dT=(_]§)ﬁ¢dS.

Then, -
P dxdy = pon, ds
C

[[vpdxdy=pngds = Jf X
R C

99 4x dy = d
anxy <E[>¢nys

L R
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Calculus of Variations & Variational Methods

[ aowasay= ] 2 au)- o[ & Jou]ece
—an5d—” ( j5udxdy

Just as 1n the previous cases, the integration by parts contributes
one portion to the interior of the region and one portion to the
boundary. The other three similar terms are expanded in the same
fashion to give,

et e e e B el e B R R

_|_<ﬁ aFn _|_8F ou + aan_|_a|:n OV lds =0
ou, ~  ou oV ov, ’

So,

y X y
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So, we have

0

oF 0 oF
ou ox\ ou,

_8y
0

oF o[ dF
ov  OX\ ov,

_ Py

ou=0V=0 onC (essential)

oF oF
7nx _|_ -
ou, ou

n, =0

> on C (natural)

J

or mixed boundary conditions.

> Euler Equations
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