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1. Inan incompressible velocity field, div v = 0, the viscous stress tensor is given by
= u[Vv+(VV)'],

where  is the coefficient of viscosity. Show that when g is constant, the resultant force per
unit volume on a fluid particle, div 7, is given by

div ¥ = uV?v =—u curl curl v.

2. Newton’s second law of motion applied to a continuum states that the rate of change of
momentum following a material region of fixed mass is equal to the sum of all the forces
acting on the region. When the forces are divided into surface and body forces, Newton’s

second law reads:
Selllopv ae=fi-as [ prar,

where & is the surface stress tensor, f is the body force per unit mass, p is the mass density,
and v is the material velocity. Since the material particle mass pdz is constant with respect
to the material time derivative D/Dt, make use of the divergence theorem and obtain the
differential form of Newton’s second law of motion for a continuum:

Dv ..
—=dive+ of.
P Dt P

3. Take the scalar product with v of the equation for Newton’s second law in Exercise 2 and
obtain with the use of Exercise 3 from Homework #8 the equation of change for the kinetic
energy of a material particle in a continuum:

D (Vv .
—| — |=v-dive + pv-T.
th(zj r

How do you interpret the rate-of-work terms on the right-hand side?

4. Let e denote the thermodynamic internal energy per unit mass of a material. Then the
equation of change for the total energy of a material region can be written:

%ﬂLP[HQ dr=qp n-6-vds+[[[ pf-vdr—Jp q-nds.

The first two terms on the right-hand side describe the rate of work done on the material
region by the surface stresses and the body forces. The third integral describes the net
outflow of heat from the region, causing a decrease of energy inside the region. The heat-flux
vector q describes the magnitude and direction of the flow of heat energy per unit time and
per unit area.
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By suitable operations obtain the differential form of the energy equation:

b e+ﬁ =div (6-v)+ pf - v—div
th 5 P q.

Subtract the contribution from kinetic energy and obtain
pg—f:div (6-v)—v-dive—divq.

This is called the thermodynamic form of the energy equation for a continuum.

5. The total rate of work done by the surface stresses per unit volume is given by div (6-v).

The rate of work done by the resultant of the surface stresses per unit volume is given by
v-div 6. The difference between these two terms yields the rate of work done be the surface
stresses in deformation of the material particle, per unit volume. Show that this can be
written as

div (6-v)-v-divé =6:(Vv)'
:Vv (6 symmetric)

6:[Vv+(VV)'] (6 symmetric).
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